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A laboratory experiment was conducted to study the propagation of short duration (25 ls) and high

amplitude (1000 Pa) acoustic N-waves in turbulent flow. Turbulent flows with a root-mean-square

value of the fluctuating velocity up to 4 m/s were generated using a bidimensional nozzle

(140� 1600 mm2). Energy spectra of velocity fluctuations were measured and found in good agree-

ment with the modified von Kármán spectrum for fully developed turbulence. Spherical N-waves

were generated by an electric spark source. Distorted waves were measured by four 3 mm diameter

microphones placed beyond the turbulent jet. The presence of turbulence resulted in random focus-

ing of the pulse; more than a threefold increase of peak pressures was occasionally observed. Statis-

tics of the acoustic field parameters were evaluated as functions of the propagation distance and the

level of turbulence fluctuations. It is shown that random inhomogeneities decrease the mean peak

positive pressure up to 30% at 2 m from the source, double the mean rise time, and cause the arrival

time about 0.3% earlier than that for corresponding conditions in still air. Probability distributions

of the pressure amplitude possess autosimilarity properties with respect to the level of turbulence

fluctuations. VC 2011 Acoustical Society of America. [DOI: 10.1121/1.3652869]

PACS number(s): 43.28.Gq, 43.25.Jh, 43.28.Mw [VEO] Pages: 3595–3607

I. INTRODUCTION

Propagation of high amplitude acoustic waves through

atmospheric turbulence is an important problem for funda-

mental nonlinear wave physics. In outdoor sound propaga-

tion, the importance of wind in acoustics has been known

since the end of the 19th century, when initial studies on

effective sound speed and formation of shadow zones were

performed based on observations of various sources of

intense sound like volcanic eruptions, thunder, explosions,

and artillery fire.1 While propagating in turbulent air, acous-

tic waves are distorted by the combined effects of diffraction

and scattering by atmospheric inhomogeneities,2–5 nonlinear

dissipation,6,7 and linear absorption/relaxation.8,9 At suffi-

ciently long propagation distances multiple focusing of

acoustic waves is predicted.10–12 Nonlinear and diffraction

effects become even more important at foci (caustics),13–15

where the acoustic pressure level increases. To predict shock

wave pressures in inhomogeneous media, it is thus important

to understand the relative influence of different physical

mechanisms involved in wave propagation.16–19 Accurately

controlled experiments are needed for this purpose and also

to validate theoretical models for nonlinear sound propaga-

tion in inhomogeneous moving media.6,12,20

Most studies on high amplitude wave propagation in tur-

bulent air were motivated by a sonic boom problem. It is

known that in homogeneous media a high amplitude acoustic

pulse transforms to an N-shaped wave with two shocks. The

width of the shocks is defined by the combined effects of non-

linearity, relaxation, and thermoviscous dissipation.17,21–23

However, differently shaped sonic booms are observed in a

turbulent atmosphere—high amplitude U-waves, rounded

waves, and waves with several peaks.24–26 It has been

reported that both the subjective loudness and perceived

annoyance of the sonic boom, when heard outdoors, are

defined by the peak positive pressure and the rise times of

shocks.27–29 Therefore, prediction of the acoustic field in a

turbulent medium is important for estimating the annoyance

of sonic booms in a turbulent atmosphere. However, experi-

mental data obtained during supersonic flight tests are not suf-

ficient to validate models because the amount of experimental

data is limited to tens of supersonic flights per measurement
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campaign,24,26 and because it is impossible to have a full

description of atmospheric conditions. Therefore, model

experiments have also been conducted to investigate the

effects of turbulence on N-wave propagation.

The first laboratory scale experiments on the diffraction

of shock waves on sound speed inhomogeneities were con-

ducted by Davy and Blackstock.30 Studying the propagation

of spark-generated N-waves through a gas-filled soap bubble,

they observed formation of U-waves in focusing zones and

rounded waves outside them. More recently, another experi-

ment dealing with scalar deterministic inhomogeneities was

conducted by Ganjehi et al.31 The authors studied the dif-

fraction of a sawtooth wave on a silicon phantom placed in a

water tank, preserving good scaling of the experiment to the

sonic boom problem. However, the results obtained cannot

be directly applied to evaluate the effects of inhomogeneities

on sonic booms, because the periodic nature of sawtooth

waves results in better time coherence, stronger nonlinear

dissipation, and weaker nonlinear refraction than for N-

waves.6,12 Although these experiments provide insight about

shock wave focusing in a medium with deterministic inho-

mogeneities, they do not address the problem of random fo-

cusing in a moving and randomly inhomogeneous medium,

which requires statistical analysis.

Lipkens and Blackstock32,33 and Ollivier and Blanc-

Benon34 have shown that laboratory scale experiments using

N-waves produced by electrical sparks and a downscaled tur-

bulent medium offer an attractive alternative to field meas-

urements since both the acoustic source and the turbulence

can be well controlled. Distorted waveforms similar to those

measured during supersonic flight tests24–26 were obtained in

the scale experiments. Such experiments, which reproduce

the properties of a randomly moving medium, were con-

ducted both for plane and spherical wave propagation.32,33

However, the width of the turbulent layer in these experi-

ments (0.05–0.5 m) was less than the distance of occurrence

of the first caustic associated with the large turbulence

scales.35 Thus, only small-scale inhomogeneities in the ran-

dom medium affected statistics of the measured acoustic

waves. In addition, the short duration of the N-waves led to

strong thermoviscous and relaxation-induced absorption,

which was ten times stronger than that for a sonic boom

propagating in a realistic atmosphere. The acoustic peak

pressure (about 500 Pa at 15 cm from the source) was rela-

tively low to produce strong nonlinear effects at larger

distances.8

The effect of random caustics on acoustic field statistics

was further investigated experimentally by Ollivier and

Blanc-Benon.34 Two types of random inhomogeneities were

considered: Temperature (thermal) and velocity (kinematic)

fluctuations. A plane free jet was used to generate velocity

fluctuations, and a heated grid was used to generate tempera-

ture fluctuations. It was demonstrated that the temperature

and velocity turbulence fluctuations resulted in different sta-

tistics of the acoustic wave parameters. The thermal turbu-

lence setup was designed to investigate long-range

propagation (0.6–4.4 m) for a fixed level of turbulence, while

the kinematic turbulence setup allowed studying the effect

of turbulence level on N-wave statistics only at shorter dis-

tances (up to 1 m). Thus, nonlinear propagation of shock

pulses through kinematic turbulence over distances greater

than the distance of occurrence of the first-order caustics

associated with large-scale inhomogeneities has not been

investigated in laboratory experiments.

