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The subject of this paper is the experimental investigation of the noise radiated by a
ducted rotating machine. A modal identification approach is used to decompose the radi-
ated sound field into duct modes from acoustic pressure measured by wall-flush mounted
microphones. Both azimuthal and radial decompositions are computed by means of an
array with optimized microphone arrangement. The optimized array ensures a low con-
dition number of the matrix relating modal coefficients to acoustic pressure over a wide
frequency band, up to the second harmonic of the blade passing frequency. Above this fre-
quency the number of cut-on modes is comparable to the number of microphones and the
modal matrix suffers from ill-conditioning. A regularization procedure is then introduced
to increase the high-frequency limit of the method. Results are presented for both tonal
and broadband components of the radiated sound field. The difficulty in the broadband
regime is that pressure fluctuations measured by in-duct microphones are strongly affected
by hydrodynamic noise associated to the turbulent boundary layer (TBL). A technique to
suppress the TBL related noise is thus applied prior to the modal identification, its interest
is shown on experimental data from an academic test bench.

I. Introduction

HE investigation of noise generation mechanisms from turbomachinery is a current problem in aeroacous-

tics. Several approaches, either analytical,'* numerical or experimental’ " have been proposed in this
context. The interest in this paper is the experimental characterization of a ducted fan system based on
microphone array measurements. In this context two different approaches with respect to the microphone
array configuration may be distinguished: (i) a first one in which the microphones are installed outside the
fan inlet, in the near field; (ii) and a second one in which microphones are placed flush-mounted on the duct
inner surface. The advantage of an external microphone array is that measurements are less perturbed by
the hydrodynamic noise (associated to the turbulent boundary layer (TBL)) and thus modal decomposition
may be readily applicable to both tonal and broadband components. One difficulty, however, is that the
propagation model relating measurements to modal amplitudes may not be available analytically and one
has to resort to numerical models’ of the radiated field. This approach has been addressed by Castres et
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' have

al.® and Lewy’ using analytical formulations of the sound field in turbofan inlets. Farassat et al.'
also presented a study of external mode detection using a single rotating arm.

On the other hand, pressure fluctuations sensed by in-duct wall-flush mounted microphones have a
strong broadband component associated to the TBL hydrodynamic noise. While at tonal frequencies the
aero-acoustic sound radiated by the machine is considerably higher than the hydrodynamic noise, this is not
the case in the broadband part of the spectrum. Thus, a very low signal-to-noise ratio is observed away from
tonal frequencies. For this reason, the application of modal decomposition techniques for the broadband
component is more cumbersome for this configuration of microphone arrays.

In this paper we present the identification of the modal content associated to a small-scale ducted fan
using two microphone array configurations. A first one with only wall-flush mounted microphones, installed
downstream of the fan; and a second one with both an external array and a wall-flush mounted array
upstream of the fan. The modal identification is applied for both tonal and broadband components of the
noise radiated by the fan over a wide frequency range. The originality of this work consists first in introducing
an optimized regularization procedure in the inverse mode decomposition technique and second in providing
a direct comparison of internal and external mode decomposition results.

II. Theoretical background

The acoustic pressure inside an infinite cylindrical duct with hard walls may be expanded as follows
(using cylindrical coordinates):"’

p(z, 7, ¢) = Z Z {Am,ne_]k’t“"z +Bm,nejk:”’”z} Fron ()™ (1)

m=—o0 n=0

with A, , and B,, , the complex coefficients of modes propagating downstream and upstream respectively.
The subscripts m and n are the azimuthal and radial mode indices and fy, »(r) is a modal shape factor. It
is assumed here that only cut-on modes contribute to the summation in (1), as if measurements are carried
out relatively far from the source or any duct irregularity. The terms k:ffm are the axial wavenumbers in
downstream (1) and upstream (7) directions and are given by:

+ M

mmn — ﬁQ kO =+ I%T,m,na (2)

with M, = Upy/c the Mach number along the z direction, 3% = 1 — M2 and kg = w/c the wave number. The
term k., n is given by:

