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Three isothermal round jets at a Mach number of 0.9 and a diameter-based Reynolds

number of 105 are computed by large-eddy simulation using three grids with increasing

resolution in order to investigate the grid dependence of the jet flow field and noise. The

jets correspond to two initially fully laminar jets and one initially strongly disturbed jet

considered in previous numerical studies. At the exit of a pipe nozzle of radius r0, at z = 0,

they exhibit laminar boundary-layer mean-velocity profiles of thickness 0.2r0, 0.025r0 and

0.15r0, and peak turbulence intensities close to 0.2%, 0.3% and 9%, respectively. The grids

contain up to one billion points, and, compared to the grids used in previous studies, they

are much finer in the axial direction for z ≥ 5r0, and in the radial direction in the outer

region of the jet mixing layers. The main jet flow field and noise characteristics given

by the simulations, including the mixing-layer thickness, the centerline mean velocity, the

turbulence intensities on the nozzle lip line and the jet axis, velocity spectra in the jets,

and near-field and far-field pressure spectra, are presented. For the initially laminar jet

with thin boundary layers and the initially disturbed jet, significant differences are found

with respect to the results from previous studies. The jet development is more rapid, the

turbulence intensities just upstream and downstream of the end of the potential core are

higher due to the presence of stronger large-scale structures, and more low-frequency noise

is generated. For the three jets, however, the results obtained using the present grids are

very similar.

I. Introduction

Since the first developments in the field of computational aeroacoustics in the early nineties,1 considerable
progress has been made in the simulation of the flow and acoustic fields of high-speed turbulent jets,2–5 which
should help us to better describe the underlying noise generation mechanisms. For subsonic jets, in particular,
a number of research teams6–10 have been able to obtain far-field pressure spectra in good agreement with
experimental measurements using different numerical methodologies. Nevertheless, for these flows, unlike
other flows such as turbulent boundary layers, there is still no clear rule concerning the resolution required
to obtain trustworthy solutions. This is due to the fact that even today simulating a jet is difficult and
costly, because it has to deal with turbulent flow phenomena whose nature and scales strongly differ. These
phenomena take place in the boundary layers in the jet nozzle, in the growing mixing layers, at the end
of the potential core located around seven diameters downstream of the nozzle, and in the developed jet
region farther downstream. They impose severe and sometimes contradictory constraints on the grid design.
Furthermore, some flow phenomena, such as the merging of the mixing layers at the end of the potential
core where intense sound sources are found,11–14 are not very well understood, which makes their calculation
uncertain.

In order to validate subsonic jet simulations, the usual approach consists in performing comparisons
with experiments. However, these comparisons and their resulting interpretations must be taken with care.
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Indeed, the experimental data may be inaccurate due to measurement issues15 and to acoustic reflections
and contaminations.16,17 For well-known or still-debated reasons, they may also vary significantly from
one experiment to another18–20 Thus, it is fairly easy or, even worse, tempting to choose the sets of data
that best match the numerical data to be validated. Among the reasons likely to cause differences between
experiments, the effects of the Reynolds number ReD = ujD/νj , where D = 2r0 is the jet nozzle diameter,
and uj , and νj are the nozzle-exit velocity and kinematic molecular viscosity, and of the initial flow conditions
can be emphasized. It has for instance been shown that a Reynolds number ReD ≥ 4 × 105 is required
to avoid the effects associated with low Reynolds number.19 Therefore, the simulations of jets at a low
Reynolds number21–23 should only be compared with experiments at the same Reynolds number, and the
simulations of jets at a high Reynolds number may provide irrelevant results if exceedingly dissipative
numerical methods are employed. Concerning the influence of the initial conditions, it has been established
that more noise is generated in initially laminar jets than in initially turbulent jets, due to the pairings of large
coherent structures in the mixing layers of the former jets.24–28 Consequently, the jet initial conditions in the
simulations and the experiments should be identical to carry out meaningful comparisons. Unfortunately, it
is rarely feasible due to the limited experimental databases and computational resources available.

Another approach recommended for the validation of simulation accuracy consists in comparing solu-
tions obtained over a range of different grid resolutions in order to demonstrate that the results are grid-
independent or grid-convergent. Such studies should be mandatory, but in practice they are very difficult
to do because of their prohibitive cost for fully three-dimensional turbulent flows. In these studies, in ad-
dition, there is a need to ensure that the solutions are converged in time, and that the initial conditions
do not change when the grid is refined, which may not be simple. For subsonic jets at a Mach number of
M = uj/ca = 0.9, where ca is the speed of sound in the ambient medium, few grid convergence studies have
been conducted. Exceptions include the work by Shur et al.,6,29 Bogey et al.,27,30 Bühler et al.23 and Brès
et al.9 In Shur et al.,6 in particular, four grids containing up to 23 million points were considered for a jet at
ReD = 1.1×106. Grid independence was not reached, and the finest grid leads to some overestimation of the
length of the potential core compared to experiments. In Bogey et al.,30 five grids were used to simulate a jet
at ReD = 105 with tripped nozzle-exit boundary layers. The grid resolutions differed mainly in the boundary
layers inside the nozzle and in the shear layers just downstream. Hence, the solutions obtained using the
fifth grid of 251 millions points were shown to be nearly converged with respect to the grid in the shear layers
up to z = 4r0 in the downstream direction, but no solid evidence of their accuracy further downstream was
given. This is a pity because in subsonic jets, according to experiments,31–37 high-frequency sound sources
are located near the nozzle exit, whereas low-frequency sources lie farther downstream. In cold jets,36 for
instance, peak source locations are noted around z = 6r0 for Strouhal number StD = fD/uj = 2, where f
is the frequency, but around z = 12r0 for StD = 0.5, and z = 22r0 for StD = 0.15, that is approximately the
peak Strouhal number in the spectra measured in the jet direction.37–39 As a result, the grid resolution in
simulations must remain fine enough well beyond the jet potential core.