In this paper we present new results obtained using an

experimental setup that was designed to expand previous ex-

perimental studies of random focusing effect on statistics of

a nonlinear acoustic field in a turbulent flow.32–34 Nonlinear

focusing of spark-generated N-waves was studied at distan-

ces beyond the position of the first-order caustics related to

the large-scale structures of turbulence. Turbulence was gen-

erated using a rectangular nozzle, which was larger than

those used in the earlier experiments. Longer duration and

higher amplitude N-waves were used to enhance the roles of

nonlinear propagation and inhomogeneities relative to ther-

moviscous absorption and relaxation. Acoustic field parame-

ters were analyzed as functions of the turbulence level and

the propagation distance. Although the experimental setup

was not designed to directly simulate the propagation of

sonic booms, the scales and parameters of the experiment

are comparable to those for sonic boom propagation in the

atmosphere.

The paper is organized as follows: In Sec. II the experi-

mental arrangement is described and parameters of the shock

wave are defined. The results of accurate characterization of

the turbulent velocity field are presented in Sec. III A. The

effects of turbulence level and propagation distance through

the turbulence on statistics of acoustic waves are analyzed in

Secs. III C and III D, respectively. In Sec. III E the scaling

of the laboratory experiment to a sonic boom geometry is

discussed. Concluding remarks are given in Sec. IV.

II. EXPERIMENTAL METHOD

The experimental setup (Fig. 1) was built in two steps:

First, a nozzle was designed to obtain a fully developed tur-

bulent jet; second, an electric spark source was adjusted to

generate high amplitude N-waves and installed at a side of

the jet opposite to the microphones. The setup was installed

in an anechoic chamber (10� 8� 8 m3).

The coordinate system was chosen as shown in Fig. 1.

The center of the coordinates was located at the center of the

nozzle exit; the x axis was the axis along the jet; the y axis

was collinear with the direction from the spark source to

microphone 2 (along the width of the nozzle); and the z axis

was aligned vertically along the height of the nozzle. The

source–microphone distance, measured along the y axis, is

denoted as r. Acoustic measurements were performed at the

distance x¼ x0¼ 3.78 m from the nozzle.

A. Experimental arrangement for generation and
measurement of the turbulent velocity field

The turbulent field was generated as described by Gut-

mark and Wygnanski,36 using an intense airflow emanating

from a large rectangular nozzle with a cross section of

160 mm� 1400 mm. Two baffles were fixed on the nozzle as

shown in Fig. 1 in order to avoid spreading of the flow in the

y direction, thus maintaining the level of turbulence.
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Air temperature and humidity were measured during the

experiments. Mean and fluctuating components of the

velocity field were measured using DANTEC (Skovlunde,

Denmark) X-wire probes (type 55P51) mounted on a com-

puter controlled positioning system. Probes were calibrated

before each measurement series in the potential core near the

exit of the nozzle, where the flow was laminar.36,37 The

mean flow velocity measured using a Pitot tube was used as

a reference.

B. Experimental arrangement for generation and
measurement of acoustic waves

Spherically divergent N-pulses were generated by a high

voltage (15 kV) electric spark source as shown in Fig. 1.

Detailed characterization of the source can be found in

Refs. 8 and 38. Acoustic measurements were performed using

four wideband 3 mm diameter condenser microphones (Brüel

& Kjær, Mennecy, France, type 4138, �3 dB at 140 kHz)

mounted in a baffle in order to postpone the diffracted waves

(Fig. 1). Electric outputs from the microphones were ampli-

fied using a Brüel & Kjær Nexus amplifier with a bandwidth

extended up to 200 kHz, and then digitally recorded at a

5 MHz sampling frequency using National Instrument data ac-

quisition cards driven by LABVIEW. The voltage signals were

then converted into pressure using the amplitude-frequency

response of the measuring system.8 Acoustic measurements

were triggered by the electromagnetic signal generated during

the electric discharge of the spark source.

The repeatability of the source was checked by analyz-

ing the statistics of N-wave parameters. The peak positive

pressure measured by a reference microphone positioned at

37 cm above the source was 290 6 10 Pa; the half duration of

the pulse was 13.16 6 0.23 ls; and the standard deviation of

the arrival time was 1.7 ls. Note that the measured rise time

of the shock front at short distances from the source was sig-

nificantly overestimated due to the limited bandwidth of the

measuring system: The minimal measured rise time was

about 2.5 ls instead of 0.3 ls as predicted theoretically and

recently measured using an optical method.38

To reduce waveform distortion induced by low frequency

hydrodynamic perturbations, the microphones were placed

about 40 cm to the side of the jet (Fig. 1). The first experiment

was conducted to study the effect of the turbulence level on

the acoustic field. In this experiment, the spark source was

also placed outside the jet. The distance between the source

and the microphones was fixed at r¼ 2.19 m so that the source

and the microphones were not affected by the jet.

In order to study the effect of the propagation distance

on the statistics of the acoustic field, the second experiment

with the spark source located within the turbulent flow was

performed. The turbulent flow influences N-wave generation

by varying air temperature and humidity around the source,

and by vibrating the mounting support. In order to evaluate

this influence of varying air properties on N-wave statistics,

the source was first switched off for several hours, then it

was switched on and acoustic waveforms were recorded

while the temperature and humidity changed around the

source due to its self-heating over time. Acoustic measure-

ments at r¼ 2.19 m showed negligible variations of pressure

amplitudes (5%) and rise times (1%). Low frequency vibra-

tion of the mounting support, observed during experiments,

resulted in slightly different propagation paths of the acous-

tic pulses: The maximum displacement was about 10 mm at

a jet velocity of 20 m/s. Such a change in the propagation

distance is estimated to have a negligible effect on the shock

wave amplitude and the rise time:8,38 Thermoviscous absorp-

tion and nonlinear dissipation result in about a 0.5% change

in pressure amplitude; spherical divergence causes additional

peak pressure decrease of about 2%. Only the arrival time

was significantly affected—a 10 mm change in the wave

path causes about a 30 ls time delay. Note that due to strong

vibrations of the mounting support at high jet velocities such

as 40 m/s at the nozzle, it was not possible to move the

source deeper than 0.4 m inside the turbulent field. There-

fore, measurements at short propagation distances have not

been performed at high jet velocities.

