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Abstract
This paper introduces an improved version of the Stochastic Noise Generation and Radiation (SNGR) model, with
an application to a subsonic jet noise. The SNGR niodel
allows to simulate the generation and propagation of
aerodynamic noise from a numerical solution of the Reynolds averaged Navier-Stokes equations using a Ic - E closure. First a stochastic simulation of a turbulent velocity field is obtained by random Fourier modes. Then,
this turbulent field is used as a source term in the Euler equations linearized around the mean flow previously
calculated.
This method was already applied to confined flows in 2-D and 3-D. Subsonic jet noise was also
studied. HowTver the SNGR model was applied with
an axisymmetric calculationof
the propagation. In this
work, a full 3-D calculation of the propagation is carried
out with an improved stochastic turbulent field for the
case of a round subsonic jet.

If the direct approach is proscribed, it is necessary to have some iclea of the physics of noise. For
supersonic jets, it is now established that the radiation of instability waves is the most important contribution of noise when the convection velocity of
large turbulent structures is supersonic. Linearized
Euler Equations (LEE) govern this noise mechanism
and provide supersonic jet noise predictions.4 An
hybrid approach is also proposed by Morris5 et al.
with the Non-Linear
Disturbances
Equations (NLDE).
The situation is quite different for aerodynamic
noise generated by high-Reynolds number subsonic
flows, where fine scale turbulence is the main source
=Yf mixing noise. In addition, many pratical challenges to reduce noise in industrial applications are
of this case. Current engineering calculations mostly
use Reynolds-Averaged
Navier-Stokes Equations
model
~ (RANSE). Th e most popular two-equation
is the i - E turbulence model, where 2 is the turbulent

1. Introduction

Direct estimation of aerodynamic noise provided
by an unsteady solution of the compressible NavierStokes equations is still exceptional. Indeed, specific
methods must be used in Computational
AeroAcaustics (CAA) due to the disparity between aerodynamic and acoustic fields.1>2 Even the use of compressible Large Eddy Simulations requires accurate
numerical
ces3

algorithms

and large computing

energy

and e the turbulence

energy

tion of turbulent
correlations,
and refraction effects
are included in the source term rather than in the

wave operator.
The Stochastic Noise Generation and Radiation

resour-
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kinetic

dissipation rate. Several methods were developed
from Lighthill’s analogy to provide statistical source
representations6-e for jet noise. However, it is difficult to generalize these methods to complex geometries such as confined flows, spectral predictions are
not always satisfactory due to the simplified dcscrip-

_ (SNGR) model is based on the following two ideas.
First the exact wave operator for acoustic perturbations is given by linearized Euler’s equations.
Secondly, since many engineering
CFD methods use

RANSE solutions,
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a I- E turbulence model. The challenge of this approach is to derive a turbulent velocity field from
the knowledge of the local mean flow, which could
be used as a source term in linearized Euler’s equations. In the SNGR model, the turbulent velocity
field is synthesized from a sum of random Fourier
modes. A first formulation of this model was applied to subsonic jet noise calculation.“li’
However
the computation of the propagation was axisymmetric, with the result that the sources were completely
correlated in the azimuthal direction. Applications
of the model to the prediction of noise radiation in
an obstructed diaphragm were also performed in 2D” and more recently in 3-D.13

where the unknown vector U is given by:

and E, F, G are the flux vectors. The vector H
contains the refraction terms, and so, it is equal
to zero for an uniform mean flow. Next a turbulent source term S is introduced into the equations.
This term must be defined so that the wave equation
corresponding to system (1) is equivalent to Lilley’s
equation for a sheared mean flow. Two assumptions
are used in this acoustic analogy. First the turbulent field is incompressible and second, only the first
order interactions between aerodynamics and acoustics axe retained. Scattering of sound by turbulence
is negligible for instance. Finally, the source term S
is written as:

Figure 1 shows some strategies to go from CFD
to CAA. In general, computational cost and required
memory are inversely proportional to the number of
assumptions used in models. In other words, you do
not get what you do not pay for.

s

of the

SNGR

where the subscript t designates the turbulent velocity field. In other words, the expression of the source
term is found as the main non-linear turbulent term
when the velocity is split into a mean part, a turbulent part and an acoustic part u = u, + ut + u’ in
Euler’s equations. Terms involving interactions between acoustics and the mean flow are put together
on the left hand side to form a wave equation. Finally, the Stochastic Noise Generation and Radiation model requires the three following steps:

model

(i) First, the mean flow field is calculated by solving the Reynolds averaged Navier-Stokes equations with a ic - e turbulence model.