In the present work, three isothermal round jets at a Mach number of M = 0.9 and a Reynolds number
of ReD = 105 are computed by large-eddy simulation (LES) using several grids in order to investigate the
grid dependence of the jet flow field and noise. The jets originate at z = 0 from a straight pipe nozzle. They
correspond to three jets examined in earlier studies,27,30 namely two initially fully laminar jets with thick
and thin nozzle-exit boundary layers, respectively, and an initially strongly disturbed jet in which a forcing
is applied to the boundary layers inside the nozzle to generate a high level of turbulent fluctuations at the
exit. Three cylindrical grids, containing from 250 million to one billion points, are used. Their resolutions
are identical in the upstream boundary layers and in the mixing layers up to z = 4r0, but different in the
other flow regions, notably around and downstream of the end of the jet potential core. The results obtained
for the three grids are compared between each others, with the results from previous studies using coarser
grids, and, for illustration purposes, with experimental data of the literature. The objective of this work is
therefore to assess whether the flow and acoustic fields calculated on the present grids have similar features,
and to display and quantify their differences with respect to the previous results.

The paper is organized as follows. The main characteristics of the different jets and of the simulations,
including inflow conditions, numerical methods, grid and computational parameters, are documented in sec-
tion II. Vorticity snapshots, nozzle-exit flow velocity profiles, mean and fluctuating velocity profiles obtained
along the nozzle lip line and the jet centerline are presented in section III. Pressure snapshots and spectra
calculated in the acoustic near field and far field are reported in section IV. Finally, concluding remarks are
given in section V.
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II. Parameters

A. Jet definition

Three isothermal round jets, referred to as jetv0D0200, jetv0D0025 and jetv9D0150, are simulated. They
correspond to jets considered in previously in Bogey and Bailly27 in the first two cases, and in Bogey et al.30

in the latter case. They have a Mach number of M = 0.9 and a Reynolds number of ReD = 105, as reported
in table 1. The ambient temperature and pressure are Ta = 293 K and pa = 105 Pa. The jets originate at
z = 0 from a pipe nozzle of radius r0 and length 2r0, whose lip is 0.053r0 thick. At the pipe inlet, a Blasius
laminar boundary-layer profile of thickness δBL is imposed for the axial velocity.27 Radial and azimuthal
velocities are set to zero, pressure is equal to pa, and temperature is determined by a Crocco-Busemann
relation.

Table 1. Jet parameters: Mach and Reynolds numbers M and ReD, thickness of the Blasius laminar boundary-
layer profile imposed at the pipe nozzle inlet δBL, peak turbulence intensity at the nozzle exit u′

e/uj .

M ReD δBL u′

e/uj

jetv0D0200 0.9 105 0.200r0 0%

jetv0D0025 0.9 105 0.025r0 0%

jetv9D0150 0.9 105 0.150r0 9%

The three jets are chosen in order to study the grid-independence of the LES results over a wide range
of jet initial conditions, which will be later illustrated in section III.A. The boundary-layer thickness δBL

at the pipe nozzle inlet and the peak turbulence intensity u′

e/uj reached at the exit in the different cases
are given in table 1. The first two jets are both initially fully laminar with u′

e/uj close to 0%, but the
boundary layers are thick in jetv0D0200 and thin in jetv0D0025, with δBL = 0.2r0 and δBL = 0.025r0,
respectively. The boundary layers of jetv9D0150 are also rather thick with δBL = 0.15r0, but they are
tripped in order to generate highly disturbed exit conditions, which would otherwise be laminar, as is usually
done in laboratory experiments.24–26,40 In practice, random low-level vortical disturbances uncorrelated in
the azimuthal direction are added at z = −0.95r0 inside the pipe, following the procedure detailed in Bogey
et al.30 The forcing strength used in the present simulations is that empirically set in the previous LES30

of jetv9D0150 to obtain a peak turbulence intensity of 9% at the nozzle exit. Finally, random pressure
fluctuations are introduced in the jet shear layers initially at time t = 0 in order to reduce the initial
transitory period.

B. LES approach and numerical methods

The numerical framework is identical to that used in recent jet simulations,27,28,30,41–43 including the previ-
ous simulations of jetv0D0200, jetv0D0025 and jetv9D0150. The LES are carried out using an in-house solver
of the three-dimensional filtered compressible Navier-Stokes equations in cylindrical coordinates (r, θ, z) based
on low-dissipation and low-dispersion explicit schemes. The axis singularity is taken into account by the
method of Mohseni & Colonius.44 In order to alleviate the time-step restriction near the cylindrical origin,
the derivatives in the azimuthal direction around the axis are calculated at coarser resolutions than per-
mitted by the grid.45 For the points closest to the jet axis, they are evaluated using naxis

θ points, yielding
an effective resolution of 2π/naxis

θ . Fourth-order eleven-point centered finite differences are used for spatial
discretization, and a second-order six-stage Runge-Kutta algorithm is implemented for time integration.46

A sixth-order eleven-point centered filter47 is applied explicitly to the flow variables every time step. Non-
centered finite differences and filters are also used near the pipe walls and the grid boundaries.27,48 The
radiation conditions of Tam & Dong49 are applied at the boundaries, with the addition at the outflow of a
sponge zone combining grid stretching and Laplacian filtering,50 to avoid significant acoustic reflections. In
the present LES, the explicit filtering is employed to remove grid-to-grid oscillations, but also as a subgrid-
scale high-order dissipation model in order to relax turbulent energy from scales at wave numbers close to
the grid cut-off wave number while leaving larger scales mostly unaffected. The performance of this LES
approach has been assessed in past studies for subsonic jets, Taylor-Green vortices and turbulent channel
flows,30,51–54 from comparisons with solutions of direct numerical simulations and from the examination of
the magnitude and the properties of the filtering dissipation in the wavenumber space.
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C. Grid parameters

