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An estimation of the noise generated by subgrid scales provided by LES calculation 
is performed. The derivation of Navier-Stokes equation to obtain Lighthill’s equation is 
presented for both DNS and LES Navier-Stokes equation. The Lighthill tensor is split into 
several parts : a high frequency part that is not resolved by LES calculation, the Altered 
Lighthill tensor computed from basic Altered variables and a subgrid-scale tensor. A DNS 
of decaying isotropic t’llrbulence is carried out to evaluate the contribution of each term 
to the noise product&. It is confirmed that the high frequency part of the Lighthill’s 
tensor does not contribute significantly to noise production for usual cut-off wavenumber 
value of LES. The sub&id-scale contribution can not be neglected and requires the use of 
a subgrid-scale mode! )n order to recover reliable results dealing with the acoustic Beld. 
The acoustic contributions computed using a subgrid-scale model of eddy-viscosity type 
and a subgrid-scale mo;del of scale similarity type is compared to the acoustic contribution 
of the exact subgrid-s&de tensor. 
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Nomenclature 

2 
= speed of sound i 
= computational length- 

G = filter function 
kc = normalized cut-off wdve number 
L 
M 

= initial integral length$xale 
= Mach number 

Mt = turbulent Mach number 
Pr = Prandtl number ’ 
Re = Reynolds number : 
Rex = Taylor micro-scale Reynolds number 
u+ms = rms velocity 
V = computational domain 
X = observer position : 

ij 

= local source position 
= Kronecker tensor : 

E = turbulent dissipation rate 

: 
= specific heat ratio ’ 
= Taylor micro-scale I 

P = dynamic viscosity 
u = molecular kinetic viscosity 
-I- = initial eddy turn overltime 

Subscripts 
0 = computed a time t = 0. #: 

Superscripts 
I, = high frequency quantity’ 
SGS = Subgrid Scale quantity i 
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Introduction 
Sound generated by turbulence raises many ques- 

tions of fundamental and engineering interest. Initial 
work was especially based on analytical and experi- 
mental results, but recent progress in Computational 
Fluid Dynamic (CFD) offer many tools to develop new 
techniques in Computational Aero-Acoustics (CAA). 
Since the acoustic source originates in turbulent 
fluctuations, the resolution of the acoustic field is 
indeed difficult because of the wide range of spatial 
and temporal frequencies.’ A complete knowledge 
of the unsteady aerodynamic field can not then be 
reached in practical configurations of interest. A 
steady statistical description of the turbulent flow has 
long been used 2*3 before numerical simulations were 
carried out to compute the aerodynamic field.4 
Direct Numerical Simulation (DNS),5 unsteady 
Reynolds Averaged Navier-Stokes simulations 
(RANS) ,6 semi-deterministic modelling (SDM)“” 
or, as detailed in this paper, Large Eddy Simulation 
(LES),gg lo are actually used to compute the acoustic 
source (i.e. the unsteady flow field). DNS approach 
does not allow to compute high Reynolds number 
turbulent Rows that have to be dealt with in practice. 
As noise radiated from turbulent flow generates es- 
pecially from large scale motion9 LES which is based 
on the resolution of low wavenumber components 
(referred to as C) and on the parametrization of high 
wavenumber components (referred to as u”) of turbu- 
Tent quantities offers a very attractive issue to resolve 
such problems. CAA offers then many possibilities 
to calculate the sound field radiated by turbulent 
fluctuations : Lighthill’s analogy”n12 retained for the 
present work, a third-order wave equation namely 
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Lilley’s equation13 or the linearized Euler’s equations. 
Each of these descriptions requires the knowledge of 
the aerodynamic field. Lighthill’s analogy, which is 
based on the resolution of Lighthill’s equation derived 
from the compressible Navier-Stokes equations, was 
the first attempt to estimate the sound radiated from 
a finite region of turbulent flow. This method is a 
very powerful and general approach to compute the 
acoustic radiated-field although it has the limitation 
of assuming that refraction effect cannot be taken into 
account. Using this analogy, the pressure generated 
by a turbulent flow is expressed as a function of the 
Lighthill’s tensoflij M puiuj. In LES calculations 
only the filtered variables Iii are available and so, 
Lighthill’s tensor can not be computed in its complete 
form. A Lighthill’s tensor ThES = p ZiZj calculated 
with the basic filtered variables is often used.gT10 The 
aerodynamic field does not contain all frequencies 
available but only the low frequency part of the 
field. The importance of this last one may be revelant 
for aeroacoustic computationsand must be estimated . 