C. Definition of acoustic wave parameters

Propagation in a turbulent medium leads to strong dis-

tortion of acoustic waveform, so that it is not always obvious

how to define peak positive pressure and rise time. For

example, if waveforms with several peaks or several shocks

are considered, definitions for peak positive pressure and rise

time should be refined.34 Acoustic wave parameters are usu-

ally defined as follows: Peak positive pressure pþ is the max-

imum pressure in the waveform, which is usually the

maximum pressure of the first positive peak; rise time tsh is

the time needed for the pressure to increase from 0.05 pþ to

FIG. 1. (Color online) Sketch of the experimental setup (top view). Left

photograph represents the spark source and the right photograph details the

positions of the microphones (gray points) in the baffle.
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0.95 pþ at the front shock; arrival time tart of the pulse is cal-

culated at 10% level of the maximum pulse pressure.8,32,34

These definitions are used in the literature for waveforms

measured both in still and turbulent media. However, this

definition for rise time cannot be effectively applied to com-

plex waveforms with multiple peaks or several jumps on the

wavefront, which are often measured in turbulent flows.34

In this paper, classical definitions for pþ and tart are used

and a new definition for the rise time is proposed, as illus-

trated in Fig. 2. Shown in Fig. 2(a) is an N-wave measured in

homogeneous air at a distance r¼ 210 mm from the spark

source. The waveform is not symmetric, some oscillations

are present, and its back slope does not show a linear

decrease as would be present for an ideal N-wave. In relax-

ing motionless air, the front shock of the acoustic wave is

very well approximated by the stationary solution to the Bur-

gers equation.8,21 Note that the time needed for pressure to

increase from 0.05 pþ to 0.95 pþ equals the width of the

peak of the pressure derivative at the level D/e, where D
is the maximum derivative value and e is Euler’s number

(e� 2.7). Therefore, it is proposed here to define the rise

time of the shock tsh based on the time derivative of the pres-

sure profile: The shock rise time is the width of the highest

peak of the pressure derivative at the level D/e. Note that the

pressure waveform was smoothed to minimize the effects of

high frequency noise in calculating the derivative. As shown

in Fig. 2(b) for waves propagating in motionless air, classical

and new definitions are equivalent. For waves propagating in

turbulent media these definitions of the rise time tsh give dif-

ferent results. An advantage of the new definition is that the

rise time is obtained according to the steepness of the shock;

therefore, two close shocks connected with a smooth junc-

tion will never be considered as one long shock. Moreover,

shocks situated in the tail part of the wave will be detected

automatically. These properties are very important for esti-

mating the perceived loudness of sonic booms, which is sen-

sitive to short, steep, and high amplitude shocks regardless

of shock positions within the waveform.28,29

The arrival time shift Dtart of the wave for each series of

measurements was calculated taking into account the tem-

perature dependence of sound speed: c0(T)¼ (cRT/m)1/2,

where c is the specific heat ratio, R is the absolute gas con-

stant, and m is the gas molecular weight. The shift of the ar-

rival time is then Dtart¼ tart� r/c0(T), so that in a motionless

medium Dtart(0)¼ 0 ls.

III. RESULTS AND DISCUSSION

A. Characterization of the turbulent velocity field

The turbulent field was characterized by the mean and

fluctuating components of airflow velocity. Velocity profiles

[U(x,y,z), V(x,y,z), W(x,y,z)] were measured for different jet

velocities at the nozzle Ujet¼hU(0,0,0)i, where angular

brackets denote a time average. In the experiment the jet

nozzle velocity varied from 0 to 40 m/s. At the distance

x0¼ 3.78 m from the nozzle where acoustic measurements

were acquired, the axial component of the mean flow veloc-

ity hU(x0, y,z)i was as high as 20 m/s. Fluctuating velocities

u¼U�hUi, v¼V�hVi, and w¼W�hWi were extracted

from the measured velocity profiles, and the turbulence lev-

els were found as urms ¼
ffiffiffiffiffiffiffiffiffi
hu2i

p
, vrms ¼

ffiffiffiffiffiffiffiffi
hv2i

p
, and

wrms ¼
ffiffiffiffiffiffiffiffiffi
hw2i

p
.

The flow velocity patterns mapped at the distance x¼ x0 are

shown in Fig. 3 for the jet nozzle velocity Ujet¼ 40 m/s. The

axial component of the mean flow velocity hU(x0, y,z)i is nor-

malized to the jet nozzle velocity Ujet [Fig. 3(a)]. The pattern

shows a rapid decrease of hU(x0, y,z)i in the z direction while

moving away from the jet axis and a moderate increase along

the y direction, which is followed by a fast drop around

y¼6700 mm. The maximum of mean flow velocity is achieved

near the edge of the jet at y¼6600 mm. Lateral y and z compo-

nents of the mean flow velocity hVi and hWi were negligible

and are not shown here. The x and y components of the turbu-

lence intensity, urms/Umean and vrms/Umean, respectively, are

shown in Figs. 3(b) and 3(c). Here, Umean is the on-axis value

of the axial component of the mean flow velocity

Umean¼hU(x0, 0, 0)i. The distributions are nonuniform; how-

ever, it is possible to identify a region along the acoustic propa-

gation path where the components of turbulence intensity are

almost constant. Regions where the variation of turbulence inten-

sity does not exceed 10% are denoted in Figs. 3(b) and 3(c) with

contour lines. Inside these regions the turbulence intensities are,

on average, equal to urms/Umean¼ 0.26 and vrms/Umean¼ 0.22.
FIG. 2. (a) Typical waveform measured in motionless air at a distance

210 mm from the spark source and (b) its time derivative.
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According to Gutmark and Wygnanski.,36 at these intensities the

turbulence can be assumed to be fully developed, i.e., statistically

homogeneous and isotropic. The self-preservation region was

z 2 �50; 50½ � mm, y 2 �650; 650½ �mm at Ujet¼ 40 m/s and

remained almost unchanged at other values of the jet nozzle ve-

locity. The results of measurements summarized in Table I dem-

onstrate that both the mean and root-mean-square (rms) values

of fluctuating velocity measured on axis at x0¼ 3.78 m were

directly proportional to the jet nozzle velocity: Umean � 0.43Ujet,

urms � 0.1Ujet, and vrms � 0.083Ujet. Taking into account these

relations and recalling that the distortion of the acoustic field is

caused mainly by turbulence fluctuations in the direction of

wave propagation path,6,12 only the on-axis value of vrms will be

reported further in the text, and it will be referred to as

“turbulence level.”

