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The acoustic waves that are mainly trapped into the potential core of jets, recently referred
to as guided-jet waves (GJW), are investigated by performing numerical simulations of wave
propagation. For that purpose, a single-frequency monopolar sound source is imposed on
the axis of an isothermal round jet, modeled as a cylindrical shear layer. The waves radiated
by the source are computed by solving the Euler equations. The shear-layer velocity profile
is a hyperbolic-tangent profile, with a momentum thickness equal to 20 per cent of the jet
half-width to avoid the rapid growth of Kelvin-Helmholtz instability waves. Three jet Mach
numbers, namely M = 0.75, 0.95 and 1.10, and source Strouhal numbers ranging up to 2,
1.2, and 0.8, respectively, are considered. In the three cases, GJW belonging to the first two
radial GJW axisymmetric modes are obtained. Depending on the frequency, they propagate
in the upstream or in the downstream directions, and are entirely or partially contained in
the flow. Their levels inside and outside the jet are represented in the frequency-wavenumber
space. They are also quantified upstream and downstream of the source. They vary smoothly
with the frequency for M = (.75, but in a sharp and saw-tooth manner for M = 0.95 and 1.10.
Qutside the jet, their variations are consistent with the footprints left by the GJW in the sound
spectra near the nozzle of jets.

I. Introduction

Many studies have been carried out in recent years on the waves that are essentially contained in the core of
high-speed jet flows, often referred to as neutral acoustic waves, trapped or guided jet waves in the literature. As shown
by Tam and Hu [1] using a linear-stability analysis nearly forty years ago, these waves have specific dispersion relations
and eigenfunctions and can be classified into modes depending on their radial and azimuthal structures. The GJW
propagating in the upstream direction, in particular, are only allowed in narrow frequency bands [2], and play a key role
in the occurrence of resonance phenomena [3,4]. They can close the feedback loops in jets impinging on a plate [5-8],
in jets interacting with an edge [9] or a flat plate [10,[11], in screeching shock-containing jets [12-14] and in supersonic
twin jets [15]. For non-screeching free jets, they also lead to the generation of peaks in the pressure spectra near the
nozzle exit [16-19], as illustrated in figures [[l(a-c) for jets at Mach numbers 0.60, 0.90 and 1.10 for the axisymmetric
mode ng = 0, and in the acoustic far field in the upstream direction [20-22]. The peaks have a tonal, saw-tooth shape
in figures[Il(b,c) for the two highest Mach numbers, which has been attributed to the establishment of resonance in the
jet potential core [23-25] between upstream- and downstream-travelling GJW, that can both exist for Mach numbers
typically above 0.80. Finally, for jets with laminar nozzle-exit conditions, the GJIW excite the shear-layer instability
waves near the nozzle [24].

The dispersion relations and eigenfunctions of the GJW are usually determined using a vortex-sheet model assuming
an infinitely thin mixing layer [[1]]. The dispersion relations obtained in this way for jet Mach numbers M = u;/co = 0.75,
0.95 and 1.10 are, for example, represented in figures 2la-c) as functions of axial wavenumber &, and Strouhal number
Stp = fD/uj, where f is the frequency, D and u; are the jet nozzle-exit diameter and velocity and cy is the speed of
sound in the ambient medium. The limit points L of the dispersion curves on the sonic line k, = —w/c(, where w is
the pulsation, the inflection points I, and the stationary points S,,;, and S, are also indicated. Depending on the
position on the curves, the group velocities of the waves are negative or positive, leading to upstream and downstream
directions of propagation, respectively. The radial profiles of the GJW also vary significantly [, 23]. The waves have
a non-negligible support outside the jet near k, = —w/co, but are fully confined to the jet flow near k; = w/(u; — co).
Thus, they can be referred to as free-stream GJW in the first case and as duct-like GJW in the second. The predictions
of the vortex-sheet model, in terms of GJW dispersion curves and eigenfunction distributions, are in most cases in
good agreement with the data from the experiments and simulations. This is exemplified in figures [I(b,c), where the
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Fig.1 Sound pressure levels [[18] obtained near the nozzle of jets at (a) M = 0.60, (b)) M = 0.90 and (c) M = 1.10
for ny = 0 as a function of Strouhal number Stp; — — — Stp at points S, on the GJW dispersion curves for

a vortex sheet.

