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The propulsion-airframe acoustic interaction is an aspect of growing interest in aircraft
noise assessment. The development of low-order models for the jet noise source is vital to address
the scattering from the surfaces with computational costs compatible with the conceptual or
preliminary design phase when complete computational fluid dynamics simulations are not yet
affordable for the effort and time required. In this study, we use a jet-noise wave-packet model
capable of modelling both the hydrodynamic and acoustic part of the pressure fluctuations.
The model parameters are optimized using near- and far-field information from a large eddy
simulation of a free subsonic jet at multiple radial distances. The use of near-field data is
based on the observation that the scattering surfaces are typically separated from the jet axis in
the radial direction only by a few nozzle diameters. The noise source is then implemented in
an in-house open-source Boundary Element Method code (AcouSTO), solving the Kirchhoff-
Helmholtz equation to evaluate the scattering and propagation of the pressure perturbation in
the far field. The BEM simulations show an increased directivity in the upstream direction for
the installed jet, in agreement with the observation presented in the literature.

I. Introduction
Aviation noise has been widely identified as a driver of several negative stress-mediated health effects, from sleep

disorders to cardiovascular issues [1, 2], which incidence is increased in the exposed population. The operation and
expansion of airports are nowadays limited by strict regulations aiming at controlling and limiting the exposure of
the surrounding community to aircraft noise and the number of people affected by it. Forecasts of the (international
regulation authorities) ICAO, published in the last report on Global Environment Trends, indicates that this situation is
the most likely scenario in the future, at least for most regions of the world.

The research on noise reduction devices is nowadays very active in all the aircraft areas, involving relatively mature
technologies for quieter high lift devices [3], chevrons for jet exhaust [4, 5], the evolution of acoustic liners [6–11] for
turbofans ducts, and also more innovative treatments with lower Technology Readiness Level [12]. Jet noise has always
been a dominant noise source for turbojets and turbofans especially during take-off operations. So far, it has been mainly
tackled by reducing jet velocity, increasing the thrust portion provided by the fan, reaching higher bypass ratios, and
improving the propulsive system efficiency. This led to engines with larger relative sizes compared to aircraft, which
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integration into the airframe is becoming more and more critical, with the nacelle and the jet coming in the extreme
proximity of the wing and high-lift devices. The aerodynamic interference between the jet shear layer and the flaps
generates sources of noise that can easily dominate the generic free jet noise.

Projecting the research to the mid- and long-term future, groundbreaking solutions are also being developed, aiming
at overcoming the saturation trend in noise reduction that characterizes mature technologies. Innovative configurations
such as Blended and Hybrid Wing Body (BWB and HWB) aircraft are probably the most promising alternative to the
well-known tube-and-wing configuration in terms of aerodynamic efficiency and community noise reduction [13–16].
The most popular interpretation of these innovative configurations involves the upper installation of the propulsion
system on top of the large center body surface, offering interesting acoustic shielding capability to be exploited for
engine-related community noise reduction [12, 17, 18]. The propulsion-airframe acoustic interaction is an aspect of
growing research interest for future aircraft and should be accounted for since the beginning of the design process.

However, the simulation of the scattering and shielding from large surfaces in the audible range of frequencies
can be computationally very expensive, requiring accurate solutions up to extremely high Helmholtz number 𝐻𝑒 = 𝑘𝑙

(where 𝑘 is the wave-number and 𝑙 is the characteristic length of the scattering object). The resources required for direct
simulation with high-fidelity CFD or CAA methods make them unfeasible for extensive usage in the conceptual design
phase and design optimization processes.

