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Abstract

This paper examines some recent, developments
in the modeling of supersonic jet noise using a com-
pressible k — f turbulence closure. To be more pre-
cise, we seek to improve predictions of high speed
jet noise, e.g. in aerospace applications, by intro-
ducing CFD solutions for mean flow field properties
into existing analytical models of aerodynamic noise.
Three models of jet mixing noise are investigated in
this study. First, the classical Lighthill's theory of
aerodynamic noise is combined with Ribner's mod-
eling of the source term. The usual Gaussian time
correlation is replaced by a new function to improve
low frequency predictions. The second approach re-
lies on the Goldstein & Howes convected wave equa-
tion, which is here used to improve the prediction
of mixing noise in the upstream direction. Then an
original third model based on Ffowcs Williams &
Maidanik's analysis is reviewed. In this model, only
the Mach wave noise component, is evaluated when
the convection Mach number is supersonic. These
three models are applied to shock-free high-speed
round jets. Comparisons to experimental data, in
particular for sound source localization, show good
qualitative agreement.

Nomenclature

A constant to simplify the notations, A =

c
C
D
Dg Da =

k
L
Mc
St

sound speed,
convection or Doppler factor,
exit nozzle diameter,
directivity of the shear-noise
(cos4 6 + cos2 0) /2,
turbulent kinetic energy A; = 3«''-/2 ,
turbulence longitudinal length scale,
convection Mach number, A/c = Uc/c0,
Strouhal number St = fD/Uj ,
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Uc
Uj
u'
x
y
f
p
Tt
a

local center-line velocity,
local convection velocity,
jet exit velocity,
turbulence velocity scale u'2 = 2Jk/3,
observer position,
local source point,
dissipation rate of k,
density,
turbulence time scale,
angular frequency
turbulence angular frequency.

subscripts
o in the homogeneous medium at rest,
1 in the axial direction,
2 in the radial direction.

1. Introduction

It has been known for a long time that gaseous
jets generate noise. Since the work of Lighthill1 clas-
sical jet theory2 has been developed in terms of tur-
bulent. velocity fluctuations in a source term of a
wave equation, or more recently in terms of large
scale instabilities to predict in particular the broad-
band shock noise.3 Progress in computational fluid
dynamics also allows new strategies for the calcula-
tion of acoustic fields radiated by turbulent flows.4'5

At least three approaches may be distinguished,6

each including a variety of methods for the repre-
sentation of the flow, the acoustic sources and the
radiated sound. The first class of methods relies on
a numerical solution of the full compressible Navier-
Stokes equations. Very large computing facilities are
required to solve for the turbulence and the radiated
acoustic field, but the generation and propagation of
sound are directly calculated. In the second group
of methods the acoustic far field is evaluated in two
steps through an acoustic analogy and a turbulence
model. The inner turbulent field can be obtained
from a large eddy simulation or by synthesizing the
fluctuating velocity field from knowledge of the mean
flow. The acoustic far field is then deduced by solv-
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ing a wave equation via an integral formulation7'8
or by solving the linearized Euler equations.9 In the
third group of methods the turbulent flow field is
known only by statistical quantities such k, the tur-
bulent kinetic energy, and e, its dissipation rate.

The goal of this paper is to describe some re-
cent developments and applications of the last group
of methods to supersonic jet noise. More precisely,
although theories are now well known it seems in-
teresting to combine these results with available nu-
merical fluid dynamics tools to predict high speed jet
noise when parametric studies are required. Thus,
for example, the ratio of the secondary and primary
exit velocities that minimizes the radiated acoustic
power can be numerically determined1" for subsonic
coaxial jets. A similar approach is developped by
Khavaran11'12 to predict elliptic jet noise, for in-
stance.

The paper is organized into three parts. Section
2 is devoted to a review of jet noise modeling using
a k — c turbulence closure. Finally, an application of
the numerical predictions in terms of sound source
localization is carried out in section 3.

