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Acoustic radiation of shock free supersonic jets is modified in comparison with subsonic
jet noise because of Mach wave emission. Intense noise is radiated when turbulent
structures are convected supersonically relative to the ambient sound speed. Using the
framework of Lighthill’s equation, Ffowcs Williams and Maidanik developed an
approximation of Lighthill’s term for a supersonically convected acoustic source in a
turbulent shear layer. From this result, a model can be deduced for axisymmetric jets. One
then shows that the local knowledge of the mean flow and a characteristic time of
turbulence in the source volume may be used to calculate the spectral directivity of Mach
wave noise. As a consequence of this local formulation of the acoustic source term, the
noise model contains a single unknown multiplicative constant. It also requires a
calculation of the mean flow which may be carried out with a k− e compressible turbulence
model. Two cold jet cases at M=1·7 and M=2·0 and a hot jet at M=2·0 and Tj /T0 =2·5
are analyzed. Comparisons with available experimental data and Tam’s calculations based
on an alternative description in terms of instability waves travelling at the convection speed
show a good agreement between calculations and measurements.
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1. INTRODUCTION

For high speed imperfectly expanded jets one can essentially identify three mechanisms
of noise: turbulent mixing noise, broadband shock associated noise and screech tone. In
the case of perfectly expanded jets considered here the last two components of supersonic
jet noise do not require further consideration. At least two approaches may be used to
predict mixing noise of high speed jets, when turbulent structures are convected
supersonically relative to the ambient speed sound. The first method developed by Tam
and colleagues [1, 2] is based on a stochastic instability wave model (see Figure 1). From
measurements of mean flow parameters, an analytical representation of the mean flow is
constructed as a starting point of the instability wave model. A method of matched
asymptotic expansion then yields a solution which is valid in the far field. One single
multiplicative constant is necessary with the stochastic instability wave model. It is chosen
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Figure 1. Tam’s approach to calculate supersonic jet noise.

for best overall comparison with the experimental data of Seiner et al. [3]. In what follows
the numerical prediction of Tam [1] will be used to compare them with the present model.
Whilst this approach is valuable it also raises difficult theoretical questions. For example
it is assumed that the instability modes may be obtained by taking as the velocity profile
that of the mean flow. This is an important simplification of the real situation.

An alternative approach may be used to predict supersonic jet noise. Ffowcs Williams
and Maidanik [4] derived an expression for acoustic sources convected supersonicaly in
a turbulent shear layer. In their expression the acoustic autocorrelation pressure in the far
field is directly associated to the space-time pressure correlation in the near field. But for
Mach wave emission, experimental observations [5–8] show that the space-time correlation
function takes a simple form featuring local shear flow parameters such as the convection
velocity and the displacement thickness. Following this second approach one may estimate
local acoustic source terms which are supersonically convected from a calculation of the
mean flow using a compressible turbulence closure. An estimation of the space-time
correlation pressure combined with the free space Green function of Lighthill’s equation
then leads to an expression of the acoustic spectral directivity. As in the first treatment
of Mach wave radiation, one uses only information about the local mean flow and two
turbulent quantities which are the kinetic energy k and the rate of dissipation e, to
represent the supersonically convected source term. Furthermore one single multiplicative
constant is used in our model for all jet configurations. The present numerical results are
compared with on one hand, experimental data of Tanna [9, 10] and Seiner et al. [3] for
shock free supersonic jets up to a Mach number of 2 and a temperature ratio T0/Tj =2·5,
and on other hand, with the work of Tam and Chen [1] based on Tam’s instability wave
model.

Section 2 summarizes some results of Lighthill’s aerodynamic noise theory. The Mach
wave sources are then formulated to derive the power spectral density of the radiated
pressure (section 3). Section 4 compares numerical results predicted by a k− e

compressible code to available experimental data. Finally our acoustic model is applied
to shock-free supersonic jets in a last section and comparisons between available
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measurements and numerical results are carried out. The compressible code is briefly
described in Appendix C.