Three cylindrical grids with increasing resolution, referred to as gridz60, gridz47, gridz40, are designed in this
study. Their main characteristics are collected in table 2. Those of the grids used in previous simulations27,30

for jetv0D0200, jetv0D0025 and jetv9D0150, and in a recent study8 for two jets at ReD = 2×105, denoted as
gridv0D0200old, gridv0D0025old, gridv9D0150old and gridRe2e5, are also given for comparison. The present
grids have similar number of points in the radial and axial directions, namely nr ≃ 500 and nz ≃ 2000,
and sizes decreasing with the resolution. Thus, the physical extents of gridz60, gridz47 and gridz40 are
respectively equal to Lz = 60r0, 47.5r0 and 40r0 in the axial direction, and to Lr = 20r0, 17r0 and 15r0 in
the radial direction. For all grids, the number of points nθ in the azimuthal direction can be set to 256, 512
or 1024. Moreover, for stability concerns, the effective number of points naxis

θ close to the jet axis must be
reduced to 32 for gridz60 and gridz47, and 16 for gridz40.

Table 2. Parameters of the present grids (gridz60, gridz47 and gridz40) and of grids used in previous studies
(gridv0D0200old,27gridv0D0025old,27 gridv9D0150old28,30,42 and gridRe2e58): numbers of grid points nr

and nz in the radial and axial directions, effective number of points naxis
θ in the azimuthal direction close to

the jet axis, extents of the physical domain Lr and Lz, and mesh spacings ∆r and ∆z at different positions.

∆r/r0 (%) at r = ∆z/r0 (%) at z =
nr, nz, n

axis
θ Lr, Lz 0 r0 2r0 4r0 0 10r0 20r0 30r0

gridz60 512, 1908, 32 20r0, 60r0 2.92 0.36 2.93 3.86 0.72 3.11 3.68 4.24

gridz47 499, 1961, 32 17r0, 47.5r0 2.03 0.36 2.67 3.61 0.72 2.83 2.83 3.11

gridz40 495, 1977, 16 15r0, 40r0 1.89 0.36 2.37 3.31 0.72 2.39 2.39 2.67

gridv0D0200old 173, 502, 8 8.2r0, 20r0 2.90 2.90 5.25 5.51 5.80 5.80 5.80 −

gridv0D0025old 287, 651, 8 8.6r0, 25r0 2.92 0.36 3.74 5.65 0.72 5.77 5.77 −

gridv9D0150old 249, 962, 16 6.75r0, 25r0 2.92 0.36 3.74 8.15 0.72 5.09 6.56 −

gridRe2e5 496, 3052, 32 8.4r0, 28.4r0 1.54 0.15 1.83 5 0.31 1.18 2.05 −

The variations of the radial and axial mesh spacings ∆r and ∆z in the different grids are represented in
figures 1 and 2. In order to specify the same initial flow conditions in the previous and present simulations of
jetv9D0150 with tripped nozzle-exit boundary layers, the three new grids are derived from gridv9D0150old.
More precisely, they are identical to gridv9D0150old for 0.5r0 ≤ r ≤ 1.6r0 and z ≤ 4r0, with mesh spacings
∆r = 0.0036r0 at r = r0 and ∆z = 0.0072r0 at z = 0 in all cases. Elsewhere, they are similar to or more
refined than gridv9D0150old. In the radial direction, the mesh spacings ∆r at r = 0 and r = 2r0 range
from 0.0292r0 and 0.0293r0 in gridz60 down to 0.0189r0 and 0.0236r0 in gridz40, whereas they are equal to
0.0292r0 and 0.0374r0 in gridv9D0150old. The difference in resolution is even more pronounced at r = 4r0,
where ∆r is found to be 0.0386r0 in gridz60 and 0.0815r0 in gridv9D0150old, for instance. In the axial
direction, the mesh spacings ∆z at z = 10r0 and z = 20r0 vary from 0.0311r0 and 0.0368r0 in gridz60 down
to 0.0239r0 and 0.0239r0 in gridz40, with ∆z = 0.0509r0 and 0.0656r0 in gridv9D0150old. Compared to the
previous grids, as also shown in figures 1(c) and 2(c), the present grids are therefore much finer in the radial
direction in the outer region of the jet mixing layers, and in the axial direction for z ≥ 5r0, notably between
z = 10r0 and z = 25r0 where the most significant noise sources of cold jets at M = 0.9 are located according
to experimental results.36 Finally, the maximal mesh spacing in the physical part of the computational
domains, for r ≤ Lr and z ≤ Lz, is equal to ∆r = 0.075r0, yielding a Strouhal number of StD = 5.9 for an
acoustic wave discretized by five points per wavelength.

D. Simulation parameters

As reported in table 3, each of the three jets in this work is computed using gridz60, gridz47 and gridz40. The
time step, defined by ∆t = 0.7×∆r(r = r0)/ca, is the same in the nine cases considered. The grids contain
nr × nθ × nz ≃ 250 million points for jetv0D0200, 500 million points for jetv0D0025, and one billion points
for jetv9D0150, using nθ = 256, 512 and 1024 points in the azimuthal direction, respectively, depending on
the jet initial conditions.30 As a result, the simulations of the two initially fully laminar jets are faster and
could run over a longer period than those of the the tripped jets, providing results better converged in time.
For the grids of one billion points, 200 GB of memory are required, and about 1,000 CPU hours are needed
for 1,000 iterations using an OpenMP-based in-house solver. Since between 300,000 and 700,000 iterations
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Figure 1. Variations of the radial mesh spacing ∆r/r0 (a) over 0 ≤ r ≤ 5r0 and (b,c) over 0 ≤ r ≤ 20r0 for
gridz60, gridz47, gridz40, gridv0D0200old, gridv0D0025old

gridv9D0150old, and gridRe2e5.
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Figure 2. Variations of the axial mesh spacing ∆z/r0 (a) over 0 ≤ z ≤ 25r0 and (b,c) over 0 ≤ z ≤ 60r0 for
gridz60, gridz47, gridz40, gridv0D0200old, gridv0D0025old

gridv9D0150old, and gridRe2e5.