- 1
kr,m,n = @ k(Q) - Qk%,m,n’ (3)
where k. ,,, », stands for the value of k, corresponding to the nth root of the equation:
‘];n(kTTO) = 07 (4)

with J], () the first derivative of the mth order Bessel function J,,(-) and r¢ the duct internal radius.
Assuming that K measurement positions are used to spatially sample the acoustic pressure inside the duct,
one may write Eq. (1) in a matrix form:

p = ®c, (5)

with p € CK a vector of complex measured pressure at a given frequency w and ¢ € CL a vector containing
the complex modal coefficients A, , and B, . The dimension L depending on the number of considered
azimuthal (M) and radial (N) modes. The matrix ® € CX*L is filled with the corresponding terms of the
modal basis. This linear system of equations may be solved for the coefficients ¢ as

where the superscript T stands for the pseudo-inverse of a matrix. One alternative formulation may be used
by defining the cross-spectral matrix of measurements as Spp = E{pp’}. Where the operator E{-} should
be understood as the expected value over the number of snapshots, as obtained by segmenting the time
signal into short-time blocks then Fourier transforming. Equation (5) then reads

Spp = ®Scc®”, (7)
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and the solution is now written for the covariance matrix of the modal coefficients:
Sce = @S (@1 (8)

The above solution is suitable only if matrix ® is well-conditioned. However, this is not the case as the number
of cut-on modes is increased (i.e. the frequency increases) and the matrix ® becomes ill-conditioned. In
this case, one has to introduce a priori information into the problem in order to find a more stable solution.
One example of such a prior: information may be on the the energy of the solution. The idea is to penalize
solutions having a high energy, what is mathematically translated by the Tikhonov regularization. First of
all, we may conveniently express ® by its singular value decomposition:

® =UJ[S|VH, (9)

The regularized inverse of ® in the sense of Tikhonov is then expressed as:
tf v || U, 10
{8? +1° 10

where [a;] symbolizes a diagonal matrix with generic diagonal element a; and 1? is a regularization parame-
ter. The main difficulty of Tikhonov regularization is to optimally and automatically tune the parameter 7?.
Remember that it is often the case in acoustics that Eq. (8) is solved independently for each frequency over
a wide frequency band. Several ad hoc methods were proposed for this task, for instance the L-curve'” and
GCV' commonly used in acoustics. In this work use has been made of a method derived from a Bayesian
approach of the inverse problem. It has been shown recently that this approach has several advantages as
compared to traditional methods when applied to the inverse problems in acoustics.'” ' The approach boils
down to the minimization of the following cost function with respect to n?:

I

I
1 Yi 2
J(n?) :Zln (s+7°)+ (I —2)ln (1 8_2| +|n2>’ (11)
1=1 i=1

where the term |y;|? stems from a projection of measurements onto the array subspace and is given by:
lyil* = uf'Sppu;, (12)

with u; the ith column of matrix U. The minimization of the 1-D cost function in (11) is easily carried by
evaluating it for a grid of potential values for n? and selecting the one that gives the minimum value for the
cost function.

The same procedure described above may be applied for the modal identification using an external array at
the vicinity of the fan inlet. The only difference is in the propagation model which relates the measurements
to the modal amplitudes. Each acoustic mode emanating from the fan is conducted towards the duct
termination, one part of the energy is reflected back and the other part radiates into the surroundings. A
specific radiation pattern is associated to each acoustic mode, which generates a specific trace at the outside
microphones. In this work, a commercial FEM solver is used to numerically compute the modal transfer
matrix or directivity matrix.” At a specific frequency, a computation is carried out for each mode as presented
on figure 1(a-c). The computations are 2D axisymmetric. It can be seen from figures 1(a) and 1(b) that
the duct has a focusing effect raising the pressure level at the center of the array. This is confirmed by the
experimental measurements, as presented in figure 1(d), that shows the pressure levels at the microphone
array for the first blade passing frequency. Figure 1(c) shows the computation for the mode (0,3). This mode
is cut-off in the duct at the first Blade Passing Frequency so the pressure amplitudes are very low at the
array position. Such cut-off modes are ignored in the computations. This modal identification approach is
tested on a ducted fan configuration encountered in air conditioning systems of aircrafts. The experimental
set-up is presented in the next section.

