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a b s t r a c t

The present experimental study focuses on some properties of the turbulence and the shock-cell struc-
ture in underexpanded supersonic jets, which are of practical relevance in air transport. Choked jets at
fully expanded Mach numbers Mj = 1.10, 1.15, 1.35 and 1.50 are investigated using particle image veloc-
imetry. The strength of the shock-cell structure is studied from mean velocity profiles, both in the jet core
and in the mixing layer. The general geometry of the latter and its location relatively to the mean shock-
cell structure are established. Furthermore, detailed accounts of mixing layer thickness, turbulence levels,
spatial correlations and intrinsic turbulence length scales are given. While the mean velocity variations
related to the shock-cell structure extend up to the subsonic part of the studied jets, their mixing layer
is found to be mostly located in the subsonic region. Some of the observed turbulence properties, like the
mixing layer thickness and turbulence levels, are close to what is found for subsonic jets. The effect of the
shock-cell structure on turbulence is however visible for Mj P 1:35. The spatial correlations of turbulence
are used to estimate intrinsic turbulence length scales and these are found to be of the order of the
shock-cell length. These data are used to make some comments upon the generation mechanism of
shock-associated noise, a noise component produced by imperfectly expanded supersonic jets.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

A large part of the current commercial aircraft is powered by a
high-bypass-ratio engine, in which a hot primary stream is embed-
ded in a cold secondary (fan) flow. At the typical subsonic cruise
conditions, the secondary jet becomes underexpanded, meaning
that the pressure in the nozzle exit plane is greater than the ambi-
ent pressure. This situation induces a shock-cell structure inside
the flow, which brings the jet pressure down to the ambient pres-
sure through a pattern of expansions and compressions. Another
particularity of such flows compared to subsonic jets is the emis-
sion of a specific noise component called the shock-associated
noise. This is made up of a tonal part, also known as screech, and
a broadband part.

The shock-cell structure of underexpanded jets was much stud-
ied experimentally, especially through extensive static pressure
measurements (Norum and Seiner, 1982; Norum and Shearin,
1988), and also by the authors of the present paper (André et al.,
2014). However, detailed accounts of the turbulence in such jets
are scarce. Seiner and Norum (1980) measured turbulence levels
and spectra using a hot film probe. Panda and Seasholtz (1999)
obtained the coherent part of the density fluctuations in choked jets
using the Rayleigh scattering technique and related this to the
screeching process. Several studies applied particle image veloci-
metry (PIV) to these flows. Jerónimo et al. (2002) investigated the
first shock cell of an overexpanded jet showing a Mach disc.
Alkislar et al. (2003) separated the random from the coherent turbu-
lent motion in the mixing layer of a screeching rectangular jet using
stereoscopic PIV, and pinpointed the relation between coherent vor-
tices and screech generation. Bridges and Wernet (2008) applied
high-speed PIV to screeching and non-screeching supersonic jets,
mainly focusing on turbulence spectra.

The objective of the present experimental study is to focus on
some properties of the turbulence and the shock-cell structure in
the mixing layer of underexpanded supersonic jets using particle
image velocimetry. To begin with, the strength of the shock-cell
structure in the mixing layer is estimated. Then, a study of the tur-
bulence of these jets is reported. It addresses the overall structure
of the mixing layer, its thickness, turbulence levels, spatial correla-
tions and turbulence length scales in the convected frame. In the
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concluding remarks, some comments upon the generation mecha-
nism of shock-associated noise are made in light of the obtained
data.
2. Experimental methods

The facility employed in the present work has already been
used to study single-stream supersonic jets (André et al., 2014)
as well as co-axial jets (André et al., 2011). The configuration con-
sidered here is the latter one, with the outer stream set at a Mach
number of 0.05 to seed the surroundings of the inner, supersonic
jet, during the PIV measurements.

The supersonic jet flow originates from a continuously operat-
ing compressor mounted upstream of an air drier. It exhausts
through a round, contoured and convergent nozzle of diameter
D = 38.7 mm. Since the underexpanded jets exiting typical turbo-
fan engines of civil aircraft do not seem to emit the tonal compo-
nent of shock-associated noise (screech noise), and considering
that this component has a strong impact on the jet dynamics
(André et al., 2012; André et al., 2013), it appears relevant to
eliminate it in the small-scale study. For that purpose, a screech-
suppressing nozzle is employed, showing shallow notches carved
into its lip. As indicated in André et al. (2013), this nozzle non-
intrusively suppresses screech. The reservoir temperature Tt is
measured upstream of the exit. Here, the jets are unheated and
Tt � 30 �C. The nozzle pressure ratio (NPR), defined as the ratio
between jet stagnation pressure and ambient pressure, is set by
measuring the wall static pressure fifteen nozzle diameters
upstream of the exit. In the following, results for jets of ideally
expanded Mach numbers Mj = 1.10, 1.15, 1.35 and 1.50 are pre-
sented, corresponding to NPR = 2.14, 2.27, 2.97 and 3.67, respec-
tively. The convective Mach numbers Mc of these jets are 0.49,
0.51, 0.59 and 0.63 for increasing Mj.

A conventional Z-type schlieren system is used to visualise the
flow. It consists of a light-emitting diode, two 203.2 mm-diameter
f/8 parabolic mirrors, a straight knife-edge set perpendicular to the
flow direction and a high-speed Phantom V12 CMOS camera.

Particle image velocimetry has also been applied to measure
velocity in a plane containing the jet axis and a notch. Illumination
is provided by a pulsed double-cavity Nd:YLF Quantronix Darwin
Duo laser and the sheet thickness is 1.7 mm (±0.3 mm). The super-
sonic jet is seeded with olive oil by means of custom-designed
Laskin nozzle generators. The mean particle size is known to be
around 1 lm. The secondary flow is seeded by smoke. Both seeding
devices are mounted far enough upstream of the exit so that the par-
ticle concentration in each flow is approximately uniform. Two
CMOS cameras of sensor size 1280 � 800 pixels2 are set side by side
to double axially the field of view available, which covers a length of
about two jet diameters. In the radial direction, only one half of the
jet is visualised, since the other part can be deduced by axisymme-
try. The PIV set-up is mounted on a frame which can be translated in
the jet direction; an axial extent of 12D is studied here, meaning
that the entire field has been acquired in six parts. For each new
location of the frame, a calibration of the camera images is per-
formed using a three-dimensional LaVision plate, the jet operating
conditions are reset and 2000 image pairs are recorded. The acqui-
sition frequency of the image pairs is 500 Hz and the magnifying
factor for each camera is about 0.05 mm.pixel�1. The delay between
the images of each pair is set to 3 ls for all jet conditions. Vector
field calculation is performed by a multigrid FFT-based technique
using the LaVison DaVis 7.2 software. In all but the last iteration
of the velocity computation procedure, the calculation is a two-step
process; a 25%-overlap of the interrogation windows is set and no
window ponderation is used. For the last iteration, three computa-
tional steps are set, as well as a 50%-overlap and an isotropic
Gaussian window ponderation. The final correlation windows are
of size 8 � 8 pixels2, leading to a vector density of one every
0.2 mm, or approximately 190 vectors across the supersonic jet
diameter.