Table 3. Simulation parameters: grids used, number of points in the azimuthal direction nθ, total number of
points, and simulation time T after the transient period.

jet grid nθ nr × nθ × nz Tuj/r0

jetv0D0200 gridz60 256 2.5× 108 900

jetv0D0200 gridz47 256 2.5× 108 750

jetv0D0200 gridz40 256 2.5× 108 600

jetv0D0025 gridz60 512 5× 108 600

jetv0D0025 gridz47 512 5× 108 600

jetv0D0025 gridz40 512 5× 108 600

jetv9D0150 gridz60 1024 109 300

jetv9D0150 gridz47 1024 109 300

jetv9D0150 gridz40 1024 109 300
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are performed in each case, a total number of about 2 billion CPU hours is consumed.
The simulation time T after the transient period is equal to 900r0/uj , 750r0/uj and 600r0/uj for

jetv0D0200 using gridz60, gridz47 and gridz40, respectively, and to 600r0/uj for jetv0D0025 and 300r0/uj

for jetv9D0150. During that time, density, velocity components and pressure along the jet axis at r = 0,
and on the surfaces located at r = r0, r = 15r0 and r = Lr and at z = −1.5r0, z = 0, z = 15r0, z = 30r0
and z = Lz, are recorded at a sampling frequency allowing spectra to be computed up to StD = 12. Density,
velocities and pressure obtained at the azimuthal angles θ = 0, 90o, 180o and 270o are also stored at a halved
frequency. The flow and acoustic near field statistics presented in sections III and IV are calculated from
these recordings. They are averaged in the azimuthal direction, when possible. Time spectra are evaluated
from overlapping samples of duration 45r0/uj on the jet axis, and 90r0/uj otherwise. In the azimuthal di-
rection, post-processing can be performed up to the mode nθ = 128, where nθ is the dimensionless azimuthal
wave number such that nθ = kθr.

E. Far-field extrapolation

The LES near-field fluctuations are propagated to the acoustic far field using an in-house OpenMP-based
solver of the isentropic linearized Euler equations (ILEE) in cylindrical coordinates,55 as illustrated in figure 3.

Figure 3. Representation of vorticity norm obtained inside the LES domain for jetv9D0150 using gridz60 and
of pressure fluctuations extrapolated outside by solving the ILEE. The color scales range up to the level of
4uj/r0 for vorticity, and from −7 to 7 Pa for pressure.

The extrapolation is performed from the velocity and pressure fluctuations obtained at z = −1.5r0,
r = Lr and z = Lz in the jet simulations, recorded over the time periods given in table 3 at a sampling
frequency corresponding to StD = 12. The same numerical methods as in the LES, and a grid containing
nr × nθ × nz = 2048 × 256 × 3506 = 1.8 billion points are used. Excluding the eighty-point sponge zones
implemented at the upstream, downstream and outer radial boundaries to minimize acoustic reflections, the
grid extends axially from z = −106r0 up to z = 145r0 and radially from r = 2.5r0 up to r = 151r0. In this
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region, the radial and axial mesh spacings are constant and equal to ∆r = ∆z = 0.075r0, yielding StD = 5.9
for an acoustic wave discretized by five points per wavelength. The near-field fluctuations are interpolated
and imposed onto the grid at z = −1.5r0 between r = 2.5r0 and r = Lr, at r = Lr between z = −1.5r0
and z = Lz, and at z = Lz between r = rmin and r = Lr, where rmin = 13.85r0, rmin = 10.96r0 and
rmin = 9.23r0 for the LES using grid60, grid47 and grid40, respectively. The extrapolation surface is open
in the downstream direction, in order to avoid the presence of aerodynamic disturbances,58 which may cause
low-frequency spurious waves as in previous studies.8,27,30 However, the opening angle relative to the jet
direction, with the nozzle exit as an origin, is only ϕ = 13o, which should allow most of the downstream noise
components to be taken into account. Each ILEE computation requires 200 GB of memory, and lasts during
between 5,000 and 12,000 iterations, resulting to a total number of about 100,000 CPU hours consumed.
Pressure is recorded at a distance of 150r0 from z = r = 0 where far-field acoustic conditions are expected to
apply according to measurements,56,57 as in the experiment of Bridges & Brown,17 for angles between φ = 15o

and φ = 130o. Pressure spectra are evaluated using overlapping samples of duration 90r0/uj , and they are
averaged in the azimuthal direction.

III. Jet flow fields

A. Nozzle-exit velocity profiles

The mean and rms axial velocity profiles obtained at the nozzle-exit section of the three jets in the present
simulations are presented in figures 4 and 5.
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Figure 4. Nozzle-exit radial profiles of mean axial velocity < uz > /uj obtained for (a) jetv0D0200,
(b) jetv0D0025, and (c) jetv9D0150 using gridz60, gridz47 and gridz40;
results obtained using (a) gridv0D0200old, (b) gridv0D0025old and (c) gridv9D0150old.
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Figure 5. Nozzle-exit radial profiles of axial turbulence intensity <u′

zu
′

z >1/2/uj obtained for (a) jetv0D0200,
(b) jetv0D0025 and (c) jetv9D0150; same line types as in figure 4 .