Note that estimated shifts of wave paths caused by the

presence of mean flow are smaller than the width of the self-

preservation region. Therefore, most of the acoustic wave

propagation paths lay inside this region. This conclusion is

very important for numerical modeling and comparison

between simulated and experimental results as it allows the

application of isotropic turbulence models.12,39,40

Shown in Fig. 4 is the one-dimensional spatial spectrum

of the turbulence [Eexp
11 K1ð Þ, jagged curve] measured at the

distance (x0, 0, 0). The spectrum was obtained as follows:

(1) Time series of the velocity fluctuations (2–3 min) were

used to calculate the single-point frequency-domain spec-

trum E(f) of the turbulence fluctuations; (2) the Taylor hy-

pothesis of a turbulent structure transfer by mean flow41 was

applied Eexp
11 K1ð Þ ¼ E fð ÞUmean= 2pð Þ. Here K1¼ 2pf/Umean is

the absolute value of the x component of the turbulence

wave vector K (K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

1 þ K2
2 þ K2

3

p
). The experimental

spectrum is compared to the Kolmogorov’s “�5/3” power

law (solid line) and the one-dimensional modified von Kár-

mán spectrum EKarm
11 K1ð Þ (smooth curve), obtained by inte-

grating the three-dimensional (3D) spectrum:37

EKarm
11 ðK1Þ ¼

ð1
K1

EKarm
3D ðKÞð1� ðK1=KÞ2Þ=2KdK;

EKarm
3D ðKÞ ffi 1:45u2

rmsL
�2=3
0 K4ðK2 þ L�2

0 Þ
�17=6

� expð�ðK=KmÞ2Þ: (1)

Here Km¼ 5.92/l0, while L0 and l0 are the outer and inner

scales of turbulence fluctuations. It is seen in Fig. 4 that the

spectrum of generated turbulence has an inertial interval

(Kolmogorov’s hypothesis) limited by the outer and inner

scales, and is very well fitted by the modified von Kármán

spectrum EKarm
11 ðK1Þ with l0¼ 1.7 mm and L0¼ 200 mm. A

good agreement between the experimental and analytical

spectra confirms statistical isotropy and homogeneity of the

turbulent flow.

FIG. 3. (Color online) (a) Distribution of normalized mean flow velocity

hUi/Ujet; (b), (c) the intensities of turbulent fluctuations urms/Umean, and

vrms/Umean. Measurements were performed at a distance x0¼ 3.78 m from

the nozzle with Ujet¼ 40 m/s. Contour lines urms/Umean¼ 0.28 and vrms/

Umean¼ 0.24 denote the area where turbulence is statistically homogeneous

and isotropic.

TABLE I. Mean flow velocity Umean measured on axis at x0¼ 3.78 m, rms

values of the fluctuating velocity urms and vrms, and distance to the first caus-

tic rcaust [see Eq. (4)] as a function of the jet nozzle velocity Ujet.

Ujet (m/s) 15.0 20.0 25.0 30.0 35.0 40.0

Umean (m/s) 6.4 8.6 11.0 13.3 15.5 17.6

urms (m/s) 1.5 1.9 2.4 3.1 3.5 3.9

vrms (m/s) 1.1 1.6 1.9 2.5 3.0 3.4

rcaust (mm) 2890 2327 2077 1790 1604 1503

FIG. 4. (Color online) Comparison of the measured turbulence spectrum

(jagged curve) with the modified von Kármán spectrum (smooth curve) and

the Kolmogorov “�5/3” power law (solid line). Measurements were done at

x0¼ 3.78 m on the jet axis with vrms¼ 3.4 m/s.
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Comparison of inner and outer scales deduced from tur-

bulence spectra measured at different points in the yz plane

at x0¼ 3.78 m are presented in Fig. 5. The spectra of axial u
(left column) and transverse v (right column) components of

velocity fluctuations are shown for vrms¼ 3.4 m/s at the loca-

tions (x0,100 mm,0), (x0,500 mm,0), and (x0,720 mm,0). All

experimental results agree well with the analytic von Kár-

mán formulation EKarm
11 ðK1Þ with corresponding outer and

inner scales shown in each subplot. At the first two points

[(a)–(d)] located inside the self-preservation region (Fig. 3)

the inner and outer turbulent scales vary slightly within a

10% interval: l0 2 1:5 mm;½ 1:7 mm� and L0 2 200 mm;½
220 mm�. Outside the turbulence self-preservation region

[(e)–(f)], estimated scales were significantly different:

L0¼ 150 mm and l0¼ 1.0 mm. In fact, the model Eq. (1) is

not valid here, as the turbulence becomes unstationary and

anisotropic. Similar results were obtained at other turbulence

levels vrms.

In experimental studies on turbulence, another scale is

often used—the integral scale, which can be deduced from

measured data without making any assumptions about the

shape of the turbulence spectrum.37 If the assumptions are

made and the turbulence spectrum is described by Eq. (1),

then the longitudinal integral scale Lf of the turbulence is

related to the value of its energy spectrum at low wave num-

bers as

Lf ¼ p
E11ðK1 ¼ 0Þ

u2
rms

¼ 0:747L0 (2)

and therefore is directly proportional to the outer scale L0. In

the current experiment the longitudinal integral scale

Lf 2 150 mm;164 mm½ �.
A direct method to obtain the integral scale without any

assumptions on the spectrum shape is to integrate the meas-

ured correlation function R
kð Þ

ij . Here R
kð Þ

ij denotes the normal-

ized correlation of ith and jth components of the velocity

field with the location of the probe along the k axis.