There is hence a strong need for low- and mid-fidelity models and solvers able to catch the fundamental feature of
installed jet noise, avoiding the solution of the complete set of equations holding the dynamic of the complex fluid
structures involved. Adaptive metamodeling techniques have been recently applied to this class of problems [19, 20] to
reduce the computational effort required in determining the optimal position of the propulsion system that minimizes
the noise directed towards the ground and community. Artificial Neural Networks, trained with experimental data in
both near and far field, have been used as a non-linear surrogate model to predict the noise emitted by a single-stream jet
in under-expanded conditions [21], showing good agreement for a wide range of Mach number. Other jet noise models
used distributions of acoustic monopoles as noise sources. However, it has been demonstrated that such a simple source
is not able to satisfactorily capture the jet noise features [22]. In some low-order models, the noise sources of a single
circular jet were represented by a set of uncorrelated quadrupoles [23]. However, it was shown that the directivity at
shallow angles was not well reproduced [24]. The perspective on jet noise changed when the presence of coherent
structures in jets and their importance in the aft-angle radiation for high subsonic and supersonic jets was demonstrated,
providing a basis for the introduction of wave-packets as modeling approach [25, 26]. The wave-packet model has been
widely used as a low-order model for the jet noise source. In Papamoschou [27], a virtual cylindrical surface hosting
the wave-packet is assumed to surround the jet region and radiate the pressure perturbation. The parameters such as
envelope amplitude, wavelength, position, and convection velocity were typically estimated from far-field measurements,
optimizing their values and maximizing the agreement on experimental data on a training set [22, 28, 29].

A large body of the literature demonstrated that the low-frequency amplification of the jet noise in the classical
jet-wing architecture could be ascribed to the scattering of the jet hydrodynamic field [30–32], and the same mechanism
will hold for innovative turbofan powered BWB and HWB. The jet-surface interaction is expected to happen at a few
nozzle diameters from the jet axis, both for classic and innovative aircraft configurations, implying that the wave-packet
should be calibrated with near-field data to maximize its prediction reliability where the scattering takes place. For
the prediction of the acoustic scattering and shielding, source models able to capture the near-field characteristics of
the impinging jet noise are needed to accurately address the effects of the wing and/or airframe. Recently, Palma
et. al. [33, 34] followed the approach introduced by Papamoschou [22, 27–29], calibrating the model parameters
on near-field large eddy simulations (LES) data of a high-speed subsonic isothermal jet. The mentioned paper
presents a multi-Strouhal number analysis optimizing the wave-packet source model separately for each value in the
set 𝑆𝑡𝐷 = 0.25, 0.5, 0.75 and 1 and using pressure data from the numerical database for the dominant axisymmetric
azimuthal mode. It has been shown that optimizing the model parameters with pressure data at multiple distances in the
near field provides a noise source that also preserves adherence to the reference data for radial positions outside the
training set, improving the reliability of its prediction.

This article aims to extend the work started in [33], training the wave-packet model with information from both the
near and far fields using the same multi-objective approach. Data from a high-fidelity LES are used in the optimization
defining the reference solutions the optimized wave-packet has to reproduce. An extra far-field line is added to improve
the fidelity of the prediction of the optimized source far from the jet axis, providing additional information on the
radiating acoustic component of the wave-packet; the near-field lines, on the other hand, contain information also on the
hydrodynamic part of the acoustic field. Combining the features of the two classes guides the optimization towards a
prediction valid in a wider range of distances. The optimized wave-packet is then coupled with a Boundary Element
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Method (BEM) solver for jet noise scattering predictions. The aim is to develop an open-source mid-fidelity tool for
predicting installed jet noise scattering and shielding effects.

The paper is organized as follows: the wave-packet model and the BEM theory are described in sections II and III,
respectively; Results from the optimization and the BEM simulations are reported in section V. Final remarks can be
found in section VI.

II. The wave-packet model
A wave-packet model is used as a source for reproducing the noise produced by a subsonic jet. The one here used

has been introduced by Morris [35, 36] and by Tam and Burton [37], Crighton and Huerre [38], and Avital et al. [39].
It has been developed by Papamoschou [22, 27–29], which derived the formulation adopted in this paper. The model is
based on the fundamental assumption stating that the peak noise radiation from the jet in the aft region is related to the
large-scale coherent structures in the jet flow that can be modeled as instability waves at its boundary, growing and then
decaying along the axial distance [22].