abrupt decreases after the peaks in the near-nozzle spectra occur very near the frequencies of the stationary (or saddle)
points S, of the dispersion curves of the first radial GWJ modes for ng = 0. The use of finite-thickness mixing-layer
models may, however, be necessary for very thick shear layers [3,16, 27, 28]. Moreover, the models mentioned above
provide no information on the GJIW amplitudes other than the normalized eigenfunction profiles.
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Fig. 2 GJW dispersion curves obtained for ny = 0 at (a) M = 0.75, (b) M = 0.95 and (¢c) M = 1.10 using the
vortex-sheet model as a function of kD and Stp; points o L, 0 Sypx, © Spip and o I; — — — k; = w/(uj — co),

~~~~~ k; = —w/cy.

On the basis of the above, numerical simulations are performed in the present work to directly compute GIW
in jets with finite-thickness mixing layer, with the aim of getting access to all their properties including their true,
non-normalized amplitudes. The GJW are investigated by considering them only as the result of a problem of acoustic
propagation in presence of a sheared flow. That was previously the case in the simulations of the propagation of
random noise fluctuations and of a pressure pulse in a jet flow by Bogey and Gojon [[6] and Bogey [29], and in the
theoretical analyses of the scattering of acoustic waves through single- and double-vortex sheets by Martini et al. [30]
and Nogueira et al. [31]. The study of Nogueira et al. [31]], in particular, demonstrated that the GJW can only result
from acoustic waves generated in the core of the flow. These waves were shown to experience internal reflection and
transmission from the two shear layers behaving like a soft-duct, for a given range of frequencies and wavenumbers, the
phase of the reflection coefficient determining the wavenumbers of the GJW. Transmission of the waves to the outside
was also found to be maximum near the sonic line and to rapidly decrease as the waves become subsonic, explaining
the formation of partially or fully confined GJW modes.

In this work, a monopolar sound source radiating at a single Strouhal number Stp is placed on the axis of a jet
modeled as a cylindrical shear layer in order to generate axisymmetric GJIW. The propagation of the waves radiated
by the source is computed by solving the Euler equations using low-dissipation low-dispersion finite differences. To
deal with the GIW of different kinds that can exist, three jet Mach numbers M, namely two high subsonic ones and
a supersonic one, and a great number of Strouhal numbers are considered. The Strouhal number ranges are chosen
to obtain GJW belonging to the first two radial GJW axisymmetric modes. Moreover, the source amplitude is small
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and the shear layer is very thick in order to prevent or inhibit the development of Kelvin-Helmholtz instability waves
downstream of the source. In each case (M, Stp), the objective will be to ascertain whether GJW travel in the jet flow,
and if so, to determine their directions of propagation and their amplitudes inside and outside the flow. Then, for a given
Mach number, the variations of the GJW amplitude with the Strouhal number will be quantified and compared with
those observed in the near-nozzle spectra of jets. The presence of tonal-like characteristics at specific GIW frequencies
will especially be sought.

The paper is organized as follows. In section II, the jet flow conditions and the properties of the acoustic source
placed in the flow are defined. The numerical methods and parameters are also documented. In section III, the results
obtained for the three Mach numbers are presented. Finally, concluding remarks are given in section IV.

II. Parameters

A. Jet flow and acoustic source

In this study, three isothermal round free jets, two at subsonic Mach numbers M = 0.75 and 0.95 and one at a
supersonic Mach number of M = 1.10, are considered. To generate acoustic waves, and possibly GJW in the flow, a
single-frequency monopolar acoustic source is imposed on the jet axis at the axial position z = 0. According to the
dispersion curves obtained for a vortex sheet in figure[2] the group velocities v, = dw/dk, of the GIW are all negative
for M = 0.75, but negative or positive for M = 0.95 and M = 1.10. Therefore, the GJW can be expected to travel only
in the upstream direction in the first case, but upstream or downstream in the two other ones.