This paper addresses the new problem of the eval- 
uation and modelling of the CGntribution of the unre- 
solved scales to the radiated noise production, when 
Lighthill’s analogy is employed together with LES, 
namely a Hybrid LES method. The governing equa- 
tions for DNS and Lighthill’s analogy (i.e Hybrid DNS) 
are first presented and exented to the case of Hybrid 
LES approach. The second sation is devoted to the 
evaluation of the subgrid and high frequency contribu- 
tions to the complete Lighthill tensor, on the ground 
of a ptioti tests performed ia the decaying isotropic 
turbulence case;- The third- section deals with the 
parametrization of the subgrid scale noise production, 
and results of a ptioti tests ar_e_discussed. Conclusions 
are presented in the last section . 

Mathematical formulation 
Governing equations for hybrid DNS 

For an ideal gas, equations of motion : continuity 
,momentum and energy conservation equations can be 
recasted in the following form : 

(1) 

where p, ui, p, E are respectively the density, the ve- 
locity components, the thermodynamic pressure and 
the total energy. 
The viscous stress tensor aij is defined as, 

The heat flux vector Qi is written as follows : 

Qi = - 
(y - l);ePr-M2 igo 

where 0 denotes the temperature. For an air flow, the 
-specific heat ratio is y = 1.4 and the Prandtl number 
PT is equal to 0.7 
These equations must be supplemented with the equa- 
tion of state : 

-One of the first attempts to estimate the sound radi- 
ated from a finite region of turbulent flow was proposed 
by Lighthill.“~‘2 The combination g(l) - e(2) of 
these equations leads to Lighthill’s wave equation for 
the density : 

_where co is the constant speed of sound in the ambient 
medium and the Lighthill’s tensor Tij is defined a5 
follows : 

For high Reynolds number the viscous stress tensor 
uij in Lighthill’s tensor expression can be neglected. 
For low turbulent Mach number the pressure pcrtur- 
bations are assumed to be nearly isentropic and the 
acoustic pressure can then be written as : p = cg p . 
Under these assumptions the Lighthill’s tensor simpli- 
fies to : 

Tij = PUiCj (9) 
The solution of equation (7) is exact only for an ho- 
mogeneous medium at rest and refraction effects are 
not taken into account.’ In order to obtain an integral 
formulation, the Green function is required. 

D 

Fig. 1 Geometry of sound source radiation. V = Volume 
of turbulent fluid, M = observer position, D = 23~ 

Thus the fluctuating densitygyl’ can be expressed a~ 
a function of Lighthill’s tensor : 
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where the symbol [.] denotes the evaluation at the re- 
tarded time t - $ where r = x-y is the vector joining 
the source point y to the observation point x, as shown 
in Fig. 1 and < . > denotes statistical average. 
As soon as the aerodynamic field is known, the fluc- 
tuating acolrstic density can be computed. For high 
Reynolds numbers, a direct numerical simulation can 
not be carried out because of the very high compu- 
tational cost, and then, statistical models are used to 
account for a part of the turbulent fluctuations. The 

i LES offers the possibility to compute high Reynolds 
number turbulent flows by resolving large eddies and 
parametrizing small eddies. The description of the 
governing equation when LES and Lighthill’s analogy 
are used together is presented in the following section. 