2. LIGHTHILL’S THEORY OF AERODYNAMIC NOISE

Lighthill’s theory [11, 12] constitutes one of the important contributions to the study of
aerodynamic noise generation by turbulent flows. The theory relies on an inhomogeneous
wave equation derived from the fundamental balance relations describing fluid motion,

12r/1t2 − c2
0 12r/1xi 1xi = 12Tij /1xi 1xj , (1)

where c0 is the constant speed of sound in the ambient medium. It is assumed that the
medium external to the flow is homogeneous and at rest. Lighthill’s tensor appearing in
the right hand side of equation (1) is Tij = ruiuj +(p− c2

0r) dij − tij where r, p, u and t are
respectivley the density, the pressure, the velocity and the viscous stress tensor. Noting that
acoustic waves in a homogeneous medium at rest are governed by 12

ttr− c2
09

2r=0 and
using an analogy, the acoustic source term may be identified when 12

ttr is not balanced by
c2

09
2r. One of Lighthill’s results is that the source of sound is the double divergence of

the Tij tensor. The free space solution of equation (1) is easily expressed as

(r− r0)(x, t)= r' (x, t)=
12Tij

1xi1xj
( 1

4pc2
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d0t− x
c01=
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r
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r

(2)

where r= x− y is the vector joining the source point y in the flow volume V to the
observation point x and * is the convolution product. The integral solution (2) has an
asymptotic form for large r,

r'(x, t)0 1
4pc4

0x
xixj

x2 gV

12

1t2 Tij 0y, t−
r
c01 dy (3)

where the symbol 0 means is equal to for large r. The far field noise is then deduced
from the autocorrelation function

Cpp (x, t)=
r'(x, t)r'(x, t+ t)

r0c−3
0

=
1

r0c−3
0
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T:a

1
2T g

T

−T

r'(x, t)r'(x, t+ t) dt. (4)

The acoustic intensity I(x) is directly deduced from this expression by setting t=0:
I(x)=Cpp (x, t=0).

Furthermore, the power spectral density Spp (x, v) where v is the angular frequency in
the fixed frame of the observation point x is defined as

Spp (x, v)=
1
2p g

a

−a

Cpp (x, t) eivt dt (5)

The far field correlation function of the pressure expressed for stationary turbulence
[13, 14] takes the form

Cpp (x, t)0 1
16p2r0c5

0x2

14

1t4 g gV

Tij (y, t)Tkl 0y+ h, t+ t−
x · h

xc0 1 dy dh, (6)
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where x · h/xc0 is the time separation in the observer frame between signals emitted
simultaneously by two sources points y and y+ h. The description of source convection
may be improved by introducing a reference frame moving at convection speed Uc .
Defining j= h−Ucty1, Ffowcs Williams [13] showed that

Cpp (x, t)0 1
16p2r0c5

0x2 g 1
C5

14

1t4 gV

Tij (y, t)Tkl 0y+ j, t+ t−
x · j

xc0 1 dj dy, (7)

where C is a Doppler or convection factor [13, 15]:

C=C(x, y)= [(1−Mc cos u)2 + (vtL/zpUc )2]1/2, cos u=(x1 − y1)/=x− y =. (8)

In these expressions, Mc =Mc (y)=Uc /c0 is the convection Mach number, vt =vt (y) is
a characteristic angular frequency of turbulence and L=L(y) is an integral length of
turbulence. According to this expression the Doppler factor resulting from the change of
frame does not vanish at the Mach angle u*=cos−1 (1/Mc ) as in the radiation problem
of a single point moving source.

At this step, expression (7) is an implicit integral solution. However, in assuming on the
one hand isentropic fluctuations dp= c2 dr and an isothermal dp= c2

0 dr, and on the other
hand approximating the Reynolds stress tensor ruiuj by rtuiuj where rt designates the
turbulent fluctuations of density, an explicit solution for the density can be obtained. In
the case of subsonic jet noise, the distance over which the turbulence is coherent is short
compared to an acoustic wavelength in the moving frame and the retarded time can be
neglected in the integral expression (7). This result may be used, as exemplified in many
studies, to estimate the acoustic radiation of subsonic and weakly supersonic free jets
corresponding to subsonic convection Mach numbers, see references [15–21] for analytic
developments, references [22–24] for recent numerical calculations and [25] for an
application to coaxial jets.