The profiles calculated using gridz60, gridz47 and gridz40 are superimposed, indicating that the initial
conditions of the jets do not change with the grid. This is particularly true in figures 4(c) and 5(c) for
jetv9D0150, whose upstream boundary layers are forced inside the nozzle to generate significant exit velocity
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fluctuations. Furthermore, the results agree with those from previous LES performed using coarser grids,
also shown in the figures. A small difference can however be noted in figure 4(b) for the mean velocity profile
of jetv0D0025, which is slightly thinner in the simulation using gridv0D0025old.

The nozzle-exit mean velocity profiles are similar to the laminar profiles imposed at the nozzle inlet, and
has momentum thicknesses of δθ = 0.0237r0 in jetv0D0200, δθ = 0.0036r0 in jetv0D0025 and δθ = 0.0185r0
in jetv9D0150. Compared to experiments,59 the jet boundary layers are thick in the first and third case,
and thin in the second case. The peak turbulence intensities u′

e/uj are close to 0.2% in jetv0D0200 and to
0.3% in jetv0D0025, and they are equal to 9.16% in jetv9D0150. The first two jets are thus initially fully
laminar, whereas the third one is initially highly disturbed. The nozzle-exit conditions in the latter jet are
comparable to those measured by Zaman24,25 in a tripped jet at ReD = 105. They are discussed in more
detail in a paper41 providing velocity spectra as a function of axial and azimuthal wavenumbers.

B. Vorticity snapshots

Snapshots of the vorticity norm calculated between z = 0 and z = 30r0 for the three jets using gridz60,
gridz47 and gridz40 are represented in figures 6(a-c), 7(a-c) and 8(a-c). For the comparison, vorticity
snapshots from the previous studies using coarser grids are displayed in figures 6(d), 7(d) and 8(d). In the
two jets with fully laminar upstream conditions, as expected,27,28 roll-ups and pairings of vortical structures
are observed downstream of the nozzle. The initially laminar jet with thick nozzle-exit boundary layers also
develops more rapidly than the two others, leading to a potential core ending around z = 10r0 in jetv0D0200,
but around z = 15r0 in jetv0D0025 and jetv9D0150.

Figure 6. Representation of vorticity norm obtained for jetv0D0200 using (a) gridz60, (b) gridz47, (c) gridz40
and (d) gridv9D0150old. The color scale ranges up to the level of 6.5uj/r0.

While these snapshots must be interpreted with caution, they suggest that the effects of the grid on
the vorticity field are rather small for jetv0D0200, but significant for the two other jets, see for instance
figures 7(c,d) and figures 8(c,d) obtained for jetv0D0025 and jetv9D0150 using gridz40 and the grids of
previous studies. When a finer grid is used, the vorticity levels are found to increase, especially in the outer
lateral flow regions and near the jet centerline. In addition, two flow features of importance in terms of jet
development and noise generation are more clearly visible. The first one concerns the presence of large-scale
structures in the turbulent mixing layers upstream of the end of the potential core, resembling the coherent
structures revealed by the visualizations of Brown & Roshko,60 and the second one is the merging of the
mixing layers on the jet axis downstream of the jet core. It can be noted that both are very difficult to see
in figure 7(d) using gridv0D0025old for jetv0D0025.

C. Shear-layer properties

The variations over 0 ≤ z ≤ 20r0 of the shear-layer momentum thickness δθ in the three jets are presented
in figure 9. As examples, the experimental data obtained by Fleury62 and Castelain63 in isothermal jets at
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Figure 7. Representation of vorticity norm obtained for jetv0D0025 using (a) gridz60, (b) gridz47, (c) gridz40
and (d) gridv9D0150old. The color scale ranges up to the level of 6.5uj/r0.

Figure 8. Representation of vorticity norm obtained for jetv9D0150 using (a) gridz60, (b) gridz47, (c) gridz40
and (d) gridv9D0150old. The color scale ranges up to the level of 6.5uj/r0.
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Figure 9. Variations of shear-layer momentum thickness δθ/r0 obtained for (a) jetv0D0200, (b) jetv0D0025
and (c) jetv9D0150 using gridz60, gridz47 and gridz40; results obtained
using (a) gridv0D0200old, (b) gridv0D0025old and (c) gridv9D0150old; measurements for isothermal jets at
M = 0.9 of ⋄ Fleury62 at ReD = 7.7 × 105, and Castelain63 at ReD = 106.
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M = 0.9 and ReD ≥ 7.7× 105 are also shown. The shear layers develop very rapidly in the initially laminar
jet with thick exit boundary layers, but at a lower rate in the two other jets, comparable to that in the
experiments. Above all, for the three jets considered, the different curves obtained using the present and
previous grids are very close, indicating that the shear-layer spreading does not depend appreciably on the
grid resolution.

The rms values of axial and radial velocity fluctuations estimated along the nozzle-lip line at r = r0
between z = 0 and z = 25r0 are displayed in figures 10 and 11, respectively. As in the preceding figure,
measurements for isothermal, Mach 0.9 jets at high Reynolds numbers are also drawn. Note that they
represent peak rms values and not of rms values at r = r0. The influence of the initial jet flow state on
the axial evolution of the turbulence intensities is clearly visible.28 Indeed, a well-marked peak appear
downstream of the nozzle exit in jetv0D0200 and jetv0D0025, whereas a mononotic growth, followed by a
region of nearly constant values, is observed in jetv9D0150. The peak in the two initially laminar jets is due
to the first stage of pairing of the shear-layer coherent vortices.