2. Jet noise modeling

One of the most elaborate statistical source mo-
del applicable to jet noise is due to Ribner.13 This
approach yields good subsonic jet mixing noise pre-
dictions when data provided by a k — f turbulence
closure are introduced into the model.14'10 Since our
goal is to develop predictive models, it is important
to note at once that a global and unique adjustable
factor is needed in these models, and that this factor
is adjusted based on a single comparison with an ex-
perimental point. This factor is then kept constant
and used for all Mach numbers and all flow configu-
rations (subsonic or supersonic round jets and coax-
ial jets). This source modeling is briefly reviewed
in section 2, and in the present work the classical
Gaussian time correlation13 is replaced by a new
function to improve low frequency predictions. This
approach has been extended to supersonic jet mixing
noise.15'14 The comparison of predicted results with
experimental data shows a good agreement, in the
first quadrant (0 < 0 < 90°), see Figure 1 for the no-
tations. However the comparison is less satisfactory
in the second quadrant (90° < 6 < 180°), and the
difference between calculations and measurements
increases with the nominal Mach number.

The problem of obtaining accurate predictions
in the upstream direction was pointed out previ-
ously by Goldstein & Howes,10 who derived a con-
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Figure 1: Sketch of the geometry.

vected wave equation for the pressure fluctuation.
The main result of their analysis is a modification
of the exponent -5 in the Doppler or convection fac-
tor, which is replaced by the exponent -3. A simple
comparison of the equivalent power law with mea-
surements shows a better agreement when using the
-3 exponent, see Figure 2. An original contribution
of the present study is to use a statistical description
of the turbulent fluctuations in combination with
this acoustic analogy to improve supersonic mixing
noise prediction. One of the motivations for improv-
ing predictions in the upstream direction is to study
acoustic effects during the launching of space vehi-
cle systems. Indeed, although the radiated energy
is higher for 0° < 9 < 90°, acoustic energy radiated
for 0 > 90° directly affects vehicle components. Fol-
lowing the same line of reasoning, the Mach wave
noise component18 can be evaluated by following an
analytical development of Ffowcs Williams & Maid-
anik.11' This model has been applied to a M = 2
supersonic round jet to predict the spectral peak as
a function of the observer angle 6.

2.1 Aerodynamic results

The aerodynamic fields are obtained from a nu-
merical solution of the Favre averaged Navier-Stokes
equations with a compressible k — ( turbulence clo-
sure. These calculations are carried out with an ax-
isynuaetric compressible version of the ESTET code
developed by Electricite de France. The effect that
compressibility has on turbulence is taken into ac-
count through an energy dissipation resulting from
dilatation processes. A description of the code and
comparisons between numerical solutions and avail-
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the function Ra per unit source volume becomes13:
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Figure 2: Jet directivity for three Mach number
M = 0.56, M = 0.86 and M = 1.33. Power law: ——
Doppler factor at the power -3, ----- Doppler factor
at the power -5 (Lighthill's theory). • experimental
data of Tanna17 et al.

able experimental data are provided in the litera-
ture.14'18 With knowledge of the mean velocity, the
turbulent kinetic energy k and its dissipation rate
f, the turbulence time scale and the angular fre-
quency are computed respectively, as rt ~ k/f and
ut ~ 1-xf/k. The integral length scale is provided by
L ~ &3/2/e. Finally we approximate the convection
velocity Uc to be constant in a transverse section of
the jet and to be equal to a fraction of the local axial
velocity: Uc = 1/ZUaxii.

2.2 Modeling based on Ribner's theory

In the absence of solid boundaries, the integral
solution of Lighthill's equation allows calculation of
the autocorrelation function Ra of the far field acous-
tic fluctuations. To separate the effects of steady
convection from the source term, a frame moving
with this convection velocity Ucy^ is introduced, and

Ra (x|y, r) = -5^ -£-; (1)

where A = pj/ (/a0167r2c;j) and Dg is the directiv-
ity of the shear-noise (defined in the nomenclature).
The Doppler or convection factor C is given by20:

C(MC,6) = (1 -Mc

-,1/2

where L is the integral longitudinal length scale and
u>t the turbulence angular frequency.

The fourth-order space-time velocity correlation
function Run is expressed in terms of a sum of
second-order correlations by assuming a normal dis-
tribution21:

where only the first term contributes in (1). A sepa-
ration of space-time variables is then assumed for the
second-order correlation tensor R\\ — R(£)g(r~),
and the space factor for an isotropic turbulence is
given by:

The longitudinal correlation function is taken to
be / (£) = exp (—7r£2/L2) where L is the longitudi-
nal integral turbulence length scale. Usually a Gaus-
sian time correlation function g (r) is chosen.13'14 As
pointed out by Ribner,13 to calculate the power spec-
tral density and the acoustic intensity given by / (x)
= Ru(x,T = Q) the two following quantities must
be defined: f/V</r4 and </V/dr4 at r - 0. In
this paper the Gaussian correlation is replaced by
the following function to improve the low frequency
predictions:

1
cosh (/?wj T) (2)

where /? = 2/5 is adjusted to fit the experimental
data of Davies,22 see Figure 3.