The behaviour of the seeding particles in imperfectly expanded
jets was studied by André et al. (2014) from laser Doppler veloci-
metry (LDV) data. It was concluded that the particles followed
accurately the flow in slightly underexpanded jets and even in
the presence of a Mach disc. The mean velocity results obtained
by PIV were compared to LDV profiles and a good agreement was
found; the latter technique was validated in André et al. (2014).
Our results were also found to be in good agreement with RANS
simulations performed during a companion study (Henry et al.,
2012).

In the following, the origin of the coordinates is taken on the jet
axis, in the nozzle exit plane. The variable x will denote the axial
direction and y the transverse direction.
3. Results

In order to introduce the shock-cell structure typical of under-
expanded supersonic jets, spark schlieren images of two jets at
Mj = 1.10 and 1.50 are presented in Fig. 1. Owing to the orientation
of the knife-edge in the schlieren set-up, axial gradients of density
are visualised here. The well-known quasi-periodic shock-cell
pattern is visible. The light (dark) regions correspond to expansion
(compression) regions, see Panda and Seasholtz (1999) and André
et al. (2014) for more details about the mean shock-cell pattern. At
Mj = 1.50, a small normal shock, called Mach disc, forms in the first
shock cell. Turbulent fluctuations are also visible in these pictures.
The fact that they even appear in the jet core region is a result of
the integration of the density gradients across the entire jet. Other
schlieren images of such jets, also with different knife-edge
orientations, can be found in Powell (1953), Seiner and Norum
(1979) or Panda (1999), among others.
3.1. Shock-cell structure in the mixing layer

Usually, pressure measurements are used for quantifying the
strength of the mean flow gradients (Norum and Seiner, 1982;
Norum and Shearin, 1988) but they are generally confined to the
jet core. We focus here on the mean flow gradients near the mixing
layer. To that end, the velocity gradients in the mixing layer are
deduced from the mean velocity maps obtained by PIV, and com-
pared to those existing in the jet core. The extreme values of Mj,
namely 1.10 and 1.50, are considered.

A map of mean velocity for Mj = 1.10 is presented in Fig. 2, along
with calculated mean flow streamlines. The mean velocity on these
streamlines, which are almost straight at this low underexpansion,
is shown in Fig. 3(a), while the computed gradients of the mean
velocity along the streamlines are displayed in (b). It is visible that
the gradients wear off when moving downstream or toward the
mixing layer and that they remain small in the entire flow. It is also
worth noting that the gradients are still present in the subsonic
region of the jet.

The flow with Mj = 1.50 is now studied. The cartography of the
mean velocity is displayed in Fig. 4. The streamlines present a cur-
vature, which comes from the lateral expansions and constrictions
of the jet plume, induced by the stronger underexpansion. Because
of strong gradients both in the axial and radial directions in the
Mach disc region, the velocity estimates from the particle image
analysis are there only approximate. The velocity on the jet centr-
eline is nonetheless shown in order to compare the estimated
strong gradients associated with the Mach disc with those
observed elsewhere in the jet. A signature of the Mach disc is the



Fig. 1. Schlieren images of two jets at Mj = 1.10 (top) and 1.50 (bottom). Each picture is made up of several uncorrelated spark images (exposure time of 4 ls) recorded at
different axial locations. The notches cut into the nozzle lip explain the ejections visible at the exit, especially for Mj = 1.50.

Fig. 2. Cartography of the mean velocity u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u1

2 þ u2
2

p
(m s�1) for Mj = 1.10 (u1 and u2 are the longitudinal and transverse velocity components, respectively, and the

overbar denotes the ensemble averaged value). The horizontal lines represent mean flow streamlines.

(a) (b)

Fig. 3. (a) Mean velocity profiles measured on the mean streamlines depicted in Fig. 2, (b) velocity gradients calculated along the same streamlines; Mj = 1.10. The radial
stations of the streamlines at their upstream location are y=D = 0 ( ), 0.2 ( ), 0.35 ( ), and 0.43 ( ).

Fig. 4. Cartography of u (m s�1) for Mj = 1.50. The horizontal lines represent mean streamlines.
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strong negative peaks on the black curve in Fig. 5(b). For the other
streamlines, the gradients are also sharp in the first shock cell due
to the oblique shock attached to the Mach disc. However, they
quickly become weaker downstream. In the second shock cell
already, they are larger than, but have the same order of magnitude
as, in the case Mj = 1.10.
3.2. Turbulence in the mixing layer

The remainder of the paper focuses on the properties of
turbulence in the investigated jets. It has to be noted that such
small-scale jets naturally sustain a large-scale oscillation due to
the screech noise (André et al., 2011) so that it is usually relevant
to separate the random fluctuations from the organised, highly
energetic, ones (Alkislar et al., 2003). Here, this analysis is not
needed since the screech tones, and so the associated oscillations,
are suppressed, as was mentioned in Section 2.
3.2.1. General structure of the mixing layer
To begin with, an overview of the structure of the mixing layer

is proposed. The mixing layer centre and boundaries are deter-
mined and compared to the mean flow pattern.