Concerning the sensitivity to the grid, the rms velocity profiles obtained using gridz60, gridz47 and
gridz40 are very similar for the three jets. This is particularly true in figure 11 for the radial turbulence
intensity, whose value at z = 15r0, for instance, increases only from 10.2% up to 10.5% in jetv0D0025, and
from 10.6% up to 10.9% in jetv9D0150 when the grid is refined. Compared to the previous studies using
coarser grids, the turbulence levels at large distances from the nozzle exit are higher in the present LES,
especially for jetv0D0025 and jetv9D0150. For example, values of <u′

zu
′

z >
1/2/uj = 15.1% and 12.9% are

found at z = 15r0 using gridz40 and gridv0D0025old for the first jet. For the initially laminar jet with thin
exit boundary layers and the initially disturbed jet, more precisely, the turbulence intensities remain high or
slightly increase nearly up to z = 20r0 in the present simulations, which is in line with the measurements,
whereas they begin to decrease farther upstream, and apparently too early, in the previous simulations, see
notably in figure 10(c).
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Figure 10. Variations of axial turbulence intensity < u′

zu
′

z >1/2/uj obtained at r = r0 for (a) jetv0D0200,
(b) jetv0D0025 and (c) jetv9D0150 using gridz60, gridz47 and gridz40;
results obtained using (a) gridv0D0200old, (b) gridv0D0025old and (c) gridv9D0150old; peak values measured
in isothermal jets at M = 0.9 by ⋄ Fleury62 at ReD = 7.7 × 105, and Castelain63 at ReD = 106.
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Figure 11. Variations of radial turbulence intensity <u′

ru
′

r >1/2/uj obtained at r = r0 for (a) jetv0D0200,
(b) jetv0D0025 and (c) jetv9D0150; same line and symbol types as in figure 10.
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The effects of the grid on the spectral properties of velocity fluctations are investigated by considering
spectra at r = r0. The spectra computed at z = 10r0 for jetv0D0200 and at z = 15r0 for jetv0D0025
and jetv9D0150, that is near the end of the jet potential core, are presented in figure 12 as a function of
the Strouhal number StD. For all jets, they are dominated by low-frequency components at StD ≤ 0.15.
Moreover, the spectra obtained using gridz60, gridz47 and gridz40 do not differ appreciably. For jetv9D0150,
in figure 12(c), they show higher levels at low frequencies, and inversely lower levels over 0.6 ≤ StD ≤ 3,
than the spectra from the LES using gridv9D0150old. The use of finer grids thus leads to stronger large-
scale structures and weaker fine-scale structures. This result is consistent with the observation made on the
vorticity fields of figures 7 and 8, namely that coherent structures can be more easily seen in the turbulent
mixing layers in the present LES than in the previous ones.
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Figure 12. Power spectral densities of axial velocity fluctuations u′

z, multiplied with 104/u2
j , obtained at r = r0

for (a) jetv0D0200 at z = 10r0, and for (b) jetv0D0025 and (c) jetv9D0150 at z = 15r0, using gridz60,
gridz47 and gridz40, as a function of StD; results obtained using (a) gridv0D0200old

and (c) gridv9D0150old.

D. Centerline flow properties

The variations of the centerline mean axial velocity in the three jets are presented in figure 13. Experimental
data for isothermal jets at M = 0.9 at ReD ≥ 7.7 × 105 are also depicted for the comparison. As noted in
previous section, the jet flow development is more rapid in jetv0D0200 than in jetv0D0025 and jetv9D0150.
This leads to a potential core ending at about zc = 9.2r0 in the first jet, but at about zc = 15.4r0 and
zc = 16r0 in the two others, with zc being defined as the axial distance at which the centerline mean velocity
is equal to 0.95uj . In all cases, the velocity profiles from the LES using gridz60, gridz47 and gridz40are very
close to each others. For jetv0D0200, they are similar to the profile obtained using gridv0D0200old. For
jetv9D0150, in the same way, they are nearly superimposed on the profile obtained using gridv9D0150old
up to z = 20r0, and then they are slightly below. For jetv0D0025, on the contrary, significant differences are
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Figure 13. Variations of mean axial velocity <uz >/uj obtained at r = 0 for (a) jetv0D0200, (b) jetv0D0025
and (c) jetv9D0150 using gridz60, gridz47 and gridz40; results obtained
using (a) gridv0D0200old, (b) gridv0D0025old and (c) gridv9D0150old; measurements for isothermal jets at
M = 0.9 of ◦ Lau et al.

64 at ReD = 106, and ⋄ Fleury et al.
61 at ReD = 7.7 × 105.
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found with respect to the result of the previous simulation using a coarser grid. In the present LES, the jet
potential core is shorter, with zc = 15.2r0 using gridz60 vs. zc = 16.8r0 using gridv0D0025, and the velocity
decay farther downstream is faster These discrepancies can be related to the poor mixing of the shear-layer
turbulent structures that seems to happen on the jet axis in figure 7(d).

The variations of the axial and radial turbulence intensities along the jet centerline between z = 0 and
z = 30r0 are plotted in figures 14 and 15, together with measurements for isothermal, high Reynolds number
jets at M = 0.9. Despite the fact that they may not be well converged in time because of the impossibility of
averaging in the azimuthal direction, especially for jetv9D0150 simulated over a time period of 300r0/uj , the
profiles obtained using gridz60, gridz47 and gridz40 are fairly comparable. They are even in good agreement
in figure 15 for the radial velocity component. They reach peak values at z ≃ 12r0 in jetv0D0200 and at
z ≃ 23r0 in jetv0D0025 and jetv9D0150, which are close to about 15%, 13% and 13.5% for u′

z, and about
13.5%, 10% and 10.5% for u′

r in the three jets, respectively. For jetv0D0200, the results are similar to
those from the LES with gridv0D0200old. For the two other jets, the centerline turbulence intensities are
higher in the present simulations than in the previous ones. In particular, the peak values in jetv0D0025
and jetv9D0150 are only 11.4% and 11.4% for u′

z, and 5.6% and 9.4% for u′

r in the latter simulations. The
very low levels of radial velocity fluctuations in the LES of jetv0D0025 using gridv0D0025old are most likely
due to the lack of turbulent structures on the centerline revealed in figure 7(d). One reason for that may be
the effective number of points of only naxis

θ = 8 in the azimuthal direction close to the jet axis in this case,
reported in table 2.
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Figure 14. Variations of axial turbulence intensity < u′

zu
′

z >1/2/uj obtained at r = 0 for (a) jetv0D0200,
(b) jetv0D0025 and (c) jetv9D0150; same line and symbol types as in figure 13.
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Figure 15. Variations of radial turbulence intensity < u′

ru
′

r >1/2/uj obtained at r = 0 for (a) jetv0D0200,
(b) jetv0D0025 and (c) jetv9D0150; same line and symbol types as in figure 13.