For simplicity, the jets consist of a cylindrical shear layer, surrounded by a medium at rest at temperature 7y = 293 K
and pressure po = 10° Pa. Following Michalke [32], the radial profile of the axial velocity u, is defined by the

hyperbolic-tangent profile
Uuj ro [ro r
=—j{l+tanh| —— - —
e (1) 2 { o [466 (r rO)]}

where u;, ro = D/2 and ¢ are the velocity on the axis at r = 0, the jet half-width and the shear-layer momentum
thickness. The jet radial and azimuthal velocities are equal to zero, the jet pressure is equal to pg and temperature
is determined by a Crocco-Busemann relation. The momentum thickness is set to §g9 = 0.20r¢, yielding the thick
velocity profile represented in figure[3(a). The value of §4/r¢ is very large, which will most probably lead to differences
relative to the predictions of the vortex-sheet model. It was chosen to avoid the presence of strong Kelvin-Helmholtz
(KH) instability waves in the jet flows. Indeed, such waves might pollute the pressure fields, in particular if they result
in the formation and pairing of vortical structures in the shear layers, which could make the extraction of the GJW
characteristics difficult.
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Fig. 3 Representation of (a) the profile of axial velocity u,/u; for 65 = 0.20r¢ and (b) the KH instability
growth rates —J (k;)r¢ obtained for that profile for ny = 0 using linear stability analysis for M =0.75,
M = 0.95 and M =1.10; — — — =3 (k;)ro/5 for M = 0.95 and 69 = 0.05r.

In support of the latter claim, the amplification rates —3(k,)ro of the KH instability waves obtained for the
azimuthal mode ny = 0 for the velocity profile using linear stability analysis (LSA) are represented in figure 3(b) as
a function of Strouhal number Stp. Above Stp = 0.47 for M = 0.75, Stp = 0.43 for M = 0.95 and Stp = 0.38 for
M = 1.10, the amplification rates are negative, indicating that no instability waves should grow. This is particularly
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true in the frequency range of the second axisymmetric GTW modes according to figures 2(a-c). For lower Strouhal
numbers, the amplification rates are weak. For instance, they are approximately ten times weaker than those predicted
for 69 = 0.05r¢, shown in the figure. As a result, it is most likely that KH instability waves develop, but so slowly that
their amplitudes remain small.

To check that, the pressure fields obtained for a source radiating at the most unstable Strouhal number for the three
Mach numbers are provided in figures B(a-c). KH instability waves are observed to grow downstream of the source,
with amplitudes reaching only 1-2 Pa at z = 30r, a position from which a sponge zone is implemented. Their entry in
this zone does not seem to generate spurious acoustic waves travelling in the upstream direction. It can also be noted
that for the low Strouhal numbers St =~ 0.2 considered, no GJW appear for M = 0.75 and 0.95, but that GJIW are
clearly found downstream of the source for M = 1.10.
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Fig. 4 Pressure fluctuations obtained for (a) M = 0.75 at Stp = 0.26, (b) M = 0.95 at Stp = 0.23 and
(c) M =1.10 at S¢p = 0.205. The color scale levels range between +0.1 Pa, from blue tored; — — — r = ry.

The acoustic source on the jet axis at z = 0 and r = 0 has a Gaussian shape and a half-width of 3Az(z = 0) =
3Ar(r = 0) = 0.06r(y, where Az and Ar are the grid spacings in the axial and radial directions. Its half-width is much
smaller than the wavelength of the waves travelling at the ambient speed of sound, the smallest one being equal to
A =1.33rg for M = 0.75 and Stp = 2, ensuring acoustical compactness. Its amplitude is very low to avoid non-linear
effects during the wave propagation and the generation of KH instability waves of high intensity when the latter grow.
For instance, the root-mean-square (r.m.s.) value of pressure fluctuations obtained at 10ry from the source is equal to
1.8 x 1073 Pa, corresponding to a sound pressure level of 39 dB.

The time evolution of the source amplitude is driven by a sinusoidal function of frequency f; = 1/Ts, which is
initially weighted by a half-Gaussian function increasing between ¢ = 0 and ¢t = 307. The frequencies considered in
the simulations are distributed over the Strouhal number ranges 0.10 < Stp < 2 for M = 0.75, 0.10 < Stp < 1.20
for M = 0.95 and 0.10 < Stp < 0.80 for M = 1.10, in which GJW belonging to the first two radial axisymmetric
GJW modes are expected. To accurately describe the variations of the GIW properties, the number of source Strouhal
numbers 7so,rce 1S significant, and is equal to 192 for M = 0.75, 271 for M = 0.95 and 182 for M = 1.10. In the last
two cases, they are specially clustered around the Strouhal numbers of the stationary points S,,,;,, and S,,4 of the GIW
dispersion curves, around which tonal components due to GJW are observed in jet near-nozzle spectra.