Extension to LES 

In Large-Eddy Simulation of compressible turbulent 
flows, any quantity F in the flow domain V can be 
decomposed into a resolved or filtered part F and an 
unresolved or subgrid part f through the application 
of a low-pass convolution filter : 

F=F+f (11) 

with 
F(y) =~ J Ga(Y - WKM (12) 

V 

where GA is the filter kernel, and A = n/k, the 
characteristic cut-off length scale. The filter kernel 
GA is a spatial filter (usually a sharp cut-off filter in 
Fourier space or a Gaussian filter ) of width equal to 
the grid spacing. When dealing w$h variable density 
flows, the mass-weigthed variables F are used following 
Favre,14 with: 

Thus, the quantity F is now decomposed as : 

F = F + F” (14) 

Using this definition the Favre filtered continuity and 
momentum equations are : 

The term TQ is a subgrid quantity resulting from the 
non-linearity of the convective terms and is defined as 

Following Vreman approach15 and according to 
Brandsma assumptions,16 the Favre filtered energy 
equation is straightforward. 

The filtered Lighthill’s equation can be obtained in 
two ways: by operating the combination of the filtered 
continuity equation and filtered momentum equation, 
i.e. gP5) - &W3), or by filtering the Lighthill’s 
equation (7). In both cases, the resulting equation for 
resolved (or filtered) density is: 

a2 - 2a2F= a2 

TFFP - Co dyiyi 
-f$j 
&.$lj 

(18) 

- 
‘where the filtered Lighthill tensor Tij which represents 
the production of resolved acoustic fluctuations is then 
given by : 

TX. = p Uij (19) 
The filtered Lighthill’s tensor differs from Tij by Tii, 
the high frequency part of the complete Lighthill’s ten- 
sor which is not resolved in LES calculations. The 
resulting decomposition of Tii is given by : 

Tij = cj + Tij (20) 

Since the basic variabJes of LES calculations are p and 
5i, the source term Tij can not be directly computed 
and must be approximated by TitES = F Z$j with 
an inherent error T.T*G.S which is actually the subgrid 
scale tensor rij defizrled in equation (17) : 

Tj?. = T&ES 23 v + T?.G-S = 7 ci$ + qi t3 (21) 

The final decomposition for the full Lighthill’s tensor 
is then written as : 

T.. = TAES + TiTGS + T;; v a3 Gw 

In order to get reliable far-field noise prediction using 
LES calculations, the subgrid scale tensor appears nat- 
urally as a source term in the expression of the acoustic 
fluctuating pressure, and must be evaluated to assess 
the accuracy of a prediction of the far-field noise from 
LES simulations. 

A priori evaluation of the subgrid 
acoustic source 

Numerical simulation description and validation 

A ptiori tests were carried out to estimate the sub- 
grid contributions to radiated noise considering freely 
decaying isotropic turbulence. This case corresponds 
to a self-similar statistically non-stationary solution, 
but does not require the use of a random forcing term 
whose acoustic properties are unknown, as the forced 
isotropic turbulence case does. 

Direct Numerical Simulations were performed on a 
N3 = 723 uniform spatial grid using a fourth-order 
centered scheme for the convective terms, a second- 
order centered scheme for the viscous terms and a 
third-order Runge-Kutta scheme for the integration in 
time. The initial parameters of the simulation are re- 
ported in Table 1. 
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72 19 0.3 0.64 0.5 0.03 

Table 1 Numerical and flow parameters for DNS calcu- 
lations 

In the simulation the Taylor microscale Reynolds 
number Rex =m XoKo/v is equal to 19. and the 
turbulent Mach number Mt =-ugms/ce is equal to O-3. 
The initial velocity field is chosen to be solenoidal. 
This initial condition and the low value of the Mach 
number value ensure that the flow will follow a 
quasi-incompressible behavior,i7 allowing the use of 
the reduced form of the Lighthill tensor given by 
equation (9). 

The initial energy spectrum-is given by : 

E(k) = k4 exp (-2/?/k:) with ]GO = 4 (23) 