A Fourier transform of the autocorrelation func-
tion (1) leads to the acoustic power spectral density

S'ah) dy (3)
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Figure 3: Modeling of the time correlation function.
—— hyperbolic function g ( r ) — l/cosh(/?wjT), ----
- Gaussian correlation g (T) = exp ( — T 2 u i ' f ) and •
data of Davies22 et al.

where the two components, namely the self-noise
and the shear-noise, are given by.

*M w4

siuh ^

(4)
p]L*uuDe /dUiVu4 1

w, 2/?cosh (s.
-

These expressions are very attractive because they
allow sound source localization; an example is given
in the next section. The total acoustic intensity is
deduced by integrating the power spectral density
(3) over all angular frequencies, or by taking the au-
tocorrelation function (1) at r = 0:

,,/4
J(x) = A

n
327rV<,c;;C'5a:2 ' V dy-2 (5)

The influence of the time correlation function
g (r) on the spectra predictions is shown in Figure
4. The hyperbolic correlation (2) improves the low

Figure 4: Influence of the time correlation function
<J(T) on the spectrum. Third octave band spectra
of a M = 1.34 round jet at G = 90°. ——hyperbolic
correlation, -—— Gaussian correlation and • data of
Tanna17 et a/.

frequency predictions. A better numerical fitting of
Davies data could be obtained for the correlation
function. However to ensure convergence of the in-
tegral expression (3) we keep the hyperbolic correla-
tion (2) iu Rib tier's model. The predictions under-
estimate the acoustic intensity for high frequencies
or Strouhal numbers. This lack of accuracy could be
attributed to the aerodynamic calculations.

2.3 Modeling based out Goldstein & Howes'
theory

The convected wave equation of Goldstein fc Ho-
wes10 is an alternative approach for improving the
predictions of supersonic mixing noise. The starting
point of this aerodynamic noise theory is the Lilley
equation, which is reformulated so that the previous
modeling of turbulence correlations can be applied
to the source term. In their work16 the proposed
integral solution is valid in the low frequency range
with the result that refraction effects are neglected.
Finally an expression of the autocorrelation of the
acoustic far field fluctuations is obtained:

American Institute of Aeronautics and Astronautics



Copyright© 1997, American Institute of Aeronautics and Astronautics, Inc.

(6)

16 A
o"3

c>4

V
Modeling of the source terms can be performed

as in the previous section, which leads to an expres-
sion equivalent to (1) for the autocorrelation func-
tion. A subsequent Fourier transform yields to the
acoustic power spectral density.23 In this paper only
the acoustic directivity is considered to show im-
provement in comparison with Ribner's results and
measurements. For a Gaussian time correlation the
acoustic intensity takes the following form:

L
This expression is very similar to the one derived

via Ribner's theory except for the convection factor
C, which appears now to the power -3. To illustrate
this angular behaviour, the acoustic directivity of a
M = 1.33 free jet is displayed in Figure 5 and is
compared to Ribner's model and the experimental
data of Tanna.17 The predictions are more accurate
with Goldstein & Howes' model, particulary in the
upstream direction.

2.4 A Mach wave noise model

When turbulent structures are converted super-
sonically relative to the ambient speed of sound, i.e.
Mc = Uc/c0 > 1, the acoustic field radiated by
this non-compact turbulent volume source is very
efficient. A specific formulation can be derived to
evaluate this component of the radiated sound field.
The analytical development, based on the work of
Ffowcs-Williams fc Maidanik19 has been extended
in the spectral domain to get an expression for the
acoustic power spectral density18'

(8)

cos2 9 sin21

where 61 designates the mixing layer thickness and
rt the typical turbulence time. The integration is
performed over the volume V*, defined as the set
of points in the flow for which the convection Mach

120 150

Figure 5: Directivity of a M = 1.34 jet as a function
of the outlet angle 6. —— Goldstein & Howes' model,
----- Ribner's model, "data of Tanna17 et a/.

number exceeds unity. The function G is the Fourier
transform of the pressure autocorrelation18:

-; 1-
exp -

where the angular frequency UM is given by UM =

The peak spectral amplitude is plotted as a func-
tion of the observer angle 9 in Figure 6. The pre-
dicted values are close to the experimental data of
Seiner-4 et a/. Other spectral comparisons with mea-
surements and Tarn's instability theory can be found
iu the literature.18 An example of spectral results is
displayed in Figure 7 for a hot jet at M = 2. This
figure shows that the Mach wave noise component
of the radiated field is well represented.