B. Numerical methods and parameters

The computations are carried out by solving the full Euler equations in cylindrical coordinates (r, 6, z) using the same
numerical framework based on explicit high-order schemes as in previous simulations of spatially-developing [18,[26]
and temporally-developing [33, [34] round jets. The axis singularity is taken into account by the method of Mohseni
and Colonius [35]. Fourth-order eleven-point centered finite differences are used for spatial discretization, and a
second-order six-stage Runge-Kutta algorithm is implemented for time integration [36]. A twelfth-order centered
filter is applied explicitly to the flow variables every time step to remove grid-to-grid oscillations. Non-centered finite
differences and filters are used at the grid lateral boundaries [37], where the radiation conditions of Tam and Dong
[38] are applied. Periodic conditions are implemented at the inflow and outflow boundaries. Near these boundaries,
sponge zones based on grid stretching and Laplacian filtering are built to move the periodic conditions very far from
the region where wave propagation will be investigated.
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C. Numerical parameters

The same mesh grid is used in all the simulations for M = 0.75 and in most ones for M = 0.95 and M = 1.10. In
the axial direction, it is symmetrical relative to the source position z = 0, and extends, excluding the 260-point inflow
and outflow sponge zones, between z = —30r¢ and 30r¢. In this region, the mesh spacing Az is uniform and equal to
0.02rg, providing a wavenumber k_.ro = 63 for 5 points per wavelength (PPW). In the sponge zones, the mesh spacing
is stretched at a rate of 3%, leading to grid boundaries located at z = +880r¢. In the radial direction, the mesh grid
extends out to » = 25ry. The mesh spacing Ar is also equal to 0.02r¢ between r = 0 and 1.2r(. It then increases at a
stretching rate of 2.6% up r = 6.5rg, where Ar = 0.16r¢, yielding Stp = 3.3, 2.6 and 2.3 for an acoustic wave with
5 PPW propagating in the ambient medium for M = 0.75, M = 0.95 and M = 1.10, respectively. The radial mesh
spacing finally grows again at the rate of 2.6% between r = 16ry and 21.6r, to obtain Ar = 0.32r( near the boundary.
Thus, the grid contains N, = 3,519 points in the axial direction and N, = 235 points in the radial direction. Given
that the flow and the sound waves are axisymmetric, only Ny = 2 points are used in the azimuthal direction, and the
derivatives in that direction are not calculated but set to zero.

For a source radiating in the Strouhal number ranges 0.38 < Stp < 0.4075 and 0.90 < Stp < 0.975 for M = 0.95
and 0.66 < Stp < 0.735 for M = 1.10, upstream- and downstream-propagating GJW are found to both exist, which
might cause spurious reflections in the sponge zones. To avoid this, the simulations are carried out using grids longer
in the axial direction, containing more points in the central region where Az = 0.02r¢. This region extends between
+70r¢ for M = 0.95 and +90ry for M = 1.10, requiring 4,000 and 6,000 additional points, respectively. In these
simulations, the absence of GJW reflected back in the computational domain by the sponge zones from outcoming KH
instability waves or GJW has been checked using wavenumber-frequency analyses.

The simulations are performed with an OpenMP-based in-house solver on single nodes containing 16 to 64 cores,
using a time step At = CFL X Ar(r = 0)/co with a Courant-Friedrichs-Lewy number CFL = 0.70 for M = 0.75,
0.65 for M = 0.95 and 0.60 for M = 1.10 to ensure numerical stability. After + = 307}, they run during a time of
120rg/|u; — col to allow the GIW with a very group velocity, especially those near the stationary points S,,;, and Sp,qx
in the dispersion curves of figures 2Ib,c), to travel over large distances. Then, pressure is recorded during 1007 in the
azimuthal plane 6 = 0 at every second point in the axial and radial directions between z = +30ry and » = 0 and 30r,
at a sampling frequency corresponding to a Strouhal number Stp = 6.4, and along the lines r = 0, r = rg and r = 2rg
at every second point between z = £30r¢ at a double frequency.

I11. Results
In this section, results obtained for the three jet Mach numbers are presented. First, fields of pressure fluctuations
are shown in the (z, r) section for several source frequencies to visualize the GJW that may form. Second, the levels
of the pressure fluctuations recorded on the lines » = 0 and r = 2r( are examined in order to highlight the properties
of the GJW inside and outside the jet flow. They are first represented in the wavenumber-frequency space, then as a
function of the Strouhal number only for two specific positions upstream and downstream of the source.