The present formulation introduces a cylindrical virtual surface surrounding the original jet. The surface radiates
the pressure perturbation imposed on it, representing and substituting the jet from the acoustic point of view. Applying
the wave-packet ansatz, the pressure on the cylindrical surface at 𝑟0 surrounding the jet is prescribed as:

𝑝𝑤 (𝑚, 𝑟0, 𝑥, 𝜃, 𝑡) = 𝑝0 (𝑥)𝑒−𝑖𝜔𝑡+𝑖𝑚𝜃 , (1)

where m is the azimuthal mode number, x denotes the axial coordinate, 𝜃 is the azimuthal angle, 𝜔 = 2𝜋 𝑓 is the
pulsation. The wave-packet axial shape 𝑝0 (𝑥) is given in the form [22]:

𝑝0 (𝑥) = tanh

(
(𝑥 − 𝑥0) 𝑝1

𝑏
𝑝1
1

) [
1 − tanh

(
(𝑥 − 𝑥0) 𝑝2

𝑏
𝑝2
2

)]
𝑒𝑖𝛼(𝑥−𝑥0 ) . (2)

The parameter 𝑟0 determines the radial distance of the virtual surface from the jet axis, which is taken as 𝑟0 = 𝐷. The
coordinate 𝑥0 is used to locate the relative position between the origin of the wave-packet function and the nozzle exit.
The two are considered to be coincident in this work, i.e., 𝑥0 = 0. The signal growth is controlled by the parameters 𝑏1
and 𝑝1, while 𝑏2 and 𝑝2 define its decaying rate. Following Morris [36], and Papamoschou [22], the solution in the
linear regime (i.e., solution for the 3D wave equation in cylindrical polar coordinates) for an arbitrary radial distance
𝑟 ≥ 𝑟0 can be evaluated as

𝑝𝑤 (𝑚, 𝑟, 𝑥, 𝜃, 𝑡) = 1
2𝜋

𝑒−𝑖𝜔𝑡+𝑖𝑚𝜙

∫ ∞

−∞
𝑝0 (𝑘)

𝐻
(1)
𝑚 (𝜆𝑟)

𝐻
(1)
𝑚 (𝜆𝑟0)

𝑒𝑖𝑘𝑥𝑑𝑘

with 𝜆 =

[(
𝜔

𝑐∞

)2
− 𝑘2

]1/2

, −𝜋

2
< 𝑎𝑟𝑔(𝜆) < 𝜋

2
,

(3)

where 𝑝0 (𝑘) is the Fourier transform of 𝑝0 (𝑥), 𝑐∞ is the speed of sound of the unperturbed flow, and 𝐻
(1)
𝑚 is the Hankel

function of the first kind and order 𝑚. In the radiation process, particular care must be taken to the spatial length of the
wave-packet from the numerical point of view. A premature truncation of the waveform introduces noise and errors
in the signal propagated to higher 𝑟. The phase speed can be used to distinguish among the radiative and decaying
components of the pressure field generated by the wave-packet, identified respectively by supersonic (|𝜔/𝑘 | ≥ 𝑐∞) and
subsonic (|𝜔/𝑘 | < 𝑐∞) values.

In this work, the method described in Palma et. al. [33, 34] is followed and further extended. A wave-packet
describing the pressure fluctuations by a free jet is obtained by optimizing its parameters from near-field data on co-axial
lines at several radial distances from the jet axis, namely 𝑟/𝐷 = 0.5, 1, 2 and 2.5, and on a far-field polar arc, 𝑟/𝐷 = 75.
The reference data used for training the model are obtained through LES simulations[40–42]. A multi-objective
optimization procedure aims at matching the complete pressure fluctuation envelope from the model with the one from
the numerical simulations for each of the considered lines. The wave-packet obtained is then used as an acoustic source
in a Boundary Element formulation to evaluate scattering and reflection from surfaces, i.e. installed jet noise.

A. Wave-packet optimization
The wave-packet noise source introduces some parameters whose value can be adjusted to match the actual pressure

fluctuation from a reference jet. In this work, this is performed involving a multi-objective optimization procedure. A
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generic unconstrained optimization problem consists of the research of the set of variables v that yields a minimum of
the 𝑁𝐽 objective functions: 𝐽𝑛 (v, q)

minimize/maximize [𝐽𝑛 (v, q)] , 𝑛 = 1, ..., 𝑁𝐽 and v ∈ Dv

with bounds 𝑣𝐿𝑚 ≤ 𝑣𝑚 ≤ 𝑣𝑈𝑚, 𝑚 = 1, ..., 𝑁𝑣

(4)

where q is the vector of the parameters, v is the vector of the 𝑁𝑣 design variables bounded by 𝑣𝐿𝑛 and 𝑣𝑈𝑛 in
the design space Dv, In the present application, v represents the vector collecting the wave-packet parameters
v =