III. Experimental set-up

ITI.A. Description of the ducted fan system

The test bench is constituted of a ducted air conditioning fan which is illustrated in Figure 2(a). The fan
has 17 blades and 23 Outlet Guide Vanes (OGV). This machine has the particularity that 3 out of the 23
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Figure 1. (a-c) Numerical computation for different modes at the 1st BPF (2833 Hz). (d) Hologram (pressure levels)
at 2833 Hz (1st BPF) measured on the array from the experiment.

stator vanes are thicken due to structural reasons. In the downstream direction, the fan casing is extended
by an aluminum straight circular duct of the same diameter and a 2m long. This in order to prevent the
array microphones from contamination by cut-off modes. Those modes are indeed expected to be limited to
the vicinity of the fan. At the nominal rotation speed of 10000 rpm, the Blade Passing Frequency (BPF)
and first harmonics are 2833 Hz, 5666 Hz and 8500 Hz. The duct diameter is 17cm and the installation was
not equipped with a turbulence control screen (TCS).

10"log10(nombre conditionnement)

5 T T T T T T T
5000 5500 so00 6500 7000 7 500 8000 8500 @000

fréquence, Hz
(c)

Figure 2. (a) Front view of the tested fan installed in a 17cm diameter duct. (b) Picture of the wall-flush mounted
microphone array placed about 2m downstream the fan-OGV system. (c) Array positioning optimization using the
transfer matrix condition number. Among many microphone positioning (blue curves) the one with the lowest condition
number is selected (red curve).

III.B. Downstream wall-flush mounted microphone array

The array illustrated on Figure 2(b) is constituted of two sub-arrays where microphones are flush-mounted
on the duct inner surface so as to do not disturb the flow. The first one is defined here as Large Random
Array (LRA): it is 80 c¢m long in the axial direction and constituted of 53 microphones. The second one
is named Small Random Array (SRA): it is 20 ¢cm long and also constituted of 53 microphones. All the
106 microphones are 1/4 in. Bruel & Kjaer of types 4957 and 4958. They are connected to a 128-channels
acquisition system and the sampling frequency is set to 65536 Hz. The microphones are mounted on the duct
inner surface using a pin-hole system (see appendix of Salze et al.'). The modification of the microphone
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frequency responses due to this type of mounting is taken into account by a calibration procedure using an
artificial acoustic source.'”

The positioning of microphones has been optimized to ensure the best performance in the mode de-
composition procedure. This is achieved by testing a large number of microphone positioning sets and
computing the transfer matrix for each configuration. The array with the lowest condition number on the
whole frequency range (100-10000 Hz) is then selected as shown in Figure 2(c).

ITI.C. Upstream wall-flush mounted array and external planar array

In this configuration, a commercially available 54-microphones planar array is placed in front of the inlet and
a 53-microphones wall flush mounted array is placed just upstream of the fan (see Figure 3). The acquisition is
made simultaneously for both arrays and allows a direct comparison between modal decomposition obtained
by the two approaches.

Figure 3. Picture of the external array in front of the fan inlet and the upstream wall-flush mounted array.

The transfer matrix between the modal amplitudes and the pressure values at the microphone location
determines the ability of the method to perform the modal identification. For the external microphone array,
the transfer matrix is computed numerically and relates the amplitudes of upstream propagating modes to
the radiated acoustic pressure at the microphone positions. On the other hand, for the in-duct microphone
array the analytical basis presented in equation (1) is used with both downstream and upstream propagating
modes. At the second blade passing frequency (5666Hz), the condition number of the numerical transfer
matrix is 54. It should be compared to the condition number of the transfer matrix of the duct surface array
which is 97. The lower condition number of the numerical transfer matrix can be explained by the fact that
there is 2 times less modes to be identified as compared to the in-duct transfer matrix (described by both
downstream and upstream propagating modes).

IV. Results

IV.A. Preliminary analysis

From the global parameters of the machine, the classical Tyler and Sofrin'® rule allows to determine the
azimuthal periodicity of the acoustic modes produced at harmonics of the Blade Passing Frequency (BPF).
This rule holds for perfectly axisymmetric inlet flows and regular OGV arrangements and designs. In
the current case, the azimuthal mode orders at 1st BPF are m = ...,17,—6,—29,...; at 2nd BPF m =
vy 34,11, 12, ... and at 3rd BPF m = ..., 28,5, —18, .... all modes produced at 1st and 2nd BPF according
to Tyler and Sofrin rule are naturally cut-off during their propagation in the duct as previously mentioned."
This means that tonal noise should not be heard at a sufficient distance from the fan at 1st and 2nd BPF
(as long as the assumption of flow and geometric regularity holds). On the contrary, modes m = 5 are
already cut-on at 8500 Hz (3rd BPF) so at this frequency rotor-stator interaction is expected to overtake
the broadband phenomena in the far-field noise spectra.