(a) (b)

Fig. 5. (a) Mean velocity profiles measured on the mean streamlines depicted in Fig. 4, (b) velocity gradients calculated along the same streamlines; Mj = 1.50. The radial
stations of the streamlines at their upstream location are y=D = 0 ( ), 0.25 ( ), 0.4 ( ), 0.5 ( ).
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The mixing layer centre is simply determined as the location
where the axial velocity fluctuations are the strongest. So as to
properly define the mixing layer boundaries, the fluctuation data
obtained by the PIV are used. For each axial station, the radial loca-
tion of the maximum root-mean-square value of the axial velocity
fluctuations is determined. In the high- and low-velocity side of the
flow, the fluctuation minima are searched. For each side, the mix-
ing layer boundary is defined as the location where the root-mean-
square velocity has decreased to 0.1 times the difference between
the maximum and the minimum of the fluctuations.

In order to have an idea of the location of the mixing layer rel-
atively to the mean flow, it is of interest of knowing which portion
of the mixing layer is supersonic and which is subsonic. Local Mach
numbers can be inferred from the PIV data if it is assumed that the
total temperature is uniform in the jet and equal to the reservoir
temperature, by the formula

M ¼ u2

crTt � u2ðc� 1Þ=2

� �1=2

ð1Þ

where M is the local Mach number, u the mean velocity, Tt the res-
ervoir temperature, c = 1.4 and r = 287.06 J kg�1 K�1. The sonic line
(locus of the unit Mach numbers) is then easily deduced and can be
used to separate the supersonic part of the mixing layer from the
subsonic part. The total temperature uniformity can be assumed
because the jets are unheated, meaning that the total temperature
inside the supersonic jet is very close to that of the low-speed co-
flow. Furthermore, it was checked that a possible change in the total
temperature only had a limited effect on the results presented in
the following.

A map of the jet plume for the operating condition Mj = 1.10,
combining local Mach number and root-mean-square axial veloc-
ity fields, is presented in Fig. 6. Also included on both cartographies
are the locations of the mixing layer boundaries, of the mixing
Fig. 6. Combined maps of local Mach number M on the top half and root-mean-square a
both maps are: (white lines) mixing layer inner and outer boundaries, (black line) mixing
for the supersonic jet is 345 m s�1. (For interpretation of the references to colour in this
layer centre, and of the sonic line (all the lines are symmetric about
the jet axis, and the line of the mixing layer centre has been
smoothed for better readability). It can be said from this figure that
all lines are almost straight; hence, no influence of the shock-cell
structure is visible. Furthermore, the inner boundary of the mixing
layer reaches the jet axis around x=D = 9, which marks the end of
the potential core; downstream of this axial station, the mixing
layer has grown across the entire jet. The supersonic core, being
the region of supersonic flow, extends of course beyond the poten-
tial core, up to 10.5D. Note also that the outer boundary of the mix-
ing layer reaches the outermost measured location near x=D = 10,
meaning that past this point, the real outer boundary extends actu-
ally still further outward than it is shown here. More importantly,
it is obvious from Fig. 6 that most of the mixing layer is at subsonic
conditions, and that the supersonic part is very thin. In particular,
the mixing layer centre lies well inside the subsonic region of the
jet. These observations remain true if the transverse velocity fluc-
tuations are considered instead of the axial ones.

Similar results for Mj = 1.50 are proposed in Fig. 7. The lines are
only drawn on the relevant half for easier reading. Compared to
Mj = 1.10, the mixing layer centre and the sonic line are clearly
undulating periodically, which is related to the succession of lat-
eral expansions and constrictions induced by the stronger under-
expansion at this operating condition. Note also the secondary
ejection through a notch, visible near the nozzle exit.

A direct comparison between the two jets is proposed in Fig. 8,
where the locations of mixing layer centre and boundaries rela-
tively to the sonic line are shown. The locations of the sonic line
and of the centre, inner boundary and outer boundary of the mix-
ing layer are denoted by ys; yc; yi and yo, respectively. The curves
are truncated at x=D = 8 for Mj = 1.10 since the shock-cell structure
ends approximately there. It is clearly illustrated by these plots
that the mixing layer centre lies in the subsonic part for both jets
and that the mixing layer is mostly subsonic. It seems however
xial velocity fluctuations on the bottom half (in m s�1), Mj = 1.10. Superimposed on
layer center, (blue line) sonic line. For reference, the spatial mean centreline velocity
figure legend, the reader is referred to the web version of this article.)



Fig. 7. Same legend as in Fig. 6, but for Mj = 1.50. The arrow on the bottom map pinpoints the ejection through the notch contained within the measurement plane. For
reference, the spatial mean centreline velocity for the supersonic jet is 423 m s�1.

(a) (b)

Fig. 8. Location of the mixing layer boundaries and mixing layer centre relatively to the sonic line. (a) Mj = 1.10, (b) Mj = 1.50. ðyc � ysÞ=D, ðyi � ysÞ=D, ðyo � ysÞ=D. The
dashed horizontal line marks the sonic line location (y = ys).
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that the three curves tend to move down when Mj is increased,
which is confirmed by the results at the intermediate values of
Mj (not shown here). This means in particular that the mixing layer
centre moves closer to the sonic line for increasing Mj, while the
supersonic part of the mixing layer thickens.

An interesting feature of the jet at Mj = 1.50 can also be seen in
Fig. 7. The axial stations of the turbulence maxima are not perfectly
aligned with the end of the mean shock cells. The shift between the
upper and lower map of the figure is made clear by the drawing of
the sonic line on the lower map: the turbulence maxima are
slightly ahead of the mean velocity minima, and even more so
when moving downstream. This situation entails deep incursions
of pockets of high turbulence intensity inside the supersonic region
of the jet. This adds up to the relative closeness of the mixing layer
centre to the supersonic region of the jet, as compared to the jet at
Mj = 1.10, and constitutes a noticeable difference between the jets
at Mj = 1.10 and Mj = 1.50.

3.2.2. Mixing layer thickness
The mixing layer momentum thickness is now assessed, as it is

the relevant parameter for studying the stability of shear layers
(Michalke, 1965). It will also provide a useful length scale for the
following analysis.