[
𝑝1, 𝑏1, 𝑝2, 𝑏2, 𝜔/(𝛼𝑈 𝑗 )

]
. The number of objective functions to be minimized at the same time is 𝑁 𝑗 = 5, four

refer to the near field and one to the far field prediction, described by

𝐽𝑛 (x, y) =

√︄∫
L𝑛

( |𝑝𝑛 − 𝑝𝐿𝐸𝑆𝑛 |
max ( |𝑝𝐿𝐸𝑆𝑛 |)

)2
𝑑𝑠 (5)

where 𝑝𝐿𝐸𝑆𝑛 = 𝑝𝐿𝐸𝑆𝑛/𝑝 is the value of the reference pressure field on the n-th line normalized with the maximum
value at the line closest to the jet axis 𝑟/𝐷 = 0.5. The objective functions represent the L2-norm of the difference
between the pressure predicted by the wave-packet source model and the reference pressure from the LES. The integral
is defined over the axial extension, from 0 up to 𝑥/𝐷 = 20, of lines having a constant 𝑟𝑛 for the four radial distances
in the near field, (𝑟1 = 0.5𝐷, 𝐷, 2𝐷, 2.5𝐷), defining 𝐽1 − 𝐽4, and over a polar arc, ranging from 15 to 165 degrees,
centered on the jet axis at the nozzle exit with radius 𝑅 = 75𝐷 defining 𝐽5. According to Eq. 5, each objective function
is normalized by the peak value from the reference pressure field on the respective line L𝑛.

III. The Boundary Element formulation
The Boundary Element Method (BEM) is a numerical computational method that solves linear partial differential

equations formulated as integral equations. Its application is popular in acoustics for the solution of scattering
and diffraction problems, exploiting its efficiency in terms of computational resources for problems with a small
surface/volume ratio. The linear acoustics problem is here described by the classic D’Alambert operator applied to the
pressure 𝑝, which in the Laplace domain reads:

∇2𝑝(x) + 𝜅2𝑝(x) = 𝑞, (x) ∈ V (6)

where the •̃ indicates Laplace transformation, whereas 𝑞 represents the acoustics sources present in the domain V,
and 𝜅 = 𝑠/𝑐0 is the complex wave number, being 𝑠 = 𝛼 + 𝑗 𝜔 the Laplace variable, and 𝑐0 the speed of sound in the
reference conditions. The formulation of the problem in the Laplace domain is equivalent to the time convention 𝑒 𝑗𝜔𝑡 .
For this study, we employed an open-source solver AcouSTO [43] for the corresponding Kirchhoff-Helmholtz Integral
Equation (KHIE)

𝐸 (y)𝑝(y) =
∮
S

(
𝐺0

𝜕𝑝

𝜕𝑛
− 𝑝

𝜕𝐺0
𝜕𝑛

+ 𝑠𝑝𝐺0
𝜕𝜃

𝜕𝑛

)
𝑒−𝑠𝜃𝑑S(x) +

∫
V
𝐺0𝑞𝑒

−𝑠𝜃𝑑V(x) (7)

where S = 𝜕𝑉 , 𝑠 = 𝛼 + 𝑖𝜔 is the Laplace variable, 𝐸 (y) is the domain function (equal to 1, 1/2, or 0, if y ∈ 𝑉 , y ∈ 𝜕𝑉 ,
or y ∉ 𝑉 , respectively), and 𝐺 is the free-field fundamental solution for the 3D KHIE equation defined as

𝐺 (x, y, 𝑠) = − 𝑒−𝑠𝜃

4𝜋𝑟
= 𝐺0𝑒

−𝑠𝜃 , with 𝑟 = | |x − y| | and 𝜃 =
𝑟

𝑐0
(8)

The integral form of the problem is derived directly from the non–homogeneous wave equation, and the acoustic
potential 𝑝 in Eq.7 is the total field, that includes the incident acoustic field and the part scattered by the surfaces
𝑝 = 𝑝𝑖𝑛 + 𝑝𝑠𝑐. This formulation is convenient when the primary field produced by the acoustic source in the field is
easily calculable. The boundary conditions at the scattering surfaces are given in terms of normal velocity, imposed to
be null modeling a rigid boundary

𝜕𝑝(x, 𝜅)
𝜕𝑛

= 0. (9)