The results presented on the following sections are obtained with the fan operating at its nominal speed,
that is equal to 10000 rpm. Typical pressure spectral density measured at the microphone location are
plotted on Figure 4. Strong tonal noise contribution on the first three 3 BPF’s are clearly visible at 2833
Hz, 5666 Hz and 8500 Hz. As previously commented, contribution at BPF 1 and 2 are not expected and
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clearly exhibit a violation of the regularity /homogeneous assumption. This could be due either to an inlet
flow distortion (turbulence ingestion noise) or to the fact that stator vanes are not homogeneous (rotor wake-
OGYV interaction tonal noise). Additional noise pollution by the turbulent boundary layer (TBL) developed
on the duct wall is also visible on the auto-spectrum (black) with a SNR at the order of magnitude of about
-10 dB.
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Figure 4. Example of measured in-duct acoustic pressure field. Solid black line: autospectrum of microphone nr. 1;
dashed red line: cross-spectrum between microphones nr.1 and nr.3

IV.B. Tonal noise

In this section, modal identification results are presented at the tonal frequencies (corresponding to the BPF
and its first 2 harmonics) for the two microphone array arrangements.

First of all, results are shown for the downstream wall-flush mounted microphone array. On Figures 5(a)
and 5(d) the identified modal amplitudes at the first BPF are plotted as function of the mode indices (m,n)
for both downstream and upstream propagation directions. It can be seen that downstream propagating
modes are indeed more powerful than upstream propagating modes, indicating that most of the acoustic
energy, at this frequency, is actually absorbed by the duct anechoic termination. Note that the downstream
propagating mode (-3,0) is the most powerful.

Results for the second BPF are presented on Figures 5(b) and 5(e). One can see that the downstream
propagating mode (-6,0) is the most energetic. According to the Tyler and Sofrin’s rule, modes of azimuthal
order m = —6 should not be generated by an homogeneous fan-OGV system, however, they are experimen-
tally observed. Thus, it might be generated due to the heterogeneous OGV, since at this frequency modes
(£6,0) are cut-on both in the annular section and in the circular section, it is expected to observed at the
array position once excited.

For the third BPF the results are shown for both the regularized solution (see Figures 5(c) and 5(f))
and the non-regularized solution (see Figure 6). At this frequency, the number of modes to be identified
is comparable to the number of microphones and the inversion of the modal matrix is ill-conditioned. It
can be seen that for the non-regularized solution the amplitudes of upstream propagating modes (Figure
6(b)) are at the same order of magnitude as the downstream propagating modes (Figure 6(a)). This result
is not intuitive, since one would expect the amplitudes of upstream propagating modes to be very low at
this frequency, due to the duct anechoic termination. On the other hand, for the regularized solution the
amplitudes of upstream propagating modes are much lower than those from downstream modes (see Figures
5(c) and 5(f)). A modal decomposition taking into account only downstream propagating modes has also
been performed at this frequency. In this case, the number of unknowns is divided by two and the matrix
to be inverted is not ill-conditioned. The obtained results were equivalent to those shown in Figure 5(c)
and thus validates this regularized solution. Looking at the results in figure 5(c), among the most energetic
modes we may highlight: the modes (5,0) and (5,1) which were expected according the Tyler and Sofrin rule
as commented above; and a particularly powerful mode (9,0) which is not predicted by the theory. These
experimental results could be directly compared with analytical studies dealing with the stator inhomogeneity
(e.g. Roger and Caule').

In order to infer on the physical mechanisms at the origin of the observed modal coefficients we may
evaluate their mutual coherence.”® The modal coherence between two modes ¢,y and ¢,/ can be calculated
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Figure 5. Modal decomposition obtained for the first 3 blade passing frequencies (BPF). Top row: downstream
propagating modes; bottom row: upstream propagating modes. The same axis limits are used for both downstream
and upstream propagating modes. m is the azimuthal order and n is the radial order starting from zero, such that the
(0,0) mode corresponds to a plane wave. Positive azimuthal orders corresponding to co-rotating modes. Results are
shown in a linear scale.