At the beginning of the simulation, the mesh size Ay 
is such that Ay/vc = 2.95 where 70 = (v~/FO)~‘~ 
is the Kolmogorov length scale at the initial time 
and is in good-agreement with DNS resolution re- 
quirements. Since we are dealing with freely decay- 
ing turbulence, the ratio Ay/q will decrease as the 
Kolmogorov scale increases, ensuring that the reso- 
lution is accurate enough to capture all the relevant 
turbulent fluctuations during the whole simulation. 
Turbulence statistics presented-thereafter are obtained 
by performing a statistical average over the computa- 
tional domain and are presented as a function of the 
dimensionless time t’ = $, where re = Lo/u~~~ is 
the initial large eddy turnover time. The normalized 
turbulent dissipation rate e(t*)/ee plotted in Fig. 2 
increases during the initial transient due to the genera- 
tion of small-scale fluctuations through the non-linear 
kinetic energy cascade process, and finally decays in 
the absence of external forcing once the spectrum is 
fullfilled. The time evolution of the Taylor microscale 
Reynolds number Rex is represented in Fig. 3. The 
end of the acoustic calculations is chosen such as the 
Taylor microscale number has decreased by a factor of 
3 from its initial value, Rex being too small at latter 
time to ensure a realistic representation of turbulence 
dynamics. The skewness factor of the velocity deriva- 
tive Sk =< (a~/&)~ > / < (a~/&)~ >3/2 supplies a 
measure of the non-linear vortex stretching. Then ex- 
perimental valuefor isotropic turbulence of Sk is given 
to be -0.4, while simulations give 5’1, M  -0.5.” Results 
presented on Fig. 4 shows that for present calculations 
the skewness asymptotes tom the value Sk M  -0.48, 
leading to a satisfactory agreement. 

As acoustic results are revelant when the decay of 
turbulence is autosimilar, lg the acoustic calculation is 
initialized at this time in order to avoid spurious non- 
equilibrium effects in the calculation of acoustic source 
terms. The kinetic energy spectrum computed at time 

Fig. 2 Normalized dissipation e/r0 t ime history 

Fig. 3 
tory 

Taylor microscale Reynolds number Re* t ime his- 

t* L 3.55 is plotted in Fig. 5. A k-“i3 slope is re- 
covered on the interval 5 5 k < 10, in agreement with 

-Main and Mahesh statement20tllat a decade-wide in- 
ertial range is found only for Rex 2 100. These results 

-demonstrate the good quality of the simulation, which 
is suitable for a priori testing. 

Acoustic quantities computation 

The fluctuating pressure is computedgT1’ using 
equation (10) 

i] - < [STij] > d3y 

(24) 
and the acoustic intensity is computed9 as follows : 

r = < b’(g))” > 
POCO (25) 
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Fig. 4 Skewness Sk time history 

tion of x is taken into account to compute the retarded 
time in expression (10). The 4 observer points on each 
plane Pi are distributed such as the time delay dif- 
ference between these observer points is less than the 
time step and is neglected. 

Acoustical results 

The acoustic fluctuating pressure computed from 
DNS data using equation (24) is displayed in Fig. 6 as 
a function of time at an observer position. The pres- 
.sure signal observes a general decay process induced 
by the decrease of the acoustic source term $$Tij as- 
sociated to the kinetic energy decay. 

iii 
:;-;;;- 

10" 7 

1oAr , , , , , , , , ,,,,,,,,,,,,,,,,,~ 
5 10 15 20 25 30 35 

k 

Fig. 5 Normalized energy spectrum deflned as : E’ = 

at time t* = 3.55 

The ensemble average <> is computed over 6 dif- 
ferent , but statistically equivalent, simulations and for 
each simulation with 24 different observer points lo- 
cated at the same distance from the center of the 
computational domain V, yielding 144 samples. It was 
checked that this process ensures- the convergence of 
statistical moments. The radiated acoustic pressure is 
computed at observer points distributed on 6 planes 
Pi, i = 1,6 parallel to the faces of the volume of tur- 
bulent fluid. Each plane Pi is located at the same 
distance, x =m 1OD from the center of the computa- 
tional domain, where D is defined in Fig. 1, and each 
plane contains 4 observer points . Since the considered 
computational time step is At = 0.01 D/G,, only the 
time delay between planes perpendicular to the direc- 

Fig. 6 Fluctuating acoustic pressure calculated from DNS 
data 

In order to access the exact acoustic pressure respec- 
tively resulting from the subgrid scale and the high 
frequency part of the source term, Lighthill’s tensors 
Tij and Ti$ES have been computed from DNS data 
according to equation (12). Two filters have been con- 
sidered, namely a Gaussian filter and a sharp spectral 
cut-off filter, whose associated kernel in physical space 
GA and transfer function e are respectively: 