A. Pressure fields at specific source frequencies

Snapshots of pressure fluctuations p — po obtained for M = 0.75, 0.95 and 1.10 in (z, r) sections restricted to the
near-source region are provided in figures [3] [f and [7] respectively. For each Mach number, 12 Strouhal numbers are
considered. They vary between Stp = 0.98 and 1.86 for M = 0.75, Stp = 0.57 and 1.03 for M = 0.95, and Stp = 0.40
and 0.73 for M = 1.10. In these frequency ranges, GJIW belonging to the first and second radial axisymmetric GJW
modes are expected according to the dispersion curves in figure 2l No KH instability waves should also grow according
to the amplification rates predicted using LSA of figure B(b). Indeed, no such waves appear downstream of the source
in figures BH7l In all cases, the source on the jet axis radiates waves that are transmitted outside of the flow. These
waves are of oval form due to convection and refraction effects and have amplitudes of the order 1072 Pa close to the
source, decreasing rapidly with the distance as they propagate as three-dimensional acoustic waves.

More importantly, in certain cases, intense GJW are clearly observed upstream or downstream of the source. When
they exist, their amplitudes on the jet axis greatly exceed 10~! Pa, and sometimes even reach nearly 10 Pa, as in
figurel6lj) for M = 0.95 and in figure[Z(k) for M = 1.10, which is three orders of magnitude higher than the amplitudes
of the sound waves outside the flow. The amplitudes of the GIW do not change much with the distance to the source,
which supports that they are acoustic neutral waves [1]] trapped into the jet due to total internal reflection [31]]. The
presence, directions of propagation, axial wavelengths and radial supports of the waves strongly depend on the Mach
and Strouhal numbers. In particular, their amplitudes can be negligible or significant for » > r(, indicating that they
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Fig. 5 Pressure fluctuations obtained for M = (.75 at Strouhal numbers (a) 0.98, (b) 1.06, (c) 1.14, (d) 1.22,
(e) 1.30, (f) 1.38, (g) 1.46, (h) 1.54, (i) 1.62, (j) 1.70, (k) 1.78 and (1) 1.86. The color scale levels range between
+0.1 Pa, from bluetored; — — — r =r,.
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Fig. 6 Pressure fluctuations obtained for M = 0.95 at Strouhal numbers (a) 0.57, (b) 0.69, (c) 0.77, (d) 0.83,
(e) 0.87, (f) 0.89, (g) 0.91, (h) 0.93, (i) 0.95, (j) 0.97, (k) 0.99 and (I) 1.03. The color scale levels range between
+0.1 Pa, from bluetored; — — — r = ry.
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Fig. 7 Pressure fluctuations obtained for M = 1.10 at Strouhal numbers (a) 0.40, (b) 0.49, (¢) 0.55, (d) 0.595,
(e) 0.625, (f) 0.64, (g) 0.655, (h) 0.67, (i) 0.685, (j) 0.70, (k) 0.715 and (1) 0.73. The color scale levels range between
+0.1 Pa, from bluetored; — — — r =ry.

are fully or partially trapped in the jet flow or, in other words, that they are duct-like or free-stream GIW [1,, 19, [23].
None or one node can also be found in the pressure distributions of the waves in the radial direction, suggesting that
they belong to the first or second radial axisymmetric GJW modes.

The variations of the GJW characteristics in the pressure snapshots with the source frequency are described below
for the three Mach numbers.

For M = 0.75, over the Strouhal number range 0.98 < Stp < 1.86 considered in figures Bla-1), GIW are found
upstream of the source in all cases, but never downstream. In figure B(a) for Stp = 0.98, they are confined to r < rg
inside the jet flow and their radial structure exhibits no node. As the source Strouhal number increases, the radial
supports of the waves spread out of the jet at r > ry, reaching approximately r = 3r¢ in figure[5(e) for Stp = 1.30, and
then narrow until the waves are fully contained into the jet again. In the same time, the amplitudes of the GJW outside
the jet flow grow and then decay. Thus, at r = 1.5rq for instance, they are significant in figure B(g) for Stp = 1.46,
but are negligible in figure 3(1) for Sz, = 1.86. A node also appears in the radial support of the waves typically above
Stp =1.22.