Usually, the momentum thickness dh is defined as

dh ¼
Z 1

y0

qu1

ðqu1Þ0
1� u1

ðu1Þ0

� �
dy ð2Þ

for compressible flows (White, 1974). In Eq. (2), q and u1 are the
density and the axial component of velocity, y is the radial coordi-
nate and y0 a reference location. The subscript 0 means that the
variables are taken at y = y0 and the overbar denotes the mean
value. This definition is used for instance by Ponton and Seiner
(1992) and Cheng and Lee (2005) in the case of imperfectly
expanded supersonic jets. They define different reference positions
y0 though. Cheng and Lee (2005) perform the integral (2) from the
jet axis (y0 = 0). Since the velocity on the axis is not always the max-
imum velocity of a radial profile owing to the shock-cell structure
(typically, near the end of the compression regions), negative con-
tributions will occur in the integral. Therefore, the computed
momentum thickness oscillates across the shock cells, and can even
take on negative values. In order to avoid this problem, Ponton and
Seiner (1992) perform the integration from the radial location of the
maximum velocity. However, it happens that the maximum veloc-
ity be located well inside the jet, again due to the shock-cell struc-
ture (typically, near the end of the expansion regions). In such an
event, some integrated components do not belong to the mixing
layer and its thickness is overestimated.

The incompressible version of Eq. (2) is employed here, since
only the velocity is measured. It reads

dh ¼
1

u1ðyiÞ � u1ðyoÞ½ �2
Z yo

yi

u1ðyÞ � u1ðyoÞ½ � u1ðyiÞ � u1ðyÞ½ �dy ð3Þ

In order to avoid the above-mentioned issues concerning the
selected integration limits, they are chosen here as yi and yo, the
inner and outer mixing layer boundaries defined in Section 3.2.1.
In the event that negative contributions to dh would be integrated,
which happens when the inner boundary is closer to the jet axis
than the velocity maximum in the radial direction, dh is not com-
puted. This explains some blanks in the curves displayed hereafter.
In Fig. 9 is shown a comparison between the estimations of dh

obtained by the different definitions of the integration limits
introduced above. It is clear that integrating over the present
boundaries induces a disappearance of the trace of the shock-cell
structure altogether and that the evolution of dh becomes linear,
for this operating condition.

Another mixing layer thickness can simply be defined as

d ¼ yo � yi

It has been found that it closely corresponds to 7.5 times dh for
all values of Mj investigated. This relation is exemplified in the case
Mj = 1.10 in Fig. 10.

The evolution of dh until the end of the potential core of each jet
is shown in Fig. 11 for all values of Mj. The extent of the potential
core is determined from the centreline mean velocity profiles. Only



Fig. 9. Comparison of different calculation techniques for dh (Mj = 1.10). For each
curve, Eq. (3) is used, with yi = 0 and yo the furthest location acquired, yi the
location of maximum velocity and yo the furthest location acquired, yi and yo

defined by the method proposed here. The dashed lines mark the end of the shock
cells (end of the compression regions).

Fig. 11. Evolution of dh with axial distance. Mj = 1.10, Mj = 1.15, Mj = 1.35,
Mj = 1.50.
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in the case of Mj = 1.50 does it extend beyond the measured field of
view.

Firstly, it has to be noted that in the case of Mj = 1.35 and 1.50, the
computation of the outer mixing layer boundary suffers from the
limited radial extent of the field of view, as can be seen in Fig. 7: suf-
ficiently far downstream, it is constrained to remain in the mea-
sured domain, while it should exit it. This situation should have a
limited effect on dh though, for the integrand in Eq. (3) is small near
the mixing layer boundaries. The deviation from linearity observed
on dh for Mj = 1.35 and 1.50 far enough downstream can probably be
explained by this effect. Secondly, it is visible that the very begin-
ning of the mixing layer is thickening at a faster rate than further
downstream, and even more so when Mj increases. This is due to
the presence of a notch in the measurement plane, which entails a
secondary ejection through it and thus a thicker mixing layer
(indeed, measurements with a plain nozzle do not show this fea-
ture). When Mj is increased, the NPR also becomes larger and the
secondary ejection is more pronounced, which explains the larger
effect observed at high Mj. Thirdly, the mixing layer growth is linear
beyond the first diameter for all conditions, which is characteristic
of fully turbulent mixing layers (Troutt and McLaughlin, 1982).
The slope of this linear growth decreases when Mj increases. This
can be mostly explained by the reduced mixing efficiency induced
by increased compressibility (Papamoschou and Roshko, 1988)
(compressibility effects are often parametrised by convective Mach
numbers, whose values have been indicated for the studied jets in
Section 2.). The decrease in mixing layer growth rate entails the
well-known potential core lengthening when Mj increases (Lau,
Fig. 10. Relationship between dh and d;Mj = 1.10. dh , d=7:5.
1981). The numerical values of the slopes are gathered in Table 1.
As a comparison, the growth rates measured by Fleury et al.
(2008) in subsonic jets at Mach numbers of 0.6 and 0.9 are 0.0289
and 0.0265, respectively. The present results are thus consistent
with subsonic values. Finally, an effect of the shock-cell structure
on the mixing layer thickness can only be identified at the highest
underexpansions (Mj = 1.35 and 1.50) in the form of an increase of
d and dh at the end of the shock cells. This cannot be seen on
Fig. 11 due to the blanks explained earlier but it is readily visible
in Fig. 7.
3.2.3. Turbulence levels
The turbulence levels measured in the mixing layer of the four

jets studied are now analysed. Turbulence being mainly produced
by velocity gradients, the ratios of the root-mean-square velocity
fluctuations (written r1 and r2 for u1 and u2, the velocity compo-
nents in the longitudinal and transverse direction) over the veloc-
ity difference DU between the supersonic jet and the low-speed
co-flow are formed to provide indicators of turbulence levels. Since
underexpanded supersonic jets are not uniform, it is not obvious
which velocity is to be considered to compute DU. A spatial mean
velocity is chosen here, about which the axial velocity oscillates in
the shock-cell structure.

Turbulence levels are plotted in the following on the lines of
peak fluctuations for u1. The results for Mj = 1.10 and 1.15 are
shown in Fig. 12. The turbulence intensities are seen to be quite
flat; the higher values near the nozzle exit are an effect of the notch
located in the plane of visualization. They reach 16% for the longi-
tudinal velocity for both conditions, while the levels associated
with the transverse component are between 10% and 11%. These
values are in good agreement with what is observed in subsonic
jets. Davies et al. (1963) measured with a hot wire probe peak
turbulence levels of 16% in the mixing layer of round jets of Mach
numbers lower than 0.6. Fleury (2006) obtained longitudinal pro-
files of turbulence intensity which are also flat and show about
the same values as the present ones, for jet Mach numbers of 0.6
and 0.9. The results of Jordan et al. (2002) and Kerhervé et al.
(2004), obtained by laser Doppler velocimetry for a jet Mach
number of 0.9 and in a perfectly expanded jet at Mj = 1.2, respec-
tively, also suggest the same behaviour for the axial evolution of
the velocity fluctuations. It seems therefore that the shock-cell
Table 1
Growth rate of dh as a function of Mj .