GA(Y - 6) = (&It =p(vJ2 
G(k) = exp (S$) (26) 

Ga(Y-<I=- 
if jkl < k, = T/A 

else 
(27) 

The Gaussian filter (26) induces a smooth separa- 
tion between resolved and subgrid quantities, resulting 
in a non-zero contribution of low frequencies to the 
latters. On the contrary, the sharp spectral cut-off fil- 
ter (27) prevents any contribution of low frequencies 
to SGS terms. The effect of the two filters has been 
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investigated as a function of_ the normalized cut-off 
wavenumber k,. Results are presented for values of the 
cut-off wavenumber k, reported in Table 2. The ratio 
between the characteristic cut-off length-scale and re- 
spectively characteristic flow length scales respectively 
70, &I and LO has also been reported in the Table 2 . 
A/q-, indicates the resolution of the mesh in terms of 
the Kolmogorov length scale. LES models ensure reli- 
able results for the aerodynamic field when the mesh 
size used in LES computations is such as A x X. 
This condition ensures that the cut-off wave number 
k, associated to A is contained in the dissipation spec- 
trum. As the integral length scale is the characteristic 
large scale of the turbulent flow, A is required to be 
less than LO to ensure a good resolution of the large 
eddies. Table 2 indicates that cut-off wave number 
values k, 2 8 can then be used to compute the flow 
field. 

k. 4 6 8 10 12 14 16 18 20 22 
A/q0 26.17 17.45 13.10 10.47 8.73 7.48 6.54 5.82 5.24 4.76 
A/& 1.57 1.05 -0.80 0.63 0.52~ 0.45 0.39 0.35 0.31 0.29 
A/L, 1.23 0.89 0.61 0.49 0.41pO.35 0.30 0.27 0.25 4.22 

Table 2 Values and characteristic of k, and A 

First, the difference between acoustic values com- 
puted from DNS data with the exact tensor Tij, and 
acoustic values obtained from: LES data associated to 
Fj has been investigated. -This preliminary study 
allows the analysis of the acoustic properties of the 
high frequency part of the acoustic source Tij. In 
order to bring -out the importance of the high fre- 
quency part o,f the acoustic source, the intensity ratio 
I”/1 = (I - 1)/I is computed as a function of k, (Fig. 
7), where I and I are the acoustic intensities respec- 
tively associated to the filtered source term Pij and 
the full Lighthill tensor Tij. 

Two different times are considered: the first one 
t* = 4.74 corresponds to a maximal contribution of 
the subgrid scales and the second one, t* = 5.33, 
to a small contribution of these modes. For both 
times, the intensity ratio tends rapidly to zero and 
the intensity of the unresolved noise is less than 10% 
of the total intensity for k, > 8. Since the unresolved 
noise is found to be small for both filters with cut-off 
wavenumber k, > &it is deduced that exact LES 
calculations using TQ can %e suitable to compute 
the acoustic source and that the acoustic features of 
the considered turbulent flow are connected to the 
low frequency part of the source. These results are 
in agreement with those obtained by Witkowska et 
al.’ concerning noise generation process in isotropic 
turbulence. -I _~ 

Additional a priori tests were carried out to esti- 
mate the low-frequency noise generated by the SGS 
stress tensor Ti:GS. To compare fluctuating acoustic 

4.11 
4 6 6 10 12 14 16 18 20 22 

kc rc5.33 

Fig. 7 Evolution of the inteneity of the unresolved noise by 
LES calculation I”/I as a function of the cut-off wavenumber 
k, for two different times. 0, Sharp cut-off Alter and 0, 
Gaussian Rlter 

pressurespj, p’LES associated respectively to source 
terms Tij, TQ and Ti$ES, the spectral cut-off filter and 
the Gaussian filter were used to filter the DNS flow 
field. For the lowest usual value of k, in LES (kc = 8) 

~ (Fig. %a, Fig. 8.b) discrepancies betweenthe fluc- 
tuating acoustic pressure p’, 2, prLES are observed, 
considering both the amplitude and the phase of the 
signal. This result indicates that the use of LES calcu- 
lations to compute the acoustic source term-camnnot be 
used for kc 5 8 because the unresolved acoustic source 
term remains significant. 