The boundary of the domain is partitioned into 𝑁 (quadrilateral) panels, and all the quantities are considered to be
constant within each panel (0th–order approximation). The collocation method is used by locating the collocation points
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at the centers of the panels and the discrete version of Eq.7 is obtained leading to a linear system of equations that reads

𝐸𝑝𝑛 =

𝑁∑︁
𝑚=1

[
𝐵𝑛,𝑚

𝜒
𝑚 +

(
𝐶𝑛,𝑚 + 𝑠𝐷𝑛,𝑚

)
𝑝𝑚

]
𝑒−𝑠𝜃𝑛,𝑚 + 𝑝𝐼𝑛, 𝑛 = 1, 𝑁 (10)

where 𝑝𝐼𝑛 is the value of the incident field induced by the sources at the collocation points, and the integral coefficients
have the form

𝐵𝑛,𝑚 =

∫
S𝑚

𝐺0𝑑S, 𝐶𝑛,𝑚 =

∫
S𝑚

𝜕𝐺0
𝜕𝑛

𝑑S, 𝐷𝑛,𝑚 =

∫
S𝑚

𝐺0
𝜕𝜃

𝜕𝑛
𝑑S (11)

The open-source software has been adapted to accept an external custom incident field as input, which in this study
is given by Eq. 3. Once the solution is known on the scattering surfaces, Eq. 7 can be used as a boundary integral
representation to obtain the solution at arbitrary points in the field.

IV. Numerical database details
The near-field of the isothermal round free jet at a Reynolds number 𝑅𝑒𝐷 = 105 used for this paper has been computed

by (LES). The nozzle exhaust jet Mach number has been fixed at 𝑀 = 0.9, with the nozzle-exhaust boundary-layer
thickness set at 𝛿𝑏𝑙 = 0.15𝑟0 and the nozzle exit turbulence intensity at 9% (see [41] for details). The LES has been
carried out using an in-house solver of the three-dimensional filtered compressible Navier-Stokes equations in cylindrical
coordinates (r, 𝜃, x) based on low-dissipation and low-dispersion explicit schemes. The quality of the grid for the
present jet LES has been assessed in a previous work [44]. Specifically, the grid contains approximately one billion
points. Pressure has been recorded at several locations spanning a large near-field domain and gaining time-resolved
signals, see reference [45] for a description of the available data. In addition, the near-pressure field of this jet has been
also investigated in [46]. It has been propagated to the far field in [41, 47] using an in-house OpenMP-based solver of
the isentropic linearized Euler equations in cylindrical coordinates based on the same numerical methods as the LES.
Concerning the near-field domain, we consider arrays of virtual microphones parallel to the nozzle exhaust, containing
1024 probes covering a domain that spans between 𝑥=0 and 𝑥/D=20. The data have been stored at a sampling frequency
corresponding to 𝑆𝑡𝐷 = 12.8, with a total of 3221 time snapshots. A representative one is shown in Fig.1. In the far
field, we consider a polar arc of virtual microphones centred at the nozzle exit, positioned at 𝑅 = 75𝐷, from 15 to 165
degrees relative to the jet direction, with a spacing of one degree.

The original pressure signals are represented in terms of their azimuthal components through the azimuthal
decomposition [48]. The Fourier coefficients are stored for the first four azimuthal modes that dominate the sound field
for low polar angles. As aforementioned the wave-packet model presented in this paper has been carried out for the 0th

azimuthal mode, which is dominant for the noise generation at Strouhal numbers lower than 1 [49].

V. Results

A. Wave-packet optimization on free jet
The multi-objective optimization of the wave-packet produces a set of Pareto-efficient solutions constituting the

Pareto front, which is a 𝑁𝐽 − 1 variety in the 𝑁𝐽 dimensional codomain. The solutions lying on the front have equal
dignity and are optimal in a Paretian sense, i.e., it is not possible, moving along the front, to improve the value of one of
the objectives without worsening at least one of the other. One of the techniques that may be employed to identify the
preferred solution among the optima is to identify a ranking criterion (also called Decision Maker algorithm). The
criterion can be interpreted as an additional objective, allowing the sorting of the solutions on the basis of their score
over it and then selecting the solution resulting as the most suitable. Any selection criterion is valid in principle and may
be used reasonably, from simple subjective preferences to more complex analyses of the results.