Mj 1.10 1.15 1.35 1.50

ddh/dx 0.0199 0.0175 0.0158 0.0141



(a) (b)

Fig. 12. Longitudinal and transverse turbulence levels in the mixing layer. (a) Mj = 1.10, (b) Mj = 1.15. r1=DU, r2=DU.
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structure has little influence on the turbulence levels at these small
degrees of underexpansion. This conclusion has already been
reached by Seiner and Norum (1980) from the comparison of fluc-
tuation spectra between one underexpanded jet and a fully
expanded jet of same Mj.

At Mj = 1.35, and even more at Mj = 1.50, the line of the maxima
of fluctuation in the mixing layer undulates slightly, as it is visible
in Fig. 7. The turbulence intensities on the lines of peak values for
r1 are shown in Fig. 13. In the first shock cell, the fluctuation levels
remain approximately constant, before dropping sharply at the
beginning of the second shock cell. Still further, the transverse tur-
bulence intensities lie close to 10%, as for the slightly underex-
panded jets, but start from a slightly lower value and tend to
increase in the downstream direction. As for r1, an obvious oscilla-
tion of the levels can be observed, where the maxima are reached
near the end of the compression regions (but slightly upstream of
the shock-cell ends, as pinpointed in the comments of Fig. 7) and
the minima occur near the end of the expansion regions (middle
of the shock cells). This undulating behaviour is in agreement with
the hot film measurements performed by Seiner and Norum
(1980), Seiner and Yu (1984) and Seiner et al. (1985) in underex-
panded jets, as well as with the numerical simulations included
in this latter reference. Bridges and Wernet (2008) found the same
evolutions by PIV for the fluctuations of the axial component of
velocity. Interestingly, the maxima of the axial velocity fluctuations
are near 16% for both jets, as is emphasized in Fig. 13 by the hori-
zontal dashed lines. Recalling that it was the levels measured for
Mj = 1.10 and 1.15, it seems that the shock-cell structure has a role
of suppressor of turbulent fluctuations at higher underexpansion.
When this structure weakens downstream, the minima of fluctua-
tions accordingly rise while the maxima remain around 16%.
(a)

Fig. 13. Longitudinal and transverse turbulence levels in the mixing layer. (a) Mj = 1.35,
the horizontal lines denote 16%, which is the approximate value of r1=DU at Mj = 1.10 a
It is interesting to note that Panda and Seasholtz (1999) mea-
sure oscillations in the fluctuations of density showing minima
near the end of the shock cells. Upon examining the profiles of
r2, a very slight oscillation of these fluctuations appears, but it is
opposite to those of r1. They would therefore match the modula-
tions of the density fluctuations.

If the oscillation of the turbulence levels related to the shock-
cell structure is omitted, their general evolution is quite flat for
all values of Mj considered here. Some of the studies quoted earlier
confirm this property, but others show a large increase of the fluc-
tuations with downstream distance (Seiner and Norum, 1980;
Panda and Seasholtz, 1999; Bridges and Wernet, 2008). This ten-
dency comes from vanishing fluctuation levels near the nozzle exit,
which can probably be explained by considering that the turbu-
lence levels are measured on a straight line in these references.
For example, the lipline (y=D = 0.5), chosen by Seiner and Norum
(1980) and, with some modification, by Bridges and Wernet
(2008), quickly moves out of the mixing layer for highly underex-
panded jets because of the initial lateral expansion of the flow,
while it is reached again by the mixing layer further downstream.
The same remark holds for the measurements by Panda and
Seasholtz (1999), performed on the line y=D = 0.63. Furthermore,
it is possible that the presence of screech tones in some of these
works induces an increase of the fluctuations in the downstream
direction.

3.2.4. Spatial correlations
Spatial correlations are computed from the instantaneous

velocity fields in order to obtain information on the size, shape
and orientation of the turbulent structures in the mixing layer.
The coefficient of space–time correlation is written
(b)

(b) Mj = 1.50. r1=DU, r2=DU. The vertical lines mark the end of the shock cells;
nd 1.15.



Fig. 15. Transverse profile of the correlation coefficient R11 for the case presented in
Fig. 14 (a). The shaded area represents the region of integration for determining the
integral length scale of turbulence (Lð2Þ11 here).
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Rijðx; n; sÞ ¼
u0iðx; tÞu0jðxþ n; t þ sÞ

riðxÞrjðxþ nÞ ð4Þ

where the indexes i and j represent the velocity component, u0i
denotes the fluctuations of ui, x is the reference point, n is the sep-
aration vector and s is the time delay. Ensemble averages are calcu-
lated over the 2000 fields acquired. In the following, only spatial
correlations are calculated, so that s = 0.

Cross-correlations R11 and R22 have been estimated while mov-
ing the reference point on the horizontal line y=Dj = 0.5, with Dj the
fully expanded jet diameter, slightly larger than D. This is done to
account for the expansion of underexpanded jets. It has been
checked however that the precise location of the reference points
did not have a strong influence on the results. Examples of correla-
tion plots are shown in Fig. 14 for Mj = 1.15.

From Rii; i 2 ð1;2Þ, it is possible to calculate the integral length
scale of u0i in the direction k; k 2 ð1;2Þ, by

LðkÞii ðxÞ ¼
1
2

Z þ1

�1
Riiðx; nkÞdnk ð5Þ

where nk is the separation distance in the direction k. In practice,
the integration is performed over a finite interval. Here, it is done
down to the correlation contour of level 0.1 to avoid the low corre-
lation domain which can be noisy; in any case, the integration limit
has no large influence on the numerical values, and it has to be
noted that integral length scales are merely order-of-magnitude
estimates. The vertical cut (n1 = 0) of the correlation coefficient
R11 shown in Fig. 14(a), is represented in Fig. 15 and the integration
domain is emphasized on that curve. It has been checked that the
various integral length scales had converged when using 2000
velocity fields for the estimation.