8504 [Hz] 8504 [Hz]

0.2 0.2

34 34
m order _15 012 m order _15 012
n order n order
(a) downstream propagation (b) upstream propagation

Figure 6. Modal decomposition at the fan’s 3rd BPF, non-regularized solution.
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Figure 7. Coherence between modal coefficients obtained for the first 3 blade passing frequencies (BPF). Only coherence
between downstream propagating modes are shown. Since the modal coherence matrix is symmetric, only its lower
triangular part is shown. The diagonal represents the modal coherence of a mode with itself and is equal to one by
definition. Coherence values range from 0 to 1.

from the covariance matrix of modal coefficients (see Eq. (8)) as follows:

N 2
Scm’ﬂ Cm/n’ (w)

2
; o : 7 13
CmnCpy/n ( ) Scmncmn (w)SCm,”,cm,n/ (w) ( )

where Scmncm/n/ is the cross-spectrum between modes ¢, and ¢,y and Scmncmn the auto-spectrum of
mode ¢, with m and n being the azimuthal and radial orders respectively. As pointed out by Castres
and Joseph,” the degree of coherence between two modes evaluated at tonal frequencies may be used to
discriminate between rotor-stator interaction noise (for which one should expect a high degree of coherence)
and noise issued from the interaction between upstream flow distortion and the fan blades. The modal
coherence between cut-on modes are shown in Figure 7 for the first 3 BPF’s. Looking at the mutual modal
coherence for the 1st BPF, see Figure 7(a), it can be particularly seen that modes (-2,0) and (-3,0), and
modes (0,0) and (-3,0) have a non-negligible coherence level. It can be argued thus that these modes are
partially generated by a rotor-stator interaction. The same analysis has been done for the 2nd BPF, in this
case it can be noticed particularly modes (1,2) and (-7,0) as well as modes (6,0) and (-6,0). In general, one
can notice that the largest coherence values at the BPF and its first two harmonics are at the order of 60%
to 70%. It can be argued that both mechanisms (i.e. inflow distortions and rotor-stator interaction) are
contributing to the radiated noise at these tonal frequencies. In fact the experimental set-up was carried
out without a turbulence control screen (TCS), it is thus likely that inflow distortions were present during
measurements. A new TCS has been recently installed in the experimental test bench and it would be
interesting to further investigate this subject.

Finally, results are presented for the configuration in which pressure signals are simultaneously measured
by both an upstream in-duct array and an external array (see Figure 3). A comparison between the results
of modal identification produced from both array data is provided in Figure 8. Notice that only amplitudes
of upstream propagating modes are shown for the duct surface array for the sake of comparison. A good

80
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0 “ ‘ ‘l || ‘ ‘ “ “ | “ | || ‘ | || | |
i1 1 1 1 2 1 1 1 i 2 2 1 i 2 2 3 1 1 2 2 3 3 1 1

o 1 -1 2 -2 0 38 -3 4 41 -1 5 -5 2 2 0 6 -6 3 -3 1 -1 7 -7

3

7]
@

o

¥ Duct Surface Array M External Array

Figure 8. Modal coefficients shown in a dB scale at the 2nd BPF obtained by: upstream wall-flush mounted array
(blue) and external array (orange). Notice that radial mode indices are starting from 1, such that the (0,1) mode
corresponds to the plane wave.

agreement between the internal and external modal decomposition is found on Figure 8. Except for mode
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(7,1) for which the estimated amplitude using the external array is about 8dB lower than the one obtained
by the internal array. It may be due to a poorer azimuthal discretization of the external array as compared
to the in-duct array.

The modal detection technique using an external array has proven to be feasible using a numerical solver
to compute the scattering effect of the inlet mouth. Some drawbacks have been identified namely the intrusive
character of the upstream array. A better radial discretization is provided by the external array. However,
with the current microphone arrangement, a possible lack of azimuthal discretization has been identified. To
go further, a numerical study and a microphone location optimization procedure could help to clarify this
situation. Another possible work extension would be to take into account few cut-off modes in the model,
to separate out this additional pollution which can be significant for the closest microphones to the fan.