This unresolved noise contribution is reduced when 
larger values of k, are considered (see Fig. 9.a and 
Fig. 9.b). Nevertheless, the discrepancies between $’ 
adp ILES is still large, indicating that the effect of the 
subgrid scale must be taken into account. 
In all cases the discrepancies between the fluctuating 
acoustic pressures p’, p’, pfLES are more significant us- 
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0.008 

0.006 

t 

(b) 

Fig. 8 Comparison between the fluctuating acoustic pres- 

s”reS - p’, - - p , p’== r respectively computed from the 
exact Lighthill’s tensor T;j and from filtered Lighthill’s ten- 

y;e~;r~n;u~~~,,t:! - k, = 8 - Gaussian Alter (b) - k. = 8 

ing the Gaussian filter than the spectral cut-off filter. 
This can be explained by the non-local character of the 
Gaussian filter in the Fourier space, which allows large 
eddies to contribute to the subgrid scales, resulting in 
an increase of the contribution of the subgrid scale to 
the noise generation process, 

The intensity ratio LSGS/L = (I- ILES)/? (where 
ISGS and ILES are respectively deduced from TiTGs 
and Ti$Es) is reported as a function of k, for the two 
selected filters on Fig. 10 at the two different times 
considered previously. The subgrid scale contribution 
to the resolved acoustic intensity is seen to be im- 
portant (i.e. at least 10 % of the total) for cut-off 
wavenumbers k, _< 12 at time t* = 4.74. As expected, 

(4 

0.006 L 

(b) 

Fig. 9 Comparison between the fluctuating acoustic pres- 

sures - p’, - - 2, p-s respectively computed from the 
exact Lighthill’s tensor T;j and from filtered Lighthill’s ten- 

,~~~=~~,~~~~~~~~.*~~~=- k. = 12 - Gaussian filter (b) - k. = 12 

that contribution is much less significant at t* = 5.33, 
but the error is still concentrated on modes k 5 12. 
As already noticed on the fluctuating acoustic pres- 
sure, the Gaussian filter induces a larger contribution 
of the subgrid modes, due to its non-local character. 
These results indicate in the present computation that 
the use of LES calculations to compute the acoustic 
radiation will lead to an unreliable prediction if the 
spectral cut-off wave number is such as k, 5 8 which 
corresponds to a ratio A/Lo > 0.6. For 8 < k, 5 12 
the source term TS,G.S- must be taken into account in 
order to recover szbgrid-scale effects. Finally for value 
of k, greater than 12, i.e A/Lo < 0.4, the subgrid-scale 
effect are not important and the computation of the 
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acoustic source term can be carried out without taking 
into account other effects. 

Ol- 01 

F 

, Q .,--f-J 

II) , , , , , , , , , 
4 6 6 10 12 14 16 16 20 22 

kc t*=4.74 

-ox4 ' I I I I I I I I 
6 6 10 12 14 16 16 20 22 

kc t*=4.74 

-0.3 3 
4 6 6 10 12 14 16 16 20 22 

kc t*=5.33 

Fig. 10 Evolution of the subgrid scale intensity rSGS/F 
as a function of the cut-off wavenumber k, for two different 
times. 0, Sharp cut-off alter and 0, Gaussian Alter 

Parametrization of Lighthill’s subgrid 
scale tensor 

In previous section it has been demonstrated that 
the subgrid scale tensor in Lighthill’s equation must be 
taken into account in order to recover reliable results. 
Many ways of modelling the subgrid scale tensor rij 
have already been developped.21122 As the Lighthill’s 
subgrid scale tensor Ti;Gs has the same expression, 
the usefulness of these SGS models to correct acoustic 
variables calculated from TitEs is now investigated. If 
SGS models were perfect, the acoustic field associated 
to Tij could be recovered from the LES computation. 
The exact and approximate subgrid scale fluctuating 
acoustic pressure (prSGS and PrSGS) respectively com- 
puted as a function of TiTGS and m;j (where mij is the 