For example, R
2ð Þ

12 is the correlation function of u and v
velocity profiles with the displacement along the y axis:

R
ð2Þ
12 ¼ huðrÞvðrþ dyÞi=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
huðrÞ2ihvðrþ dyÞ2i

q
. According to

the Kármán–Howarth relation for isotropic turbulence, all

autocorrelation functions with displacement in the direction

of the correlating flow component are equal and are usually

defined as the longitudinal correlation function f. All auto-

correlation functions with displacement in the direction

transverse to the correlating flow component are also equal

and are usually defined as the transverse correlation function

g. The longitudinal integral scale Lf is related to the trans-

verse integral scale as Lf¼ 2Lg.36,37 Using this relation and

the definition of the transverse integral scale Lg, the longitu-

dinal integral scale can be obtained as37

FIG. 5. (Color online) Spatial spectra of the longitudinal u (left) and transverse v (right) components of medium velocity fluctuations (jagged curves) meas-

ured at different points of the yz plane: (a), (b) at (x0, 100, 0) mm, (c), (d) at (x0, 500, 0) mm, and (e), (f) at (x0, 720, 0) mm. Smooth curve—modified von Kár-

mán spectrum; solid line—Kolmogorov’s �5/3 power law (vrms¼ 3.4 m/s).
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Lf ¼ 2Lg ¼ 2

ð1
0

gdy ¼ 2

ð1
0

R
ð2Þ
11 dy ¼ 2

ð1
0

R
ð3Þ
11 dz: (3)

Shown in Fig. 6 are the longitudinal correlation func-

tions R
2ð Þ

11 measured at (x0, 0, 0) mm (circles) and at

(x0, �350, 0) mm (diamonds). During the measurements,

both probes were positioned inside the homogeneous part of

the turbulent field. Measured correlation functions have

slightly different shapes mainly due to changes in flow char-

acteristics and environmental conditions during the experi-

ment, which typically lasted about 1 h. The longitudinal

correlation function R
3ð Þ

11 (asterisks) was calculated from

measurements with the first probe fixed at (x0, �350 mm, 0)

and the second probe moving along the z axis leaving the

area of fully developed turbulence at z � 150 mm (see

Fig. 3). This agrees well with the distance where the differ-

ence between R
3ð Þ

11 and R
2ð Þ

11 becomes notable. Faster loss of

correlation is observed in the inhomogeneous turbulence.

Finally, integration of correlation functions measured inside

the area of fully developed turbulence gave the longitudinal

integral scale as Lf ¼ 2Lg 2 160; 182½ � mm.

Note that both direct and indirect methods for estimation

of the longitudinal integral length scale Lf give similar

results. This agreement shows the accuracy of the acquired

measurements and also ensures the validity of the modified

von Kármán formulation for the numerical modeling of tur-

bulent fields in the context of sound wave propagation.6

B. Acoustic waveform measurements

Acoustic measurements were performed at the distance

x0¼ 3.78 m from the nozzle with the source–microphone dis-

tance r¼ 2.19 m (Fig. 1). Typical acoustic waveforms

became distorted after propagation through the turbulent

flow and are shown in Fig. 7. Experimental waveforms simi-

lar to sonic boom waveforms were measured:24–26,42 (a)

Classical N-wave; (e) high amplitude U-waves with narrow

shock fronts; (c) rounded waves; and (d) waves with several

shock fronts or (b) several peaks. Various pulse amplitudes,

rise times, and arrival times were observed. It was found that

low amplitude waves arrived earlier than high amplitude

waves. All measured waveforms had oscillations in the tail

part after the negative peak. Several waveforms with the

maximum pressure and the minimum rise time located in the

tail part of the wave were observed (f). The maximum pres-

sure, therefore, did not always correspond to the front shock.

C. Effect of turbulence level on statistical and peak
characteristics of the acoustic N-wave

In order to compute waveform statistics as a function of

turbulence level, 2000 pulses were emitted and recorded for

each jet velocity using four microphones located at the source–-

microphone distance r¼ 2.19 m. The variations of mean wave

characteristics as functions of the level of turbulence fluctua-

tions vrms are presented in Fig. 8. Individual measurements are

shown as dots, mean values are shown with solid lines, and

standard deviations with vertical bars. Random focusing of

acoustic waves in turbulent air resulted in a more than threefold

increase of the peak positive pressure pþ compared to the peak

pressure in motionless air [Fig. 8(a)]. On the other hand, very

low peak pressures (more than a tenfold reduction) were

observed in regions of wave defocusing. As the regions of high

pressure level were small and the regions of low pressure level

were large, the mean peak positive pressure hpþi (angular

brackets denote the ensemble average) in a turbulent medium

was smaller than that for the motionless air.12 With an increase

of the turbulence intensity the mean peak positive pressure

decreased. At the highest turbulence level, vrms¼ 3.4 m/s,

hpþi¼ 22.0 Pa as compared to hpþi¼ 30.9 Pa for the motion-

less air.

In a homogeneous medium, the rise time of a nonlinear

acoustic shock front is directly proportional to its ampli-

tude.8,38 In a turbulent medium this relation is only valid

locally in focusing zones, where pressures are high enough

to induce nonlinear effects, and is not valid in low pressure

defocusing regions. Therefore, due to destructive interfer-

ence the mean rise time of shocks in a turbulent medium is

likely to increase faster than it would be estimated from the

mean peak pressure. Indeed, Fig. 8(b) shows an almost two-

fold increase of the rise time from 4.0 ls in homogeneous air

to about 7.9 ls in turbulent air with vrms¼ 3.4 m/s, while the

change in peak pressure is only 40%.

Figure 8(c) shows that on average in the turbulent me-

dium the wave arrives faster than in motionless air: the mean

arrival time shift hDtarti¼ htart� r/c0i decreases with the

increase of the turbulence level vrms. For example, propaga-

tion time from the spark source to the microphone in the tur-

bulent medium (vrms¼ 3.4 m/s) is, on average, 26 ls shorter

than in the motionless medium. This result is consistent with

the Fermat least action principle, which when applied to

acoustics states that in a motionless medium wave propa-

gates so as to minimize travel time.43

Shown in Fig. 9 are statistical distributions of (a) the

peak positive pressure and (b) the rise time at different turbu-

lence levels: vrms¼ 0, 1.1, 1.6, 1.9, 2.5, 3.0, and 3.4 m/s.