The various length scales for all values of Mj are shown in Fig. 16.
They are seen to grow linearly with the downstream distance, as it is
the case for subsonic jets (Laurence, 1956; Davies et al., 1963; Fleury
et al., 2008). The estimates of Lð2Þ22 are noisier than the other ones and
seem to show two different slopes. Some data in the curve of Lð1Þ11 are
missing because no scale estimate is produced when the curve of
the coefficient of correlation, an example of which is shown in
Fig. 15, is truncated. This is the case near the edges of the fields of
view, and this effect becomes more pronounced as the structures
grow. Striking resemblances are visible between the different oper-
ating conditions. The agreement between the Lð1;2Þ11 curves is remark-
able, while the scales Lð1;2Þ22 grow more slowly when Mj is increased.
Furthermore, a small undulation of Lð2Þ11 and Lð1Þ22 is visible at Mj = 1.50.
These curves are reproduced in Fig. 17, along with the position of the
end of the shock cells. The oscillations seem thus to originate from
the stronger shock-cell pattern.
(a)

Fig. 14. Correlation contours for Mj = 1.15, y=Dj = 0.5 and x=D = 9. (a) R11 ; (b) R22. ni is the
0.1–0.9 in 0.1 step. The elliptical fits, in red, will be used below. (For interpretation of the
this article.)
Since the growth of the length scales and the mixing layer
thickness is linear, the ratio of the slopes of these quantities is
formed. The numerical values are gathered in Table 2 (the scale
Lð2Þ22 is left out because of the non-uniqueness of the slope). The
approximate ratios observed by Fleury et al. (2008) are also
recalled. Here as well, Lð1Þ11 =dh and Lð2Þ11 =dh are close to 2 and 1, respec-
tively. However, our ratio Lð1Þ22 =dh is significantly smaller than 1. Fur-
thermore, a noticeable growth of the ratios between Mj = 1.10 and
1.50 is identified. This means that the growth rate of the mixing
layer thickness decreases quicker with Mj than that of the integral
length scales, which is clear when comparing Table 1 and Fig. 16.

The shape of the correlation contours is now examined. The
contours shown in Fig. 14 suggest that the turbulent structures
have an elliptical shape, which has already been pinpointed by
Mahadevan and Loth (1994) or Fleury et al. (2008). In order to
quantitatively analyse the contours, ellipses have been fitted to
them. The result of this can be viewed in Fig. 14. In the following,
only contours of levels 0.3 to 0.8 are considered. Indeed, the con-
tours of lower correlation level are generally more irregular and
those of higher correlation are too small for a proper analysis.
For each fitted contour, the inclination, the axis sizes and the
excentricity of the ellipse have been obtained. The inclination is
defined as the angle between the jet axis and the ellipse major axis.
Noting a and b the length of the major and minor axes, the ellipse
excentricity is

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
a

e near one means that the ellipse is flat, while e = 0 for a circle.
(b)

separation distance in the direction i. The contours represent the correlation levels
references to colour in this figure legend, the reader is referred to the web version of



Fig. 16. Integral length scales for all values of Mj , non-dimensioned by the nozzle diameter. (a) Lð1Þ11 and Lð2Þ11 , (b) Lð1Þ22 and Lð2Þ22 . � Lð1Þ11 , M Lð2Þ11 , � Lð1Þ22 , O Lð2Þ22 . Black: Mj = 1.10, blue:
Mj = 1.15, red: Mj = 1.35, green: Mj = 1.50. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 17. M Lð2Þ11

.
D and � Lð1Þ22 =D� 0:05 for Mj = 1.50 (reproduced from Fig. 16). The

vertical lines mark the locations of the shock-cell ends.

Table 2
Ratios of the growth rates between the integral length scales and the mixing layer
thickness.

Lð1Þ11 =dh Lð2Þ11 =dh Lð1Þ22 =dh

Mj = 1.10 1.76 0.83 0.56
Mj = 1.15 1.95 0.89 0.66
Mj = 1.35 2.06 0.97 0.64
Mj = 1.50 2.15 1.03 0.67

Fleury et al. (2008) 2 1 1
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Firstly, the properties of the ellipses as a function of the correla-
tion level are mentioned for Mj = 1.10. The inclination and the minor
axis size are shown for R11 in Fig. 18. It can be seen that the inclina-
tion of the ellipses depends on the correlation level, and decreases
(in absolute terms) when the level increases. Mean inclinations span
between �15� and �6.5� for the levels 0.3 to 0.8, respectively. The
structures are bent toward the high-speed flow, as it has already
been noted (Mahadevan and Loth, 1994; Fleury et al., 2008). The
minor axis size obviously increases when the correlation level of
the contour decreases. When non-dimensioned by the mixing layer
momentum thickness, a constant value is found, which is in agree-
ment with the linear growth of the turbulent length scales obtained
above. The same features are also true for the major axis (not shown
here). The axis lengths deliver another estimation for the size of the
turbulent structures. For the contour of level 0.5, the ratios a=dh and
b=dh are found to be 3 and 1.4, respectively. Translating this into a
fraction of the mixing layer thickness d (d � 7.5dh) leads to ratios
of 0.4 and 0.19. Thus, the turbulent structures can be described as
large, in the acceptance of Papamoschou and Roshko (1988), since
their size is of the same order of magnitude as the mixing layer
thickness, but they do not extend over its entire width. The
excentricity, not shown here, decreases when the correlation level
increases, meaning that the contours of higher correlation level
are closer to a circle than those of lower level. The excentricity val-
ues span from 0.91 to 0.83 for contour levels 0.3 to 0.8.

The results for R22 are not shown here for brevity. As compared
to the case of R11, the excentricity is smaller and the inclination is
close to 90� (see Fig. 14 and Fleury et al., 2008). Also, the axes of the
ellipses are smaller, which is in agreement with the relation found
between the different integral length scales.