SGS model for TzGS - 1.l ) are written as follows: 

P ‘SGS(z, t) = 

& ~s,[$Ti;GS] - < [gTi;GS] > d3y 
(28) 

P 'SGS(Z, t) = 

& vJv[$$mij] - < [&mij] > d3y 
c-3 

The corrected fluctuating acoustic pressure is -then 
given by : P’(z,t) = ~‘~~~(z,t) + VSGS(z, t) and 
must be compared to 3 (5, t). The resulting acoustic 
intensity is evaluated as 1~~s + &Gs =< P2(2, t) > 
/(pc~,), where &s is related to the parumetrizcd 
SGS tensor (while I SGS is computed using the ex- 
act SGS tensor). In order to estimate the inten- 
sity correction given by the SGS model, the ratio 
(1 - (IL&s + &GS))/T will be compared to I;SGS/y. 
The ratio can also be written as (Is&s - zsGS)/F and 
is identically zero when the exact subgrid-scale inten- 
sity is recovered. A priori tests based on the Gaussian 
filter for two selected SGS models are now discussed. 

Subgrid scale models of eddy-viscosity type 

Subgrid scale models using an eddy-viscosity are 
based on the- hypothesis that the deviatoric part of 
the rij is locally aligned with the filtered deviatoric 
part of the strain tensor, while the normal stresses 
are assumed to be isotropic and are thus represented 
through a subgrid scale kinetic energy. A compressible 
Smagorinsky’s model 23 has been used to compute the 
Lighthill’s subgrid-scale tensor is written as follows : 

mij - +mkk Sij = 
vSGS = 

where gij = f ( $ci + &Zj . ’ > 
The Smagorinsky’ constant C’S is taken equal to 
C’s = 0.18, which is the classically admitted value 
for isotropic turbulence. As the trace of tensor mij 
is negligeable in the present case because_ of the 
quasi-incompressible behavior of the simulated turbu- 
lence 24,25 itis assumed that Cf = 0. The fluctuating 
acouKtic pressure p’ LES has been corrected by adding 
the fluctuating pressure PrSGS (Fig. 11) computed 
with the model (30). The comparison between 3 and 
P ‘LES + PrSGS shows that the use of this model leads 

to very largeerrors on the predicted acoustic field, on 
both the phase of the signal and its amplitude. This 
trend is assessed by looking at the evolution of the 
intensity ratio (ISGS - zsGsj/I as a function of kc 

~(Fig. 12), which is related to the error introduced 
by the parametrization of the Lighthill’s subgrid scale 
tensor. The Smagorinsky model leads to a very large 
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tion of the acoustic source term 82T~Gs jat2. overprediction (up to 100 %) of the noise generated by 
subgrid modes, resulting in worst results than an un- 
corrected evaluation (i.e. taking m;j = 0). In addition, 

-0.004 

3 3.5 4 4.5 5 5.5 6 
t' 

,y .’ ‘. 

-0.25 - 

. 

-0.5 v' - : 

-0.75 - .: 

-1 - :' 
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10 12 14 l6 ” k, tez5 3322 

@I 

(b) Fig. 12 Comparison between the subgrid scale intensity 

Fig. 11 Comparison between the fluctuating acoustic 

pressures - $, - - p& and I.. p&+P;,,, where pkGS has 
been computed from Smagorinsky model for the Gaussian 
Alter. (a) - k, = 10, (b) - k. = 12 

Iscs/I, 0, and the (Iscs -Iscs)/I, V, where &7Gs has been 
computed from Smagorinaky’s model with e Gaussian filter 
an a function of cut-off wave number k, . 