In the present work, the optimal solutions have been sorted by their performance in reproducing the reference field
on the far field line. A subset of the Pareto front satisfying 𝐽5 ≤ 2 min(𝐽5) is isolated, and the solution in this subset
closest to the utopia point is taken as the preferred one. The parameters of the selected wave-packet are reported in
Tab. 1. Figure 2 compares the predicted wave-packet envelopes with the original LES data at different radial distances
from the jet axis and at 75𝐷 from the nozzle exit. Specifically, black continuous lines represent the original data, whilst
the optimized wave-packets are in blue dashed lines.
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Fig. 1 Snapshot in the (x,r) plane of the pressure signals. The black dashed lines represent the probe arrays in
the near field.

Results are presented at this early stage research only for a single 𝑆𝑡𝐷 number. A value of 𝑆𝑡𝐷 = 0.25 was chosen
because it corresponds to the peak Strouhal number in the jet far-field in the downstream direction. Reference data
refers to the 0th axisimmetric azimuthal mode, which is predominant in the far-field for the selected 𝑆𝑡𝐷 . The model
predictions are observed to provide a quite good reconstruction of the original data. The directivity is quite well captured
in the far-field for almost all the polar angles, Fig. 2f.

B. Scattering prediction
The pressure field produced by the wave-packet source represents the incident field for the scattering calculations by

the BEM solver. A simple geometry, sketched in Fig. 3, has been tested to provide a preliminary characterisation of the
scattered far-field noise using the BEM method. Specifically, a wedge-shaped flat plate is used as a scattering body,
representing a wing interacting with the pressure perturbation emitted by the jet. The wing has been extended upstream
to minimise the scattering from the leading edge and has been designed sufficiently large in a spanwise direction to
avoid side edge effects. The wave-packet frame of reference is fixed on the symmetry plane of the wing, at Δ𝑥𝑝 = 𝐷

from the plate leading edge and Δ𝑧𝑝 = 𝐷 in the radial direction. The flat plate extends for 𝑙𝑝 = 4𝐷 in the 𝑥 (jet-axis)
direction, and its span is 𝑠𝑝 = 10𝐷.

Fig. 3 Sketch of the BEM setup

The far-field pressure field is presented in Fig 4 comparing installed and isolated jet configurations. It is worth
noting that a substantial noise increase has been predicted at higher polar angles in the installed case, according to the
literature [30]. This indicates that the model is able to capture quite well the jet-wing scattering noise. However, further
analyses are needed to include different 𝑆𝑡𝐷 numbers in the analysis, increasing the robustness of the model.

VI. Conclusions
A multi-objective optimization of a wave-packet, including both near- and far-field noise, is presented to predict the

behaviour of the 0th azimuthal mode. A Pareto front has been obtained as a solution for the optimization due to the
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(a) 𝑟/𝐷=0.5 (b) 𝑟/𝐷=1 (c) 𝑟/𝐷=2

(d) 𝑟/𝐷=2.5 (e) 𝑟/𝐷=3 (f) 𝑅=75D

Fig. 2 Comparison between reference and optimized wave-packet normalized pressure. Near-field predictions
in Figures from (a) to (e), far-field prediction in (f), 𝑆𝑡𝐷 = 0.25.

𝑆𝑡𝐷 𝑝1 𝑏1 𝑝2 𝑏2 𝜔/(𝛼𝑈 𝑗 )

0.25 1.7190 0.0983 4.5929 0.3985 0.8768
Table 1 Wave-packet parameters

concurrency between the different objectives. The preferred solution on the front is then selected using a Pareto ranking
criterion method, considering the performance of the solution in reproducing both the near- and the far-field reference
pressure field. The results of the optimizations are found to provide a good agreement between the reference numerical
data, generated through well-resolved LES simulations, and the model in the tested Strouhal number (𝑆𝑡𝐷 = 0.25).

The optimized wave-packet has been coupled with a BEM solver to predict the installation effects in terms of
scattering noise. The noise increase in the upstream scattered field of the installed configuration shows the adherence of
the simulations to the physics observed experimentally.

Further investigations that will involve multi-Strouhal analyses, including the possibility of reducing the use of
flow-immersed virtual probes, which can be a limit of the model, are currently ongoing. The opportunity to use different
objective functions and wave-packet shapes will also be explored.
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