Each distribution comes from the analysis of 8000 wave-

forms (2000 sparks, 4 microphones). The distributions in

motionless air (vrms¼ 0 m/s) also have finite widths due to

FIG. 6. (Color online) Autocorrelation functions of the u component of the

turbulent velocity field (vrms¼ 3.4 m/s) at (x0, 0, 0) mm and (x0, �350, 0)

mm. Circles and diamonds indicate horizontal displacement and asterisks

indicate vertical displacement, both along the y axis. Dashed-dotted, dashed,

and solid curves are the corresponding fits.
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slightly different source–microphone distances and fluctua-

tions in shock wave pressure generated by the spark source.

In addition, differences in the frequency responses of micro-

phones also introduce some distortion of the probability dis-

tributions. In turbulent air, the peak positive pressure

distributions broaden significantly: A long tail forms at high

pressure values, similar to the results of Ref. 34. With the

increase of vrms, the distribution maximum shifts to lower

amplitudes as has been shown for the mean value in

Fig. 8(a). However, notwithstanding the decrease of the

mean peak positive pressure, occasional high amplitude

peaks were observed, with the amplitude more than three

times higher than in homogeneous air at the same distance

r¼ 2.19 m. For example, the observation probability of a

twofold increase in pressure amplitude achieves its maxi-

mum at vrms¼ 1.6 m/s and is equal to 2%.

The standard deviation of peak positive pressure, rp,

exhibits a fast increase from 2.7 Pa in motionless air to 11 Pa

in turbulent air with vrms¼ 1.6 m/s (Fig. 9). At higher turbu-

lence levels the standard deviation saturates and slowly

achieves its maximum of 12 Pa at vrms¼ 2.5 m/s. Saturation

of the standard deviation is associated with the limited band

of the turbulence spectrum (Fig. 4). Each turbulence scale L
in the spectrum results in the formation of random caustics

mostly at distances longer than the characteristic distance to

the first caustic. This latter distance can be estimated for the

multi-scale turbulence represented as a set of single-scale

turbulent fields with Gaussian energy spectra. In the geomet-

rical acoustics approximation one can obtain the distance to

the first caustics as10

rcaust � 0:286L c0=vrmsð Þ2=3þrturb; (4)

where rturb � 200 mm is the distance between the spark

source and the turbulence boundary and c0¼ 337 m/s is the

sound speed. Small-scale turbulent structures of size L¼ l0
lead to focusing before the microphones: rcaust< 400 mm for

all experimental levels of the turbulence fluctuations. Large

turbulence scales of size L¼L0 induce focusing before

microphones (rcaust< 2.19 m) only if the turbulence level

vrms is sufficiently high (see Table I, vrms¼ 1.9 m/s). Thus,

the initial increase in turbulence level resulted in more foci

associated with large turbulence scales formed at the micro-

phone position. As the presence of such scales results in

higher focusing gains, the standard deviation of the peak

positive pressure increases. According to Table I, at

vrms¼ 1.9 m/s, most of the energy-containing turbulence

scales L 2 ½l0; L0� yielded random foci before the micro-

phones. There was little energy at larger turbulence scales,

and caustics associated with them did not give sufficiently

FIG. 7. (Color online) Typical waveforms distorted by turbulence and measured at 2.19 m from the spark source. vrms¼ 2.5 m/s.
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high gains to increase the standard deviation of the peak pos-

itive pressure. Therefore the value of rp saturated with fur-

ther increases in turbulence level.

Large-scale inhomogeneities have further importance.

Caustics induced by large-scale turbulent structures produced

the strongest changes in the mean peak positive pressure and

the mean arrival time. At turbulence levels higher than

vrms¼ 1.6 m/s, hpþi and hDtarti decreased quickly [Figs. 8(a)

and 8(c)], because random foci associated with scales L � L0

start to form at the microphone positions. In contrast, the rate

of increase of the mean rise time of shocks was not sensitive

to changes in turbulence level, and therefore large-scale struc-

tures had little impact [Fig. 8(b)]. The mean rise time

increased with the turbulence level mainly due to the cumula-

tive effects of small-scale turbulent structures, which is in ac-

cordance with results obtained from numerical modeling.12

It has been previously reported that a probability distri-

bution of the harmonic wave intensity measured in thermal

turbulence is well described by the generalized gamma dis-

tribution.44 This distribution was shown to be applicable to a

wide range of experimental conditions. We have tested the

relevance of this model to describe statistical distributions of

the parameters of shock pulses measured after propagation

through kinematic turbulence. According to Stacy,45 the gen-

eralized gamma distribution that approximates the probabil-

ity density for peak positive pressure at different turbulence

levels can be cast as

Wðpþ; vrmsÞ ¼
a

cCðbÞ ðpþ=cÞab�1e�ðpþ=cÞa ; (5)

where CðbÞ is the gamma function and the coefficients a, b,
and c are functions of the turbulence level vrms, which varies

from 1.1 to 3.4 m/s. The coefficients a and b are shape pa-

rameters and c is a scale parameter. Using the least-square

method in the standard fitting function of MATLAB, it was pos-

sible to estimate all three parameters. The best fit of general-

ized gamma distributions to the experimental statistics

shown in Fig. 9 is achieved for c¼ 0.98, and for a and b as

represented in Fig. 10. Variations of the shape coefficients

can be fitted as functions of turbulence level by third-order

polynomials with 95% confidence (dotted curves). Thus, sta-

tistical properties of the acoustic wave amplitude are

described by two parameters in Eq. (5), which are elemen-

tary functions of the turbulence level. As turbulence level

increases, b decreases to produce a shift of the probability

distribution maximum towards low pressure values. More-

over, a decreases to produce a slower exponential decrease

at high turbulence levels and, therefore, an increase in the

FIG. 8. (Color online) (a) Mean peak positive pressure, (b) mean rise time

of the shock front, and (c) mean arrival time of the wave, as functions of the

turbulence level vrms measured at r¼ 2.19 m. Vertical segments are the

standard deviations. Individual measurements are shown with points.