Finally, the spectra of axial velocity fluctuations calculated on the jet axis at z = 15r0 for jetv0D0200
and at z = 25r0 for jetv0D0025 and jetv9D0150, that is just downstream of the turbulence intensity peaks,
are presented in figure 16 as a function of StD. As pointed out above, they may not be very well converged,
especially for jetv9D0150 for with the simulation time only contains 15 periods associated with StD = 0.1.
Despite this issue, maybe causing the discrepancies observed for StD < 0.1 in figure 16(c), the spectra
obtained using the present grids are very much alike. Compared to the spectra from the previous simulations,
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they are very similar for jetv0D0200, but show higher low-frequency levels for the two other jets. As is the
case along the nozzle-lip line, see in figure 12(c) and the discussion of the end of section III.C, stronger
large-scale structures are thus present on the jet centerline in the present LES. This suggests that the use of
fine grids is necessary to properly form the larger flow structures, sometimes also called coherent structures,
in the last two jets of this study.
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Figure 16. Power spectral densities of axial velocity fluctuations u′

z, multiplied with 104/u2
j , obtained at r = 0

for (a) jetv0D0200 at z = 15r0, and for (b) jetv0D0025 and (c) jetv9D0150 at z = 25r0, using gridz60,
gridz47 and gridz40, as a function of StD; results obtained using (a) gridv0D0200old,

(b) gridv0D0025old and (c) gridv9D0150old.

IV. Jet acoustic fields

A. Pressure snapshots

Snapshots of the vorticity norm and of the fluctuating pressure obtained for the three jets in the LES using
gridz60 with physical extents of Lr = 20r0 and Lz = 60r0 in the radial and axial directions are represented
in figure 17 for r ≤ 4r0 and r ≥ 4r0, respectively. In agreement with previous studies,27,30 the acoustic
levels are higher for the two initially fully laminar jets. In these jets, strong circular acoustic waves are
generated by vortex pairings early on in the mixing layers, which is not the case in the initially disturbed
jet. Their associated wavelengths are shorter in jetv0D0025 than in jetv0D0200 due to the thinner nozzle-
exit boundary layers in the former case. Farther downstream, large-scale near-field pressure fluctuations,
classically attributed to the flow coherent structures,58 are observed in the close vicinity of the jets. Very
low-frequency waves propagating in the downstream direction are also found in all cases, see in figure 17(c)
for the jet which does not radiate vortex-pairing noise.

In order to illustrate the far field obtained for jetv9D0150 with highly disturbed initial flow conditions,
a snapshot of the vorticity issued from the LES of that jet using gridz60 and of the pressure computed by
solving the isentropic linearized Euler equations from the LES data at z = −1.5r0, r = Lr = 20r0 and
z = Lz = 60r0, as reported in section II.E, is displayed in figures 3. The two main features of subsonic jet
noise14,37–39 appear clearly. The first one is the pronounced directivity in the downstream direction with a
peak angle around ϕ = 30o relative to the jet axis. The second one is the change in spectral content with
the radiation angle. In particular, very low-frequency components characterized by wavelengths λ ≃ 15r0,
yielding Strouhal numbers StD ≃ 0.15, are dominant for shallow angles, which does not seem to be the case
for wide angles.

B. Near-field acoustic spectra

The pressure spectra computed from the LES data at r = 15r0 from the jet axis at z = 0, z = 20r0 and
z = 40r0 are presented as a function of StD in figures 18, 19 and 20. Three axial positions are considered in
order to get a complete picture of the near acoustic fields of the jets. By way of illustration, the measurements
available in Bogey et al. 37 for an isothermal jet at M = 0.9 and ReD = 7.9 × 105 are also plotted in the
figures. As expected,37 the shape of the spectra varies significantly with the axial distance. They are
broadband at z = 0 and z = 20r0, but they are clearly dominated by a low-frequency peak at z = 40r0.
Additional noise components are noted in the spectra of the two initially laminar jets compared to the
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Figure 17. Representation of vorticity norm inside the jet flow and of pressure fluctuations outside, obtained
for (a) jetv0D0200, (b) jetv0D0025 and (c) jetv9D0150 using gridz60. The color scales range up to the level of
4uj/r0 for vorticity, and (a) from -90 to 90 Pa, (b) from −60 to 60 Pa, and (c) from −40 to 40 Pa for pressure.
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Figure 18. Sound pressure levels obtained at r = 15r0 and z = 0 for (a) jetv0D0200, (b) jetv0D0025 and
(c) jetv9D0150 using gridz60, gridz47 and gridz40, as a function of StD, in dB/StD;
▽ measurements of Bogey et al.37 for an isothermal jet at M = 0.9 and ReD = 7.9 × 105.
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Figure 19. Sound pressure levels obtained at r = 15r0 and z = 20r0 for (a) jetv0D0200, (b) jetv0D0025 and
(c) jetv9D0150 , as a function of StD, in dB/StD; same line and symbol types as in figure 18.
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Figure 20. Sound pressure levels obtained at r = 15r0 and z = 40r0 for (a) jetv0D0200, (b) jetv0D0025 and
(c) jetv9D0150, as a function of StD, in dB/StD; same line and symbol types as in figure 18.
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initially highly disturbed jet. They are well visible at z = 0 in figure 18, and also apparent at z = 20r0 in
figure 19. At the latter position, they are centered around a Strouhal number of StD = 0.5 in jetv00D0200
and of StD = 2.2 in jetv0D0025, which correspond to the vortex-pairing frequencies evaluated from velocity
spectra in the mixing layers. Finally, and most importantly, for the three jets and at the three positions,
the spectra obtained in the LES using gridz60, gridz47 and gridz40 are nearly superimposed for StD ≥ 0.1.
For lower frequencies, the acoustic levels are higher in the simulations of jetv0D0025 and jetv9D0150 using
gridz47 and, even more, gridz40, at z = 0 and z = 20r0. This extra noise could be due to the generation of
spurious waves at the outflow boundary of the LES.