The SNGR model relies on linearized Euler equations which govern acoustic perturbations.
Since
high-Reynolds flows are investigated, the viscous
stress tensor is negligible in this problem and NavierStokes equations are not relevant. The linearization
is done around a known stationary mean flow (pO,
u,, ~~1, where P, u and p are the density, the velocity and the pressure, respectively. The subscript o
indicates the mean value of the variable. The threedimensional linearized Euler equations may be written in the conservative form :

g+g+g+g+H=S

[0,PoS1,PoS2,PoS3,01T

with

In this study, an improved version of the SNGR
model is presented and a full 3-D calculation of propagation is carried out for a subsonic jet. The paper is
organised as follows. In section 2, the formulation of
the SNGR model is introduced. Next the stochastic
simulation of a turbulent velocity field is explained
in section 3. The numerical method for solving LEE
is described in section 4, and a refraction calculation is shown as validation. Then the SNGR model
is applied to a subsonic jet and results are presented
in section 5. Finally, concluding remarks are given
in section 6.
2. Formulation

=

(ii) Second, a space-time turbulent velocity field ut
is generated from the local values of the mean
flow, the turbulent kinetic i and the dissipation E.
(iii) Third, linearized Euler equations (1) are solved.
On the left hand side the mean flow field is
used as the coefficients of the four first-order
differential equations, and on the other side,
the source term S is calculated from the synthesized turbulent field obtained in step (ii).

(1)
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Figure 1: Some strategies to go from Computational Fluid Dynamics (CFD) to Computational AeroAcoustics
(CAA). LEE means Linearized Euler’s Equations, NLDE means Non Linear Disturbance Equations and
SNGR means Stochastic Noise Generation and Radiation.
From the chosen CFD method, acoustics is
obtained from a compressible unsteady solution in the upper part whereas an acoustic analogy is used in
the lower part of the diagram.

498

(c)1999American Institute of Aeronautics & Astronautics

plays a sketch of the geometry. The wave vector k,
is picked randomly on a sphere of radius k, to ensure isotropy. Incompressibity of the turbulent field
involves kn.un = 0 for each mode n. The phase
+,, is chosen with uniform probability to obtain an
homogeneous field. The Reynolds stress anisotropy
tensor:
bij = _W&j
2k
which describes the deviation from isotropy, is free
from the random field (3). By the central limit theorem, the velocity field is normal, and so, the skewness factor is zero and the Kurtosis factor is equal
to 3.
The amplitude 6, of each mode is determined
from the turbulent kinetic energy spectrum E. Since
the N modes are statistically independent, the turbulent kinetic energy is given by:

Figure 2: Sketch of the geometry for the nth Fourier
random mode. The isotropic 3-D field requires the
following probability density functions for the random variables (Pi, and 19,: p (cp) = l/r and p (6’) =
1/2sintJ with 0 5 cp < 7r and 0 < B 5 X. The unit
vector on carrying the Fourier contribution is perpendicular to the wave vector k, and its polar angle
on has an arbitrary orientation: p (a) = l/ (2~) with
0 5 0’_< 2T.

A logarithm distribution of the N modes usually
provides a better discretization of the spectrum E in
the lower wave number range corresponding to the
larger energy containing eddies:

For step (ii), the turbulent velocity fluctuations
could be provided by a simulation of Navier-Stokes
equations, by a large eddy simulation for instance.14
In the present study, one assumes that only a numerical solution of RANSE is known. So, a spacetime velocity field must be synthesized at each point
of the source volume in using the knowledge of the
turbulent mean flow. The next section is devoted to
the generation of this stochastic turbulent field.
3. Stochastic

simulation
of a turbulent
velocity
field

Following Kraichnanr’ and Karweit” et al. a
spatial stochastic turbulent velocity field is generated as a finite sum of N statistically independent
random Fourier modes:
ut (x) = 2 5

‘Iln cos (k,.x
??.=I

+ &)

&

(3)

where &, I/I,, and u, are the amplitude, the phase
and the direction of the nth mode. Figure 2 dis-
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k, = exp [In kl + (n - 1) &]
for n =~ 1,. . . , N, where dkl = (kN - ICI) / (IV - 1).
A von Karm&n - Pao spectrum is used to simulate
the complete spectrum:

where k is the wave number, k, = 8/4~-3/4 is the
Kolmogorov wave number, corresponding to the
smallest turbulent structures ensuring viscous dissipation, v is the molecular viscosity and U’ is the
r.m.s. value of the velocity fluctuations connected
to the turbulent kinetic energy by U” = 2i/3. The
two Kkman-Howarth
functions f and g calculated
from velocity field correlations match well with those
calculated from the expression (4) of the turbulent
energy spectrum.16T11
The spectrum E (k) is normalized by the following integral relation:
ic-=