For M = 0.95, over 0.57 < Stp < 1.03 in figures [Bla-1), GIW are visible upstream of the source in all cases, but
downstream only in figures[Blf-j) for 0.89 < Stp < 0.97. Upstream of the source, the variations of the GIW properties
with the frequency bear strong similarities with those reported above for M = 0.75. However, the peak values of
the GJW amplitudes outside of the jet flow, obtained in figure [6(j) for Stp = 0.97, are much stronger in this case.
Downstream of the source, when the GJW exist, a node is observed in their radial supports. As the Strouhal number
increases, their supports, initially limited to r < rg, extend farther from the jet axis well beyond r = rg. The amplitudes
of the waves outside of the jet grow and reach their highest values in figure[6(j) for Stp = 0.97. Therefore, the strongest
upstream- and downstream-propagating GJW are found at the same Strouhal number.

Finally, for the supersonic Mach number M = 1.10, over 0.40 < Stp < 0.73 in figures [7(a-1), GJW can be seen
upstream and downstream of the source in all but one case, the exception being the absence of upstream-propagating
GJW in figure[Z(1) for Stp = 0.73. Upstream of the source, when they exist, the amplitudes of the GIW are nil around
r = 0.6ry and similar on both sides of r = rg inside and outside of the jet flow. They are weak in figure [Z(a) for
Stp = 0.40 and spectacularly grow with the Strouhal number, leading to very high values in figure[Z(k) for Stp = 0.715.
Downstream of the source, the pressure fluctuations inside the jet are strong in all cases. Outside the jet, the amplitudes
of the GJW are negligible in figure [7(a) for Stp = 0.40, and increase with the frequency, to reach intense values also
in figure [Z(k) for Stp = 0.715 before collapsing. In this figure, the upstream- and downstream-propagating GJW look
very similar. They resemble those emerging in figure [6lj) for M = 0.95 at Stp = 0.97.
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B. Acoustic levels on the lines » = 0 and r = 2r( in the wavenumber-frequency space

To explain the properties of the GJIW in the pressure fields, the pressure fluctuations recorded between z = +30r
on the lines » = 0 and r = 2r( are analyzed in the k, — Stp space. In practice, for each simulation performed at a source
Strouhal number Stp; (i € [1, nsource]), @ Wwavenumber-frequency transform is applied to the signals, providing spectra
from which the sound pressure levels SPL;(k;) at Stp; are extracted. For a given Mach number and a given radial
position, the levels SPL; (k) obtained from all simulations are then gathered in a matrix [SPL; SPL;;...; SPL
yielding a spectrum that is represented a function of k; and Stp = [Stp;=1 n,,, .-

The spectra thus determined from the pressure fluctuations at » = 0 and r = 2r¢ are provided in figures [§(a,b) for
M = 0.75, figures Bla,b) for M = 0.95 and figures [IQ(a,b) for M = 1.10. For the three Mach numbers, high levels
emerge in the spectra obtained at r = 2rg for positive wavenumbers in a spot elongated along the convection line
k; = w/(0.7uj). They are restricted to the Strouhal number ranges where KH instability waves develop according
to the amplification rates in figure 3(b), whose upper bounds are shown. They are also strongest near the Strouhal
numbers of maximum amplification rate, namely Stp = 0.26 for M = 0.75, Stp = 0.23 for M = 0.95 and Szp = 0.205
for M = 1.10. Therefore, they are due to the instability waves growing in the jet downstream of the source.

High levels are also found in the spectra for negative wavenumbers at M = 0.75 and 0.95, and for both negative and
positive wavenumbers at M = 1.10, organized along a few distinct curves. These curves resemble the dispersion curves
of the GJW obtained for mode ny = 0 using a vortex-sheet model, also displayed. This strongly suggests that they
result from the GJW that may form upstream and downstream of the source. The agreement between the numerical and
theoretical curves is fair for the first radial mode n,, = 1 but quite poor for the modes n,. > 1, which can be attributed
to the fact that the jet shear layer is very thick in the simulations but is infinitely thin in the model [3, 6, 27, 28].