C. Far-field acoustic spectra

The pressure spectra calculated at a distance of 150r0 of the nozzle exit for the angles ϕ = 40o and ϕ = 90o

relative to the jet direction, by solving the ILEE from the LES near-field data, are shown in figures 21
and 22. They are compared with the results of previous simulations using coarser grids, and with the
experimental data acquired by Bridges & Brown17 at the same distance for an isothermal jet at M = 0.9
and ReD = 106. As pointed out for the near-field spectra, the initially fully laminar jets radiate strong
additional noise components. In the spectra at ϕ = 90o of figure 22, these components are centered around
the vortex-pairing Strouhal numbers, namely StD = 0.5 in jetv0D0200 and StD = 2.2 in jetv0D0025.
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Figure 21. Sound pressure levels obtained at 150r0 from the nozzle exit and ϕ = 40o relative to the jet
direction for (a) jetv0D0200, (b) jetv0D0025 and (c) jetv9D0150 using gridz60, gridz47 and

gridz40, as a function of StD, in dB/StD; results obtained using (a) gridv0D0200old, (b)
gridv0D0025old and (c) gridv9D0150old; △ measurements of Bridges & Brown17 for an isothermal jet at
M = 0.9 and ReD = 106.

0.05 0.1 1 5
73

79

85

91

97

103

109

St
D

(a)

0.05 0.1 1 5
73

79

85

91

97

103

109

St
D

(b)

0.05 0.1 1 5
73

79

85

91

97

103

109

St
D

(c)

Figure 22. Sound pressure levels obtained at 150r0 from the nozzle exit and ϕ = 90o relative to the jet
direction for (a) jetv0D0200, (b) jetv0D0025 and (c) jetv9D0150, as a function of StD, in dB/StD; same line
and symbol types as in figure 21.

More remarkably, the spectra obtained from the simulations using gridz60, gridz47 and gridz40 are very
similar in all cases, except for St ≤ 0.1 in figure 22(b) maybe due to reflections at the LES outflow boundary
as mentioned above. For jetv0D0200, they do not differ much from the spectra from the previous study
using gridv0D0200old For jetv0D0025 and jetv9D0150, they are comparable with the results of previous
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studies using coarser grids for St ≥ 0.5, but they exhibit higher levels for St ≤ 0.5. The increase in grid
resolution, which results in higher turbulence intensities and stronger large-scale structures just upstream
and downstream of the end of the potential core, as shown in sections III.C and III.D, thus also leads to
more low-frequency noise. Compared to the experimental data, the spectra obtained in the present LES
for jetv0D0150 are in good agreement at ϕ = 40o over the whole frequency range in figure 21(c), and at
ϕ = 90o for StD ≥ 0.8 in figure 22(c). At the latter angle, for StD ≤ 0.8, the sound levels predicted by the
LES are approximately 2.5 dB below the measurements. For jetv00D0025, in figure 22(b), the difference is
smaller, and is about 1 dB. A similar discrepancy with respect to experiments at ReD ≃ 106 was observed
by Uzun & Hussaini65 for cold jets at M = 0.9 and ReD = 105 computed using 370 million points. It could
be caused by the mismatch of the nozzle-exit flow conditions and Reynolds number between the simulations
and experiments.

V. Conclusion

Three isothermal round jets at a Mach number of 0.9 and a Reynolds number of 105 with controlled
nozzle-exit conditions, namely two initially fully laminar jets and an initially highly disturbed jet, were
simulated using three fine cylindrical grids with increasing resolution. The properties of the flow, near and
far acoustic fields of the jets were described, and found to be very similar for the different grids.

Compared to the results from previous studies using coarser grids, the present results were found to be
comparable for the initially laminar jet with thick nozzle-exit boundary layers, but significantly different for
the the initially laminar jet with thin boundary layers and for the initially disturbed jet. In the two latter
cases, the use of a finer grid resolution in the axial direction for z ≥ 5r0, and in the radial direction in the
outer region of the shear layers led to a more rapid jet development and to higher turbulence intensities just
upstream and downstream of the jet potential core. More surprisingly, this also resulted in the presence of
stronger large-scale structures, and in the generation of more low-frequency noise.

The present study thus highlights the importance of the largest turbulent scales, also referred to as
coherent structures, in free shear flows, and their crucial role in terms of flow development and sound
production. Therefore, these structures must be properly taken into account in numerical simulations. This
should be done by using mesh spacings small enough that they are well discretized, which is generally
relatively easy, but also that they can form, which may be more difficult. In some cases, indeed, including
the last two subsonic jets considered in this study, this seems to require the computation of a wide range of
fine-scale structures.
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dual-PIV measurements,” AIAA J., Vol. 46, No. 10, 2008, pp. 2498-2509.
62Fleury, V., “Superdirectivit ’e, bruit d’appariement et autres contributions au bruit de jet subsonique,” PhD Thesis,

No. 2006-18, Ecole Centrale de Lyon, Lyon, France, 2006.
63Castelain, T., “Contrôle de jet par microjets impactants. Mesure de bruit rayonné et analyse aérodynamique,” PhD
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