IV.C. Broadband noise

In this section modal identification results are presented for the broadband component of the noise radiated
by the ducted fan. As discussed in Section I, broadband modal identification from in-duct pressure micro-
phones is more cumbersome (as compared to the tonal part) due to the contamination by the turbulent
boundary layer noise. In order to illustrate the interest on the application of cross-spectral matrix denoising
techniques,'’ an example is taken at two different frequencies in the broadband region (5000 Hz and 6504
Hz).

First of all, it is shown in Figure 9 the identified modal coefficients that were obtained by processing the
original (noisy) CSM, that is, with both the acoustical and hydrodynamic components. It can be seen that
the dynamic range® of identified coefficients is at the order of 8 dB. Thus the method cannot separate modes
with amplitude less than 8dB from the higher mode, they are seen as “noise”.
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Figure 9. Modal decomposition in the broadband part of the spectrum for two different frequencies: (a) 5000 Hz; (b)
6504 Hz. These results were obtained with the raw (noisy) cross-spectral matrix. Results are shown in a dB scale.

A first attempt to improve this results is to simply set the diagonal of the CSM to zero (diagonal removal
technique). The identified modal coefficients are shown in Figure 10. Notice that results are now presented
in a linear scale and show both downstream and upstream propagating modes. It can be seen that the results
are not satisfactory, modes with negative autopower (which have no physical meaning) are identified.

$10° 5000 [Hz] <107 6504 [Hz]
25 T
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3r : | upstream : : 1 2r i e I upstream |y
25 : Lo : :

2
1.5
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1
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0
-0.5

Figure 10. Modal decomposition in the broadband part of the spectrum for two different frequencies: (a) 5000 Hz; (b)
6504 Hz. These results were obtained with the cross-spectral matrix with diagonal removal. Results are shown in a
linear scale.

The dynamic range is represented here by the difference in amplitude between the most energetic mode and the plateau at
the noise floor.
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The denoising approach based on the decomposition of the CSM into low-rank and sparse parts'’ is then
applied. Modal coefficients estimated by processing this “cleaned” CSM are shown in Figure 11. We can
notice that no negative auto-powers are observed and by looking on the results in a dB scale (see Figure 12),
the dynamic range is now at the order of 14 dB (gain of around 6dB as compared to the noisy CSM). These
results are computed for narrow-band frequencies, one could expect that results averaged over 3rd octave
bands could exhibit even better performance.
xt0 o sotd et _esoat

[ downstream
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Figure 11. Modal decomposition in the broadband part of the spectrum for two different frequencies: (a) 5000 Hz;
(b) 6504 Hz. These results were obtained with the denoised cross-spectral matrix using a technique presented in ref."”
Results are shown in a linear scale.
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Figure 12. Modal decomposition in the broadband part of the spectrum for two different frequencies: (a) 5000 Hz;
(b) 6504 Hz. These results were obtained with the denoised cross-spectral matrix using a technique presented in ref.'?
Results are shown in a dB scale.

Finally, estimated modal coefficients integrated over 3rd octave frequency bands are shown in Figure 13.
The modal coefficients at the tonal frequencies have not been taken into account in the average. It can be
observed from these results a tendency of higher levels towards co-rotating modes (positive spinning orders
m). This observation is in agreement with those found in an experimental test with a Boeing 18-inch fan rig
in the Boeing Low-Speed Aeroacoustic Facility (LSAF).? Although, in this experimental set-up the in-duct
microphone array was positioned either in the inlet (upstream of the fan) or in the aft duct (between the
rotor and the stator).

V. Conclusion

This paper illustrates some applications of modal identification for the characterization of the acoustic
sources of a ducted fan. The modal decomposition is realized from in-duct measurements in downstream and
upstream directions, and from external measurements, using a numerical model. Results in the upstream
direction for in-duct and external measurements are in good agreement. It is also shown that at higher
frequencies (i.e. when the number of modes to be identified is comparable to the number of microphones) a
regularization procedure is necessary to stabilize the inversion of the modal matrix.
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Figure 13. Broadband modal coefficients averaged over third octave frequencies. Both azimuthal (m) and radial (n)
mode indices are represented. Positive azimuthal orders corresponding to co-rotating modes. Results are shown in a
linear scale.
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