As iu previous models the acoustic intensity is
obtained by an integration of the power spectral den-
sity over the angular frequency.18 An example of
the resulting directivity is given in Figure 8 for a
M = 2 free jet. The modeling provides only the
Mach wave noise component, i.e. the directivity for
the observer angle SM — cos"1 (1/MC). The mix-
ing noise component evaluated by the two previous
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Figure 6: Comparison between the Mach wave noise
model and experiments about the angular depen-
dence of the peak spectral amplitude. —— present
Mach wave noise model, • data of Seiner24 et aL.
Round hot jet at M = 1 and Tj/T0 = 2.5

Figure 7: Mach wave noise component for 4 Strouhal
numbers, St = 0.05, St = 0.10, St = 0.20, St =
0.40. Free round jet at M = 2 and Tj/T, = 2.5. •
data of Seiner'-4 et a/.
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Figure 8: Directivity of a M - 2 and Tj/T0 = 1
jet. —— mixing noise component with Goldstein &:
Howes' model, - —— mixing noise component, with
Ribner's model, --•- Mach wave noise component, •
data of Seiner24 et a/, and • data of Tanna17 et id.
with aM = 1.95 jet.

models is plotted too. Goldstein &. Howes' theory
more accurately predicts the experimental results in
the upstream direction.

3. Application

As concluding remark Ribner's model (4) is ap-
plied to provide sound source localization. The power
spectral density per unit length along the jet axis is
defined as an integration across each section of the
jet:

and the relative space- frequency distribution W\/
Wimax is plotted versus the dimensionless axial dis-
tance y\/D and the Strouhal number St, for a given
observer angle 0 = 90°. Figure 9 displays this rep-
resentation of sound source localization with the hy-
perbolic time correlation (2) for a M = 1.34 cold,
free, round jet. Generally, the high frequency sources
are located in the mixing region near the nozzle
while the low frequencies are situated in the down-
stream region. The predicted maximum is located
at t/i KI GAD, i.e. near the end of the potential core
Xc K SAD, with a Strouhal number St « 0.25.
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Figure 9: Relative power spectral density per unit
length along the jet axis for an observer angle 6 =
90°. Cold round, free, jet at M = 1.34. Ribner's
model (3) with the hyperbolic time correlation (2).
Four isolines from 0.8 to 0.95 with a step of 0.05.

To illustrate the influence of the time correla-
tion function g (r) in the model, the same represen-
tation is used in Figure 10 with a usual Gaussian
time correlation in the power spectral density Sa
(3). The maximum is located further downstream
at )/i fa 9.8D with a corresponding dimensionless
frequency St w 0.46. This predicted Strouhal num-
ber is certainly too high in comparison with other
studies.-5'-0

With the model (4-2), the maximum of the spec-
tral power density is plotted as a function of the
dimensionless frequency St and the axial distance
Hi/D in Figure 11. This numerical result is in agree-
ment with the study of Dyer25 based on a dimen-
sional analysis.

Modeling using statistical turbulent sources can
be an efficient tool for parametric studies of jet noise.
In terms of sound source localization, the case of a
M — 2 free jet has been investigated18 and compari-
son between experiments26'24 and numerical predic-
tions shows good qualitative agreement. This ap-
proach has some limitations because of the necessary
knowledge of the Green function for instance. To
improve these models, refraction effects11 and tem-
perature sources should be taken into account.
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Figure 10: Relative power spectral density per unit
length along the jet axis for an observer angle 0 =
90°. Cold round, free, jet at M = 1.34. Ribner's
model (3) with the usual Gaussiau time correla-
tion.14 Four isolines from 0.8 to 0.95 with a step
of 0.05.

Figure 11: Maximum of the power spectral density
as a function of the Strouhal number St, and the
dimensionless axial distance yi/D. Cold round, free,
jet at M = 1.34 for an observer angle 0 = 90°.
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