Secondly, the same analysis has been done for the different jets
investigated here and some results are compared in Fig. 19. The
contour of level 0.5 is chosen. No noticeable difference can be iden-
tified between these jets with respect to the excentricity (not
shown here) or the mean inclination of the ellipses, while a=dh

and b=dh tend to decrease when Mj is increased. Here again, the jets
of conditions Mj = 1.10 and 1.15 are very similar overall, and no
trace of the shock-cell structure can be found in either case. This
is not true for Mj = 1.35 and 1.50, where the curves oscillate
quasi-periodically. The modulation of the axis lengths reflects that
of the integral length scales mentioned above. To understand the
oscillation of the inclination, the curve for Mj = 1.50 is plotted in
Fig. 20 alongside the inclination of the local mean streamlines
going through each point of the y=Dj = 0.5 straight line. The loca-
tion of the shock-cell ends is also indicated. Both oscillations are
in phase with the shock-cell pattern, and we can verify that the
inclination of the streamlines goes through 0� at the end of each
cell. More importantly, the inclination of the correlation contours
relatively to the local streamlines is almost constant. This means
that the turbulent structures rotate while being advected by the
flow, when the shock-cell pattern is strong enough to induce a
notable lateral motion of the mean flow.
3.2.5. Turbulence scales in the convected frame
The intrinsic time scale of turbulence, or time scale in the con-

vected frame of reference, measures the time a structure remains
coherent in its motion. It is a very significant piece of information,
especially for the broadband component of shock-associated noise
(BBSAN). Harper-Bourne and Fisher (1973), who proposed the first
model of this noise component, made use of turbulence measure-
ments obtained with the crossed-beam schlieren technique to
determine the level of correlation of turbulence from one shock cell
to the subsequent ones. They found that the turbulence retained a
high level of correlation over several shock cells. They adapted the
phased array model developed by Powell (1953) for screech in tak-
ing into account this level of correlation between adjacent acoustic
sources, supposed to be located at the end of each shock cell. In the
end, the sources of BBSAN were thought to partially interfere,
which decided the far field directivity. A success of this modelling



(a) (b)

Fig. 18. Evolution of the properties of the ellipses fitted to the correlation contours R11 (Mj = 1.10). (a) Inclination, (b) minor axis over dh . Contour levels: 0.3, 0.4, 0.5,
0.6, 0.7, 0.8.
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Fig. 19. Properties of the ellipses fitted to the correlation contours R11 of level 0.5 for all Mj . (a) Inclination, (b) minor axis over dh . Mj = 1.10, Mj = 1.15, Mj = 1.35,
Mj = 1.50.
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Fig. 20. Evolution of the inclinations of the local mean streamline ( ) and of the
R11-contour of level 0.5 ( , reproduced from Fig. 19 (a)) along the line y=Dj = 0.5, at
Mj = 1.50. The vertical lines mark the end of the shock cells.
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is the explanation of the Doppler factor arising in the dependence
of the broadband hump peak frequency on the polar angle. Another
approach was later proposed by Tam and Tanna (1982) and Tam
(1987). It lay on the modelling of turbulence by instability waves,
which were supposed to be coherent over many jet diameters.
Hence, turbulence coherence over several shock cells is also an
important ingredient for this alternative model.

The intrinsic time scale of turbulence has rarely been measured
in shock-containing flows, so it is interesting to estimate them and
determine the corresponding axial extent of correlation. Such time
scales can be defined by
Tcii ¼
Z s0i

0
Riiðx; n ¼ Ucs; sÞds ð6Þ

where s0i is the limit of integration of the coefficient of correlation
Rii, Uc is the convection velocity vector, and i 2 ð1;2Þ. The acquisi-
tion frequency in the present experiment is of course much too
low to compute relevant space–time correlation coefficients, so an
empirical relation observed for grid turbulence, and checked also
by Fleury et al. (2008), has been used. They showed that

Tcii �
Lð1Þii

ri

for subsonic jets. Both quantities in the right-hand side have been
obtained, and owing to the similarities found between the underex-
panded jets and subsonic ones, it is believed that such a rule can
still be used to estimate the correlation times. The obtained intrin-
sic time scales Tc11 are shown in Fig. 21. Lau, 1980, Kerhervé et al.
(2004), Panda (2006) and Fleury et al. (2008) measured such a time
scale of turbulence in jets and their results are compared here with
ours. The values obtained for the supersonic jets are summarised in
Table 3. It has to be noted that these jets are perfectly expanded.
Firstly, the present estimate of Tc11 decreases with increasing Mj,
which is in agreement with the quoted studies. Secondly, our esti-
mates are in very good agreement with the measurements by Lau
(1980), but are smaller than those of Kerhervé et al. (2004) and
Panda (2006). Anyway, these comparisons prove that the present
estimations have the right order of magnitude.

The reader will have noticed that the time scales presented in
Fig. 21 and Table 3 are not non-dimensionalised. Such data are
sometimes made dimensionless with the nozzle diameter D as



Fig. 21. The time scale in the convected frame Tc11 against the distance to the
nozzle exit for Mj = 1.10, Mj = 1.15, Mj = 1.35 and Mj = 1.50.

Table 3
Values of time scale in the convected frame available in the literature for perfectly
expanded supersonic jets. The jets are isothermal for Lau (1980) and unheated for
Kerhervé et al. (2004) and Panda (2006). These estimates come from measurements of
velocity for Lau (1980) and Kerhervé et al. (2004) and density for Panda (2006).

Mj x (mm) Time scale (ls)

Lau (1980) 1.37 101.6 80
203.2 120

Kerhervé et al. (2004) 1.2 52 96
312 299

Panda (2006) 1.4 76.2 75

Fig. 22. Lc11=Lsc against axial location for Mj = 1.10, Mj = 1.15, Mj = 1.35 and
Mj = 1.50.
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reference length scale and the ratio D=Uc as reference time scale
(Lau, 1980), with Uc being an estimate of the convection velocity
of the turbulent structures. However, it is believed that D is not a
relevant scale for the early mixing layer. A better one could be
the value of dh near the nozzle exit plane, but this value cannot
be found in the quoted papers. For further reference, the values
of Uc and dh for the present jets are gathered in Table 4. Uc is esti-
mated as 0.7Uj (Harper-Bourne and Fisher, 1973; Tam and Tanna,
1982), Uj being the perfectly expanded flow velocity; dh is read
from Fig. 11 at the middle of the first shock cell, in order to avoid
the inaccurate near-nozzle region, which is here also disturbed by
the ejections through the notch.

From Tcii, a correlation length in the convected frame is esti-
mated by

Lcii ¼ UcTcii

where Uc is again taken as 0.7Uj. Lcii is then non-dimensioned by the
local shock-cell length Lsc, deduced from the PIV results. Local
values of Lsc are considered in order to take into account the cell
shortening with the axial distance; they are calculated as the mean
length of two adjacent cells.