E (k) dk
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Then the numerical constant in expression (4) is
given by:
(y -

55 lT (3
9&a?($)

where the mean angular frequency of the nth mode
on = u’k, is a function of the wave number.is Unlike previous studies, 11~s~13
the eddy circulation time
corresponding to the Heisenberg time TIT N (u/k)-’
is used as the spectrally local characteristic time.
The source volume where the velocity field must
be synthesized is limited to the initial mixing layer
and the transition region for a jet. This volume
is identified by comparison with the turbulent kinetic energy field. A space-time realization of the
stochastic field is obtained over this volume with
a drawing of the random variables for each mode.
Turbulence is locally isotropic, and inhomogeneous
over the whole volume. In fact, the two parameters
ke ad won vary with position x. In this way, the
integral length scale of turbulence increases continuously in the downstream direction. A defect of the
inhomogeneous property is that the velocity field is
= 0, but the
not exactly solenoidal by forcing k,.a,
difference is small if the meanflow field is slowly variable. In this study, the turbulent source volume is
not split into several subdomains, corresponding to
independant acoustic sources.11*s.13
W

N 1453
- .

The dissipation rate may be estimated from the
energy of the large eddies 2~‘~and their time scale
L/u’, that is ~~21d3/L. The integral length scale L
is calculated with the longitudinal one-dimensional
spectrum:

Thus, the wave number k, associated with the
most energetic eddies corresponds to the maximum
of the spectrum E, which reaches its maximum in
&@
k,, is calculated with the following relation:
w
1
I? (5) ke

L=~$Ell(kl=O)=J;;--

~ (6)

Another similar relationship can be obtained from
the integral definition of E, and it is in agreement
with (6). Details are given in Appendix A. In all the
previous expressions, we assume the turbulent kinetic energy il and the dissipation rate E are known
from the RANSE solution.Time dependence must be introduced in expression (3) to get suitable statistical properties. Thus,
the turbulent velocity ut (x, t) is now generated by
a sum of unsteady random Fourier modes:
Ut

(x7 t) =

(7)

N

2c

fin cos [k,. (x - tuc) + ~,6,,+ w,t] CT,,

n=l

where u, is the convection velocity and w, is the
angular frequency associated to the nth mode. The
convection velocity is a function of the known local mean flow whereas w,fs a random variable. A
simple convected field is obtained when all the w,
are taken as zero. In Kraichnan’s formulation,15y17
w, and k, are independent, which is not satisfactory for aerodynamic noise generation. In order to
keep the problem as simple as possible, a Gaussian
probability density function is chosen for w:
P?l (w) = ---&-P

(-‘w

;#;“)

(8)

4. Numerical

procedure

and

validation

The numerical algorithm for integrating lineari~zedEuler’s equations (1) is briefly described in this
section. The computed solution is obtained by using
the Dispersion Relation Preserving scheme of Tam
& Webb” in space, combined with a fourth-order
Runge-Kutta algorithm in time.20 For boundary
treatement, the nonreflecting radiation and boundary conditions of Tam & Webbig are implemented.
For the outflow boundary, Tam & Webb’s formulation is used and a perfectly matched layer21 (PML)
is applied when instability waves convected by the
meanflow field are too strong. In order to validate
the numerical method, radiation of multipolar sour-ces and propagation in a sheared mean flow was investigated in 2-D geometry.22*23 A 3-D refraction
calculation is proposed as validation of the algorithm.
All the variables are made dimensionless using
the following scales: A for the length scale, c, for
the velocity scale, A/c,
for the time scale, poo for
the density scale and p&,
for the pressure scale,
where A is the smallest mesh step size and c, the
ambient speed of sound.
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The sheared mean flow is modelled by the following Bickley profile:
0.s
Q = cosh2 [(l + A)

rilb]

where the half-width b of the jet is taken as b =
10 and rl is the radial coordinate ~1 = Jm~.
This reference test case was already studied in 2D.22 A regular mesh of 1O73 points is used, and a
monopole source is placed on the jet axis at 21 = 25
and 22 = 53 = 0. The source term S in the system
(1) takes the form:
S = E sinwt .z-~(~:+~~+~:) x [l, O,O, 0, llT