FIG. 9. (a) Probability distributions of peak positive pressure and (b) rise

time for various turbulence levels vrms at r¼ 2.19 m. Black curves represent

fits of the peak pressure distributions using Eq. (5). The bin widths are 2 Pa

and 0.5 ls, respectively. rp and rt are standard deviations.
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occurrence of high pressure amplitudes. In the limit of

vrms !1, the distribution shape should first transform to a

decreasing exponent and then to a delta function (a!1) as

acoustic waves would be completely scattered by inhomoge-

neities. Therefore, generalized gamma distributions can be

used to fit the probability density functions of the peak posi-

tive pressure measured in turbulent velocity fields in condi-

tions of both weak and strong scattering. Finally, the

probability distribution of peak positive pressure possesses a

similarity property with respect to the level of turbulence

fluctuations. The probability distribution at any turbulence

level can be obtained using Eq. (5) and coefficients found

from Fig. 10. One important property of the generalized

gamma distribution [Eq. (5)] is that its moments can be eas-

ily found analytically:45

MnðvrmsÞ ¼
cn

n!

Cðbþ n=aÞ
CðbÞ ; (6)

where n is the order of the moment Mn. This permits deter-

mination of the mean (M1) and the standard deviation

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 �M2

1

p� �
of peak positive pressure based on

known parameters of the generalized gamma distribution a
and b (c is constant as shown earlier). Alternately, the

inverse problem can be solved to determine the parameters

of the distribution by solving a set of nonlinear equations (6)

for an experimentally measured mean and standard

deviation.

The probability density distributions of peak positive

pressure obtained using Eq. (5) at different turbulence levels

are shown in Fig. 9 with black curves. An overall good

agreement with experimental data is achieved. The linear

model given by Eq. (5) fits the experimental data very well

at low pressure amplitudes pþ< 40 Pa. The discrepancies

becomes more pronounced at higher amplitudes, pþ> 40 Pa,

presumably because of nonlinear effects, which are stronger

for higher pressures.

The rise time probability distributions [Fig. 9(b)] show

both short and long wave fronts. Short rise times are primar-

ily due to enhanced nonlinear focusing of the acoustic wave

and related steepening of the front,6,17 while long rise times

are caused by a loss of coherence between pulses that arrive

from different directions. As destructive interference caused

by the loss of coherence dominates nonlinear steepening,

most of the rise times measured in the turbulent medium are

longer than those measured in still air, and the distribution

maximum moves to high values. However, the shortest rise

times in the turbulent medium tsh � 2–3 ls were shorter than

the rise time of the pulse measured in homogeneous air tsh �
4 ls. In contrast to pressure distributions, the shape of rise

time distributions is strongly asymmetric and at low turbu-

lence levels it can be approximated by a right triangle. The

minimum measured rise time, tsh � 2–3 ls, was the same for

all turbulence levels vrms despite theoretical predictions and

optical measurements that suggest shorter time values.8,38

Actually, the minimal measured rise time was determined by

the limited frequency response of the measuring system.8

Thus, shorter fronts were smoothed by the microphones to

2–3 ls, which resulted in a high occurrence rate of these val-

ues at low turbulence levels vrms< 2.5 m/s [Fig. 9(b)]. At

higher turbulence levels, due to destructive interference,

fewer waveforms with rise times of the order of 2–3 ls were

formed. The probability of observing this value decreased

and the shape of the distribution changed from a triangular

shape to a bell-like shape with a long tail at high rise times.

D. Effect of propagation distance in a turbulent
medium on the N-wave statistics

Measurement data obtained with the source moving

inside the jet along the y axis were analyzed to compute the

statistics of wave parameters as functions of propagation dis-

tance and turbulence level. Shown in Fig. 11 are (a) the

mean peak positive pressure and (b) the mean rise time

resulting from analysis of 2000 waveforms measured by

FIG. 10. (Color online) Dependence of a and b coefficients in the general-

ized gamma distribution [Eq. (5)] on the turbulence level vrms.

FIG. 11. (Color online) (a) Dependence of the mean peak positive pressure,

and (b) the mean rise time on the distance of propagation in turbulent air.

Vertical bars show the standard deviation, rp and rt.
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microphone 2 (Fig. 1) for each distance and turbulence level.

The solid curve corresponds to motionless air, the dashed

curve to vrms¼ 1.6 m/s, and the dashed-dotted curve to

vrms¼ 3.4 m/s. Corresponding standard deviations are indi-

cated with vertical bars.

Here, turbulence affected N-wave parameters in a way

similar to what was shown in Fig. 8: It decreased the mean

peak positive pressure and increased the mean rise time com-

pared to measurements in motionless medium. However, up

to the propagation distance r¼ 1200 mm, the mean peak pos-

itive pressures in turbulent air (dashed curve, vrms¼ 1.6 m/s)

and in homogeneous air (solid curve) are almost equivalent.

The effect of turbulence on the peak pressure becomes appa-

rent only at r � 1500–1700 mm, where turbulence scales on

the order of L0 (L 2 [130–150] mm) start to induce focusing

before the microphones [Eq. (4)]. At the level of

vrms¼ 3.4 m/s, changes in the peak pressure become more

pronounced. Stronger differences between motionless and

turbulent cases are observed as more turbulence scales are

involved in the focusing at the microphones. At longer dis-

tances, the difference between turbulent and still air cases

becomes smaller due to faster dissipation of waves in

motionless air, as they contain more energy at higher fre-

quencies. Indeed, as can be seen in Fig. 11(b), the mean rise

time of the acoustic wave is always longer in turbulent air

than in still air. High frequency content of the wave in still

air is rapidly suppressed by excessive absorption, thereby

equalizing mean peak positive pressures in turbulent and ho-

mogeneous air at long propagation distances. Note also that

in contrast to mean peak positive pressure, the rate of

increase of mean rise time [Fig. 11(b)] does not depend on

propagation distance: The dependence is almost linear. The

cumulative effect of small turbulence scales of the turbu-

lence on mean rise time is therefore suggested to be

dominant.

It can be seen that the standard deviation of the peak

positive pressure [bars in Fig. 11(a)] decreases as the spark

source moves further away from the microphone because

wave energy dissipates and nonlinear enhancement of focus-

ing becomes less intensive. Moreover, focusing of waves at

long distance becomes a rare phenomenon due to the loss of

coherence.12 However, the relative value of standard devia-

tion rp/hpþi increases. For example, at a distance

r¼ 1800 mm from the source for vrms¼ 3.4 m/s, the standard

deviation becomes approximately equal to the mean peak

positive pressure rp=hpþi ’ 1, suggesting probability of

waveforms with peak positive pressure close to zero.