Results for Lc11=Lsc as a function of the axial location are pre-
sented in Fig. 22 for the values of Mj investigated. The curves of
Lc22=Lsc (not presented here) are quite similar, since the ratio
Lc22=Lc11 tends to 1/2 a few diameters downstream of the nozzle
exit (see also Fleury et al., 2008). The linear increase of Lð1Þ11 with
Table 4
Estimates of Uc and measured values of dh around the middle of the first shock cell of
each jet, as reference for non-dimensionalising the values of time scale in the
convected frame.

Mj 1.10 1.15 1.35 1.50
Uc (m s�1) 242 251 284 306
dh (mm) 0.41 0.71 1.51 1.81
x makes Lc11 rise linearly for all conditions tested, at least initially.
For Mj = 1.10 and 1.15, the significant shortening of the shock-cell
structure near the end of the pattern is responsible for the steeper
rise further downstream. At the higher Mj, the axial extent of mea-
surement did not cover the entire shock-cell structure, which
explains the absence of noticeable increase in the slope of
Lc11=Lsc. The important point here is that the rapid increase of Lsc

with Mj entails a decrease of the ratio Lc11=Lsc. While it is appar-
ently possible to consider that the turbulent structures remain
coherent over several shock cells for low values of Mj, this does
not seem to be the case any more for higher Mach numbers, and
even less so for values of Mj greater than those investigated in
the present experiment. One may argue that the shortening of
the shock cells at the very end of the pattern could still allow the
turbulent structures to be correlated over several cells, but the
shock-cell strength is quite low there and the noise emission
should not be as effective. As a consequence, the present results
seem to support the suggestion uttered by Pao and Seiner (1983)
that the noise mechanism could be different between low and high
Mj.

However, since the present estimates merely provide wideband
orders of magnitude for the intrinsic time scales of turbulence, it
would be of interest to directly measure these time scales in an
imperfectly expanded jet in order to refine the results shown here,
and gain access to a frequency dependence. Indeed, it is clear from
Panda (2006) that in some frequency bands, the lifetime of turbu-
lence can be much larger than the wideband estimate suggests.
Therefore, the turbulence may still be coherent over several shock
cells at the higher Mach numbers, for a range of frequencies.
4. Concluding remarks

Particle image velocimetry has been applied to four choked jets
of fully expanded Mach numbers Mj = 1.10, 1.15, 1.35 and 1.50. The
strength of the shock-cell structure has been estimated on mean
flow streamlines. It has been found that the velocity gradients
inside the jet plume wear off toward the mixing layer and in the
downstream direction. In a jet containing a Mach disc, the gradi-
ents downstream of the first shock cell have been seen to be of
the same order of magnitude as those encountered in slightly
underexpanded jets. The velocity gradients have then been found
quite moderate everywhere in these flows, and in particular in
the region of production of broadband shock-associated noise,
which is believed to be approximately located between the third
and the eighth shock cell (Seiner and Yu, 1984). Furthermore,
velocity gradients typical of the shock-cell structure have still been
observed in the subsonic part of the mixing layer.
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The main part of this paper focused on the properties of turbu-
lence. Overall, it has been found that slightly underexpanded jets
(Mj = 1.10 and 1.15 here) behave very similarly to jets at high sub-
sonic Mach numbers, while the shock-cell structure more notice-
ably affects jets at higher values of Mj.

The location of the sonic line comparatively to the mixing
layer centre and boundaries shows that for all Mj investigated,
the layer centre is located in its subsonic part. At low Mj, only
a very small portion of the layer is at supersonic condition, while
this fraction rises when Mj is increased. Considering that BBSAN
comes from the interaction between turbulence and flow gradi-
ents, it seems that a non-negligible part of shock-associated noise
could be produced in the subsonic region of the mixing layer; for
the higher values of Mj, this situation is attenuated by incursions
of pockets of turbulence inside the supersonic region of the jet.
This belief contrasts with the modellings of the BBSAN mecha-
nism proposed by Harper-Bourne and Fisher (1973), Seiner and
Norum (1980) or Seiner and Yu (1984), who explained the
shock-associated noise emission by the interaction between
oblique shocks and the turbulence in the supersonic part of the
mixing layer. Obviously, the above argumentation on the source
location of BBSAN is very qualitative. In order to locate the
sources of BBSAN more precisely, a volumetric model of the
sound sources, like that of Morris and Miller (2010), could be
applied after estimation of some of the inputs not provided by
our PIV measurements. Other ways of tackling this issue could
be by means of acoustic array measurements or correlation
between the signal of a probe inside the flow and near field
acoustic measurements (Seiner and Yu, 1984).

A simple method, adapted to the particularities of imperfectly
expanded supersonic jets, has been presented to compute the
mixing layer momentum thickness dh. Its evolution is fairly linear
with the downstream distance, like for subsonic jets, and its
growth rate decreases with increasing Mj. At the higher values
of Mj, the mixing layer has been seen to thicken near the end of
each shock cell.

The turbulence levels of slightly underexpanded jets have been
found to be approximately constant with downstream distance
and very similar to those observed in subsonic jets. For higher Mj

values, the first shock cell seems to behave differently, showing
higher fluctuation levels. Further downstream, a modulation of
the turbulence levels by the shock-cell pattern has been identified,
with maxima reached near the cell ends. Comparing these jets to
the lower values of Mj, it has been concluded that the cell system
acts as a turbulence suppressor.

Spatial correlations of the velocity fluctuations have been com-
puted. A linear growth of the integral length scales has been
found. The ratios of the growth rates of these scales to dh take
on similar values to those typical of subsonic jets. At high Mj,
an undulation of the scales, which is in accordance with the
shock-cell structure, has been found. The correlation contours
have also been analysed as ellipses. The size of the structures thus
defined is of the same order of magnitude as the local mixing
layer thickness. At high Mj, a rotation of the turbulent structures
in their advection has been observed, which is induced by the
shock-cell pattern.

Finally, time scales of turbulence in the convected frame, crucial
in connection with the BBSAN generation process, have been indi-
rectly estimated. The corresponding correlation length of the tur-
bulent structures has been found to become increasingly small
relatively to the shock-cell length when Mj increases. However, it
would be of interest to directly measure these time scales to refine
the present conclusion. Especially, a frequency-dependent esti-
mate of the intrinsic length scales of turbulence would be needed
to determine if the dependence of Lc=Lsc on Mj found from the
wideband estimates still holds.
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