(10)

with (Y = In 2/9. The amplitude is taken as E = 0.01
and the angular frequency is w = 27r/9, corresponding to a high frequency radiation since the Strouhal
number based on the jet diameter D = 2b and the
velocity u, = 0.5 is St = 4.4. The wavelength of the
source is of the same order of magnitude as the halfwidth of the jet producing refraction effects. Figure 3 shows a snapshot of the pressure field. Wave
fronts generated by the source are strongly modified
by the mean flow gradients. The acoustic intensity
reaches a peak in the downstream direction near the
angle 0 given by the relation cos 0 = I/ (1 + M). For
smaller angles, the intensity decreases and a shadow
zone is observed. The calculated solution favorably
compare with ray tracing, as shown in Figure 4.
The code has been vectorized up to 520 MFlops
on a Cray C90 with 1.2 million grid points in this
case, given a time per iteration and per node of
1.9ps. By comparison, the same calculation on a
Dee LYat 625 MHz is 30 times longer.
5. Subsonic

jet

noise

Figure 3: Snapshot of the pressure field radiated by
a monopole source located in the jet profile (9) at
dimensionless time t = 225At = 135. Pressure levels
from -2 x 10m3 to 2 x 10m3. Notations: 21 = Z,
22 = y and x3 = z.
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-

0

simulation

The SNGR model is now applied to subsonic jet
noise. The geometry is based on the experimental
configuration of Lush, 24 for a M = 0.86 subsonic jet
with a nozzle diameter of D = 25 x 10B3 m. The
meanflow field was calculated in a previous study9
with a i - E turbulence model. Good agreement was
obtained with the experimental data for the mean
axial velocity, the self-similar radial profiles of the
velocity and the turbulence intensity. The RANSE
solution is then interpolated on the acoustic computational domain.
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Figure 4: Pressure iso-contours in the zr - zz plane
and comparison with a ray-tracing: 36 rays are plotted from 0 to rr, and two wave fronts are marked by
symbols. Notations: zr = z and 22 = y.

(c)1999American Institute of Aeronautics & Astronautics

A preliminary calculation of a monopole source
radiation is performed using the source definition
(10) with w = 27r/20, and z, = 30. For this test
case, propagation is computed over a stretched mesh
of 1O73 points, with Axi = Axz = Axs = D/30
at the nozzle exit. The meanflow field is provided
by the RANSE solution and is interpolated on the
acoustic grid. Figure 5 shows the instantaneous pressure field. Refraction effects are more marked than
in the calculation studied in the test case of section
4, due to higher meanflow gradients.
For the SNGR model, the acoustic grid is defined
as follows. In the 22 and 2s directions, the mesh is
stretched from the jet axis, with an initial grid spacing A = 10m3 m, and so D/A = 25. In the downstream direction, the initial grid spacing is taken as
AZ, = 2A. The irregular mesh has 137 x 127 x 127
points in the xi x 22 x x3 directions corresponding to
a physical domain displayed in Figure 6. The computation of propagation with the SNGR model requires in this case a memory-size of 103 megawords,
with a CPU speed of 470 MFlops for 2.2 million grid
points.
The turbulent source volume is defined as the
set of points where the turbulent kinetic energy is
greater than O.~X&,,,~, and where the integral length
scale L 1: 1~‘~/ehas at least 6 mesh points because of
numerical requirements. A realization of the stochastic field is then carried out-with the unsteady random Fourier mode method (8). Only the random
variables and vectors of the_N modes are stored for
each point of the source volume, rather than the
complete turbulent field for all the grid points and
with each time step of the calculation. The synthesized field is generated with the following parameters: N = 30 modes, kN = ~VT/(7Azi) and
ki = kernin/ where kernin is the smallest value of
k, over the source volume.- In this way, the mesh
supports propagation of acoustic signals up to St =
D/(7fi)/M
N 3.3 in term -of Strouhal number St =
(D/X)/M with M=0.86 and a reference step size of
Ar = VAxiAxsAxs
= aA.
A realization of the
stochastic turbulent field is plotted in Figure 7. The
source volume is located near the end of the potentiel
core, and contains 82389 mesh points in 3-D. Several
space modes can be observed, and the associated
wavelengths increase in the downstream direction.
The source volume is weighted by a window in order