E. Characteristic scales: Sonic boom and laboratory
experiment

Characteristic spatial and time scales of the sonic boom

problem24,25,42 are compared to scales of the laboratory

experiment in Table II. The width of the turbulent boundary

layer (1–2 km) and turbulence integral scale

(100–200 m)46,47 in the sonic boom problem are well scaled

to the geometry of the laboratory experiment with a scaling

ratio of 1:1000. Mean values of wind velocity during sonic

boom experiments have ranged up to 15 m/s,24 and rms

values of fluctuating velocity in atmospheric turbulence

measurements have ranged up to 2.5 m/s.46,47 These ranges

are well scaled by the present laboratory experiment. How-

ever, stratification of the atmosphere was not reproduced in

our laboratory experiment.

A typical sonic boom profile formed by a 30 m long con-

ventional aircraft (small military fighter or business jet) and

measured at the ground level has a pressure amplitude lower

than 100 Pa, a duration of 0.15–0.20 s, and a rise time vary-

ing between 0.5 and10 ms.24–26 The initial pressure ampli-

tude of the N-wave in the laboratory scale experiment was

chosen to be much higher than the typical amplitude of the

sonic boom in order to compensate for spherical spreading

and to attain the same order of nonlinear effects in terms of

the characteristic nonlinear distance.8,21 Even though the ini-

tial amplitude of the pulse in our experiment was almost

twice higher than that in the studies of Lipkens and Black-

stock33 (1300 compared to 750 Pa at 0.1 m from the source),

it was not sufficient to fully reproduce the nonlinear effects

at a similar level as in the sonic boom problem. However, at

distances of 1–2 m, which scale the sonic boom propagation

distance in the atmospheric boundary layer (1–2 km), pulse

amplitudes varied between 10 and 100 Pa, which is typical

for sonic booms.

One more point is that the laboratory scale experiment

was also performed in air, thus neither the thermoviscous

dissipation coefficients, nor the properties of oxygen and

nitrogen relaxation were scaled. The plane wave attenuation

coefficient at typical sonic boom frequencies (about 10 Hz)

is of the order of 10�6 m�1, and at spark-generated N-wave

frequencies (about 50 kHz) is of the order of 10�2 m�1.17

Moreover, shock rise time in the model experiment is

mostly governed by thermoviscous dissipation, while in the

case of sonic boom the dominant mechanism is molecular

relaxation.8,23 This leads to an overestimation of rise time

in the laboratory scale experiment, which is much less im-

portant than the overestimation induced by the limited fre-

quency response of the microphones.8 However, according

to the results of Ref. 8, the minimum value of the rise

time in the laboratory scale experiment is estimated to be

about 0.8 ls, which corresponds to 100 Pa shock pressure

amplitude.

TABLE II. Comparison of spatial and time scales of the sonic boom prob-

lem with the laboratory scale experiment.

Atmosphere

Laboratory

scale experiment

Turb. layer width, d 1–2 km 0.3–1.8 m

Integral length scale, Lf 100–200 m 16–18 cm

rms velocity, vrms 0–2.5 m/s 0–3.4 m/s

Mean velocity, Umean 0–15 m/s 0–20 m/s

Pressure amplitude, pþ 10–100 Pa 10–100 Pa

Pulse duration, T 0.1–0.2 s 30–80 ls

Rise time, tsh 0.5–10 ms (0.8)–20 ls

Normalized nonlinear

distance xnonl/c0Ta

200 400

axnonl is the distance at which the amplitude of the plane N-wave decreases

by a factor of
ffiffiffi
2
p

.
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IV. CONCLUSIONS

A series of laboratory scale experiments was reported in

which the spherical propagation of high amplitude (about

1000 Pa) and short duration (about 25 ls) acoustic N-pulses

through a fully characterized turbulent layer was investi-

gated. It was shown that the energy spectrum of the gener-

ated turbulence is well described by the modified von

Kármán spectrum for statistically homogeneous and iso-

tropic turbulence. The influence of both turbulence level and

propagation distance on the distortion of N-waves was inves-

tigated. It was shown that the effect of scaled turbulence on

the acoustic N-wave propagation was similar to that of

atmospheric turbulence on sonic boom waveforms. Distor-

tion of the initial N-wave led to the formation of classical U-

shape waves, rounded waves, waves with several shock

fronts, and others. The influence of turbulence resulted in a

strong variation of shock rise time and pressure amplitude.

On average, in the turbulent flow, acoustic pressure ampli-

tude decreased and rise time increased both with higher lev-

els of turbulence and with longer source–microphone

distances. In addition, the acoustic arrival times were shorter

in turbulent air than in the still air. However, in approxi-

mately 20% of the cases, waveforms with amplitudes higher

than those measured in motionless air were observed, includ-

ing waveforms with a threefold increase in amplitude.

Probability density distributions of acoustic pressure

amplitude were shown to have a similarity property with

respect to turbulence level. Both in conditions of weak and

strong scattering, experimental data were found to be well

described by generalized gamma distributions, which

smoothly vary from a log-normal to an exponential distribu-

tion when the turbulence level was increased. Since the gen-

eralized gamma distribution appears to represent the

experimental data for a large range of turbulence levels, it

will be of interest to model the statistical effects of turbu-

lence on N-wave propagation using appropriately designed

random filters as proposed by Locey and Sparrow.48

In turbulent air, large-scale fluctuations dominated the

decrease of mean pressure amplitude and arrival time, while

small-scale fluctuations were responsible for the loss of co-

herence and the associated increase in the mean rise time.

Mean pressure amplitude behavior was well correlated with

the first caustic formation distance given by large-scale per-

turbations of the order of the outer turbulence scale.

A result of this well documented experiment is also a

complete database that can be used to test models of nonlin-

ear sound propagation in kinematic turbulence. However,

the limited frequency response of the measurement systems

distorted experimental waveforms, thus complicating the

estimation of the shock rise times. Therefore, when compar-

ing experimental results with the results of numerical model-

ing, it is necessary to take into account the influence of

microphone frequency response.38
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