Along the curves, the levels vary appreciably, depending on the radial position. At r = 2ry, in figures Blb), Q(b)
and [TO(b), they are significant only close to the sonic line k; = —w/cq. This is consistent with the fact that the GTW
pressure eigenfunctions, predicted for example using a vortex-sheet model [, 9, 23], have non-negligible amplitudes
outside the jet flow only near that line. The levels are, however, not maximum on the line, despite that the normalized
magnitude of the pressure eigenfunctions outside the jet tends to one when approaching the limit points of the GJW
dispersion curves on the line. Therefore, the amplitudes of the GIW become lower as the GJW are more and more
similar to sound waves travelling at the speed of sound.

On the jet axis, in figures[8(a), [O(a) and [I0(a), contrary to what is observed at r = 2rg, the levels on the curves are
strong everywhere except near the sonic line. This indicates that the amplitude of the GIW inside the jet decreases, as
the waves switch from duct-like to free-stream GJW and are less and less confined to the jet flow. This behaviour is in
line with the finding of Nogueira et al. [31/] that the transmission coefficient of acoustic waves generated in a jet flow
to the outside is maximum near the sonic line.

The trends reported above are particularly clear for M = 0.75 in figure[8l where the GIW all have a negative group
velocity and propagate in the upstream direction. In that case, GJW of modes n, = 1, 2 and 3 appear and can coexist.
For M = 0.95 and 1.10, in figures Pland [IQ} the picture is more complex since the GIW can have negative or positive
group velocities and propagate in the upstream or downstream directions. Stationary points, referred to as S,,;, and
Smax points when they are associated with a local minimum or maximum as illustrated previously in figures 2Ib.c),
are also found in the dispersion curves. They are at Strouhal numbers Stf)"”"’"’:] = 0.3495, Stls)m‘”""’:1 = 0.404,
Se3mrr=l = 0.9035 and 73" = = 0.9715 for M = 0.95, and Sr3"*"=" = 0.305 and Sr3,"“*"=* = 0.715 for
M = 1.10 These points define specific frequency ranges for the GJIW of different kinds, delimited by cut-off and/or
cut-on frequencies [2,23]. More surprisingly, the levels around the stationary points seem particularly strong, see for
instance in figure [T0(b) for the second radial mode.

Rsource ] ’

C. Acoustic levels at r = 0 and r = 2r( upstream and downstream of the source

To quantify the intensities of the GJW, the sound pressure levels (SPL) calculated at » = 0 and r = 2rg at z = £10rg
are plotted as a function of the source Strouhal number in figures [[1l(a,b) for M = 0.75, figures[12(a,b) for M = 0.95
and figures[I3(a,b) for M = 1.10. The SPL at z = —10rg and z = 10r( are given in the left and right figures, respectively.
They are compared with the SPL obtained without flow at 10r( from the source, SP Ly, fiow, approximately equal to
39 dB. Except in the downstream spectra at low Strouhal numbers where a bump can be attributed to KH instability
waves, levels higher than SPL,,, 10w in the simulations reveal the presence of GJW. In contrast, lower levels suggest
that the acoustic waves radiated by the source do not generate GJIW, but are diverted away from the jet axis by refraction
effects. This is notably the case in the upstream spectra at very low Strouhal numbers. Finally, it can be noted that the
Strouhal numbers of the points S,,;,, and S,,4x specified above are indicated in the figures, when appropriate.
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For M = 0.75, at z = 10r in figure [[1(b), the levels obtained at r = 0 and r = 2r( outside the bump associated
with KH instability waves are lower than SPL,, riow, as expected given the absence of downstream-propagating GJW.
At z = —10r in figure [[1(a), the levels at » = 0 are stronger than SPL,,, flow for Stp > 0.32, with a gain greater than
30 dB for Stp > 0.55, due to the presence of upstream-propagating GJW. The levels at r = 2r( outside the jet are
weaker and, interestingly, oscillate around SPLp, f10w, showing two humps peaking 12 and 6 dB above SPL,, fiow
at Stp = 0.57 and 1.25. These humps result from free-stream GJW belonging to the radial modes n,, = 1 and 2.
Conversely, when SPL < SPLy f10w, the GIW are all confined to the flow.