to cancel turbulent fluctuations on their boundaries.
Figure 8 shows a snapshot of the pressure field
over the whole computational domain at the last
time step t = 1080At = 522.86. Instability waves
are generated by the sources, and are then convected
by the mean flow in the downstream direction. An
acoustic radiation is observed outside the mean flow.
Axial pressure profiles are plotted in Figure 9 to
show instabilities are neutralized by the PML. In
-order to estimate aerodynamic pressure fluctuations,
radial profiles are also plotted in Figure 10 at different time intervals.
The calculated pressure is recorded along the line
x2/D = x3/D = 4.51 to evaluate the acoustic directivity and the spectral content. This numerical
antenna is not in the acoustic and geometric far
field according to usual criteria. The Sound Pressure Level is calculated as:
-r2
L, (x) = L, (T, e> = lOlog,s
k
( 7-e )~where #’ =-p&p’
is the dimension pressure fluctuation and p,,f = 2 x 10d5 Pa. The time average
computation is performed over a time T = 600At
corresponding to signals recorded after a transitional
period. The SPL is then calculated in taking into account the variation of the observation distance with
respect to the nozzle exit, assuming a l/r2 dependence. The acoustic intensity is also corrected by
the square of the ratio r/ (120D) in order to compare
with Lush24 experimental data. For an observation
angle 13= 90° and T = 1200, the present calculation gives an SPL of 80 dB whereas measurements
provide 93 dB.
This first application of the SNGR model to a
3-D subsonic jet underestimates experimental data.
A weakness of the present study is the function w
used to weight the source term:
w(x) = 1 -

Em,,-K 2
( Icmaz 7 0.3h-m >

where 0.3&,,
5 E 5 E,,,.
The adjustement of
this function has not been studied, and the global
level of turbulent kinetic energy is not conserved.
This result is illustrated in Figure 12 with the radial
plots of the initial and weighted turbulent velocity.
In further works, it would be necessary to restore the
turbulence level and to investigate spectral content
of acoustic signals.
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Figure 5:
flow field
round jet
and z3 =

Figure 7: Zoom on the source volume in the plane
x1 - x2. The upper part shows the set of points
where the turbulent kinetic energy is greater than
0.3 x imaa: in gray, and the set of points where~-the
integral length scale is greater than 6A in black. The
lower part shows the projection of the synthesized
turbulent field at a given time on the plane x1 - x2.
Notations: zr = z and 52 = y.

Radiation of a monopole source in a meanprovided by a RANSE solution. Subsonic
at M = 0.86. Notations: x1 = z, x2 = y
z.

Figure 6: Computation domain for the subsonic jet
noise calculation: only every second line is shown
in the three directions, with 21 = x, 52 = y and
-23
= 2.

Figure 8: Calculated pressure field on the whole
computational domain at time t = 1080At = 522.86.
Pressure levels from -5 x 10m4 to 5 x 10m4. Notations: x1 = x, 52 = y and 5s = z.
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Figure 9: Pressure profiles along the jet axis. Instability waves are convected by the mean flow in
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Figure 11: Pressure signals recorded in x2/D =
= 900, _-_-- 0 = 6()“, --L
x3/D = 4.51. -8
0 = 30°. Pressure fluctuations are made dimensionless by pooc”, and are not corrected by the distance.
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6. Concluding

Hence the wavevector k, in (4) is given by:

remarks
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when k,/k, + 0. This result is in agreement with
expression (6) which provides L M 0.747/k, for the
longitudinal integral length scale.
The simulated longitudinal correlation function:
uf2f (r) = uti (x) uti (x + r)

can be compared16l11 to those derived from the expression of the energy spectrum E:
f(r)

= 3

hrn (w

- w)

E(k) dk

There are similar expressions for the transversal
correlation function g. Finally, the space-time correlation function corresponding to the turbulent field
generated by unsteady random Fourier modes (8)
takes the form:
R,,

(r,r)

=
X

25
{&exp
(-F)
n=l
cos [k,. (r - TU,) + won7]}

where Greek subscripts are not summed. This result
shows that the turbulent field is convected by the
mean flow and the peak of the cross correlation function decreases with the time r of separation. The
turbulent velocity field exhibits a convective feature
and a time-dependence with this type of modelling.
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In this work, a new application of the Stochastic
Noise Generation and Radiation model to a 3-D subsonic jet is investigated. From a numerical solution
of RANSE, the SNGR model provides a stochastic
turbulent field generated by a sum of unsteady random Fourier modes. This synthesized turbulent field
is then used as a source term in Euler’s equations
linearized around the meanflow field. Generation of
the stochastic field has been modified by introducing a slow space evolution of turbulence statistical
properties and a spectrally local characteristic time
based on Heisenberg’s relation.
A jet mean flow refraction problem has been solved
in 3-D. The radiation pattern is compared with a
ray-tracing in order to validate the numerical algorithm. Next a similar calculation is performed, but
the mean flowfield used by linearized Euler’s equations is provided by a turbulence i - E model.
Finally, the 3-D SNGR model is applied to a
round subsonic jet at M = 0.86. Turbulent source
terms are generated and introduced in the LEE.
First results are promising and numerical applications are under development.
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