Subgrid scale models of scale similarity type 

eddy-viscosity subgrid-scale models are designed to en- 
sure a drain of the resolved kinetic energy but does 
not restitute the characteristic elements (eigenvalues, 
eigenvector) of the subgrid-scale tensor. More over 
the subgrid scale source term is a quadripolar acoustic 
term in its exact form and eddy-viscosity subgrid-scale 
models introduce the gradient of the velocity and then 
makes the parametrization of the subgrid scale source 
term non quadripolar. Consequently, eddy-viscosity 
subgrid-scale models fail in the parametrization of 
subgrid-scale tensor TiTGS in Lighthill’s equation and 
are not expected to lead to a satisfactory representa- 
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Subgrid scale models of scale similarity type are 
based on the hypothesis that the interactions between 
grid-scale and the subgrid-scale modes occur especially 
between the smallest grid-scale modes and the largest 
subgrid-scale ones, and that SGS stresses can be eval- 
uated through an extrapolation in frequency. 

The Bardina’s scale similarity mode126T27 has been 
used to compute the Lighthill’s subgrid-scale tensor. 
It is based on the hypothesis that the interactions be- 
tween grid-scale and the subgrid-scale modes occur es- 
pecially between the smallest grid-scale modes and the 
largest subgrid-scale ones, and that SGS stresses can 



be evaluated through an extrapolation in frequency. 
The corresponding model for the subgrid-scale tensor 
is written as : 

Results dealing with the fluctuating acoustic pres- 
sure (Fig. 13) show that the model does not induce 
spurious acoustic pressure fluctuations and provides 
significant improvements when discrepancies between 
2 and prLES are important (e.g. for t* M 3.55.) 

t* 

(b) 

Fig. 13 Comparison between the fluctuating acoustic 

pressures - p^;, - - P& and “: P& + P&c, where P&S 
has been computed from BardiS’s model for the Gaussian 
filter. (a) - kc = 10, (b) - kc = 12 

The evolutionof the intensity ratio (1s~~ -Z,GS)/~ 
as a function of k, is reported on Fig. 14. 

The correction on the acoustic intensity ratio ob- 
tained using Bardina’s model is also relevant, the error 
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kc t*=5.33 

(b) 
Fig. 14 Comparieon between the subgrid scale intensity 

IsGs/~, 0, and the (I SGS -&Gs)/I, V  where ISGs has been 
computed from Bardina’s model with a Gaussian Alter an a 
function of cut-off wave number k,. 

being reduced to [0% - lo%] for all the considered val- 
ues of the cut-off wave number k,. The introduction 
of Bardina’s model to estimate the Lighthill’s subgrid- 
scale tensor leads then to more reliable results than 
with a eddy-viscosity model type. This can be ex- 
plained by the fact that scale-similarity models are 
designed to represent the SGS tensor itself (and not a 
kinetic energy transfer like the eddy-viscosity models), 
and are known to predict in a very realistic way the 
eigenvalues and the eigenvectors of the subgrid-scale 
tensor, as demonstrated by a priori tests.“? 

Conclusions 
In order to bring out the successive step to obtain 

subgrid acoustic term for hybrid LES calculation, a 
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DNS of decaying isotropic turbulence has been carried 
out. A new Lighthill’s equation has been derived 
from filtered Navier-Stokes equations. The acoustic 
source term &Tij used for DNS computation has 
been splitted into three parts according to equation 
(22) : a term $$Tlj associated to the high frequency 
part of the acoustic source that is not resolved in 
LES calculations, the expected source term for LES 
based on the filtered basic variables &Ti!jEs and a 
subgrid-scale source term &Z’i:Gs . 

In order to justify that LES calculations can be 
used to evaluate acoustic sources, the noise generated 
by the high frequency part of the source has been 
estimated and compared to the full noise. Acoustic 
intensity of the unresolved noise has been computed 
as a function of the cut-off wavenumber k,. For usual 
cut-off wavenumber used in large-eddy simulation, the 
noise generated by the unresolved acoustic source has 
been found to be negligeable. 
It has been shown that subgrid scale intensity and 
the subgrid fluctuating acoustic pressure can not be 
neglected for cut-off wave number used in LES in the 
present cofiguration. 

As the subgrid scale tensor in Lighthill’s equation 
has the same expression than the subgrid-scale ten- 
sor used for fluid computation rij, two existing models 
have been tested. These models are the Smagorin- 
sky model and the Bardina model. Only the Bardina 
model leads to reliable results. 
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