Smin,n,=1

For M = 0.95, the levels at r = 0 are between 40 and 90 dB stronger than SPLy,fi0w above St)) at
z = —10r in figure[I2(a) and over Sz‘zmm’"’=1 < Stp < Sz‘gm‘”""’:1 and Stgmm’"":2 < Stp < Stf)m“x’"":2 atz = 10r
Smin,n,=1

in figure[I2(b). In the first case, the levels vary in a reverse sawtooth manner with sharp rises of 40-50 dB at St

and Stls)m’."’”":2 followed by gradual decreases. They can be attributed to upstream-propagating duct-like GIW, which
are only allowed above the frequencies of the points S,,;, in the GIW dispersion curves. In the second case, the levels in
the narrow Strouhal number ranges can be related to downstream-propagating GJW, which can only exist between the
frequencies of the stationary points S,,;, and S,,,.. The peak values emerge, nearly as tones, at the Strouhal numbers
of these points, suggesting that the GJW with a group velocity close to zero are especially intense.

At r = 2rg, outside the jet, the levels at z = 10r¢ are weaker than SPL,,fiow except in the bump of the KH

instability waves, and at Sz‘zmax’"’:l and Stgmax’"’:z. At z = —10r¢, they fluctuate in a sawtooth manner with

progressive increases followed by sharp falls of 53 dB at Stl,s)"“”’"':l and 32 dB at Stls)m“x’"’zz, after which the levels
are 15-20 dB lower than SPLy, f10w. In that case, the levels greater than SPLy, 10w are due to upstream-propagating
free-stream GJW, which are cut-off at the frequencies of the points S,,,x in the GIW dispersion curves. Again, tonal
peaks are observed at the Strouhal numbers of these points, 34 and 18 dB above SPL,,; f1ow-

Finally, for M = 1.10, in figure [[3(b), the levels at z = 10rg are all stronger than SPL,, flow atr = 0, and weaker

than SPLy, 10w at r = 2rg except in the bump of the KH instability waves and at S tf)max’"’zl and S t‘;max’"’ =2 This is
because duct-like GJW travel in the downstream direction for all frequencies. At z = —10ry, in figure [[3(a), the levels
atr = 0 and r = 2rg both vary in a sawtooth manner, similarly to the levels at r = 2rg in figure [[2[a), with tonal peaks
at Stl%mc”c’"r:l and Stzm”x’”rzz, 33 and 29 dB above SPL,, fiow for r = 2rg. The levels greater than SPL,, fiow arise
from the presence of upstream-propagating GJW, which all have a free-stream nature and are cut-off at the frequencies
of the points S5 at M = 1.10.

In summary, the amplitudes of the GJW inside and outside the jet vary smoothly with the frequency for M = 0.75,
but in a sharp manner for M = 0.95 and 1.10 with tonal-like peaks at the frequencies of the stationary points in the GIW
dispersion curves. These trends are consistent with those observed in the near-nozzle spectra of jets at comparable
Mach numbers, illustrated in figures[I(a-c) for M = 0.60, 0.90 and 1.10 for instance.

IV. Conclusion

In this paper, the GJW that may exist in jet flow are investigated by solving a problem of acoustic propagation,
consisting of a source on the axis of a cylindrical shear layer radiating waves of low amplitude. Three Mach numbers
M = 0.75, 0.95 and 1.10, a shear-layer thickness sufficiently large to avoid the development of strong KH instability
waves and a wide range of source Strouhal numbers are considered.

In some cases, GJW appear in the jet flow, while in other cases they do not. When they appear, their radial
supports and their directions of propagation vary according to the jet Mach number and the source Strouhal number.
The variations are explained by representing the levels of the pressure fluctuations inside and outside the jet in the
wavenumber-frequency space, thus revealing the dispersion curves of the GJW. The amplitudes of the GJW are then
quantified upstream and downstream of the source. As the frequency increases, they fluctuate in a continuous manner
for M = 0.75 but in a sharp manner with discontinuities and the emergence of tonal-like peaks at the frequencies of
the stationary points in the GJW dispersion curves for M = 0.95 and 1.10. Outside the jet, in particular, compared
with the levels obtained for sound waves propagating in a medium at rest, the peak levels at only 10 jet radii from the
source are typically 10 dB higher in the first case but up to 30 dB higher in the second.

The present results provide additional evidence that GJW simply result from the reflection and transmission of
acoustic waves generated in a jet [31]. Their very high amplitudes at specific frequencies also further explain why the
feedback loops in resonant jets are most often closed by GJIW and not by sound waves propagating out of the flow.
Finally, the tonal peaks at the frequencies of the stationary points in the GJW dispersion curves for M = 0.95 and 1.10
suggest that such peaks can be obtained without the establishment of a resonance phenomenon.
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