3. POWER SPECTRAL DENSITY OF MACH WAVE NOISE

In the case of supersonic jet noise, the retarded time appearing in equation (7) must be
retained, and the approximation of the Reynolds stress tensor by rtuiuj is invalid. Phillips
[26] first studied Mach wave radiation of a supersonic shear flow. In his analysis, Lighthill’s
equation was replaced by a convected wave equation where a part of the mean flow effects
were included in the wave operator rather than in the source term. This equation led to
an interesting acoustic analogy in a sense that only the velocity field appeared in the source
term. A description of an asymptotic acoustic field was derived for large Mach numbers
by assuming a known turbulent velocity field. Early experiments, on Mach wave radiation
were carried out by Laufer [26] for a supersonic turbulent boundary layer. The Green
function of Phillips’ is now known in the case of a plug flow [27]. An exact wave equation
for acoustic fluctuations radiated in a shear flow was derived by Lilley [28, 29].

Another point of view was developed by Ffowcs, Williams and Maidanik [4] starting
from Lighthill’s equation (1) combined with an exact reformulation of the flow equations.
The aim of their analysis was to relate the Mach wave field to specific turbulent properties
in this particular case. The calculation begins with the exact free space integral solution (2)
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of Lighthill’s equation. Noting that the convolution product 1jf ( g= f ( 1jg, the integral
solution in the far field may be written as
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Hence
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where one here uses the projection of Lighthill’s tensor in the observation direction r. The
previous integrand may be written more explicitly by making use of the momentum
conservation equations,

1(ruj )/1t+ 1(ruiuj )/1yi =−1p/1yi + 1tij /1yi ,

projected in the direction r:

(1/1yi )[ruiur + pdir − tir]=−1(rur )/1t .
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It is known that the two source strengths −(1/c0)1f/1t and 1f/1yr lead to the same
acoustic far field. This is clearly shown by the two integral solutions (3) and (10). One may
then replace the temporal derivative of rur by a spatial derivation. The equivalent source
term for the acoustic far field then becomes

1
c0

12Tri

1t1yi
0 12

1t1yr
[r(ur − c0)]. (12)

Upon inserting a decomposition of the velocity field in terms of a mean component Ui and
a fluctuation uti such that u=U+ ut , expression (12) becomes:

1
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w1 w2 w3

Considering directions close to the Mach angle u*=cos−1 (1/Mc) (see Figure 2), one may
assume that 1−Mc cos u0 0. The first term of equation (13) vanishes and only the last
two terms must be considered. Estimates of these terms may be deduced from the
characteristic variables of the flow, L a typical scale of large structures, d the mixing layer
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Figure 2. Mach wave radiation from perturbations convected at a supersonic speed.

thickness, U a characteristic velocity of the mean flow, r a characteristic density fluctuation
and t a characteristic turbulence scale:
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d
.

For compressible mixing layer turbulence [30, 31], (u'/U)max 2 15%, and Le d. In a first
approximation, only the second term of equation (13) should be retained,

1
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12Tri

1t1yi
0 1r
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0 1
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1t
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, (14)

where the last evaluation is obtained by considering that the fluctuations are locally
isentropic. The far field sound pressure features a term amplified linearly by the mean flow
gradient,

r'(x, t)0−
1

4pc2
0 gV* $1

c2

1p
1t

1Ur

1yr%0y, t−
r
c01 dy

r
(15)

where 1Ur/1yr =(rirj /r2)1Ui /1yj . The integration is performed over the source volume V*
defined as the set of points in the flow for which the convection Mach number exceeds
unity V*= {y, Mc (y)e 1}.

At this point it worth discussing expression (15). Indeed it has been pointed our
previously that it may not be valid to express the acoustic far field as a function of linear
source terms. It has been implied by Crow [32] and Ffowcs Williams [33] that such terms
may introduce secular effects in the solution. It is known that such terms are responsible
for refraction effets and this has motivated the analysis of Doak [29] and Lilley [28] and
their proposed modification of the wave operator. In the case of Mach wave radiation
which dominate the noise from high speed jets this criticism is of lesser importance because
the acoustic far field is similar to the near field pressure fluctuations. The dominant effect
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is the convection of turbulent fluctuations in the shear flow. This is well demonstrated in
the detailed experiments of Parthasarathy and Massier [7]. Their data supports the theory
of Ffowcs Williams and Maidanik justifying the linear relationship exploited in the present
model.

Among the nine terms composing the local velocity gradient, the largest is 1U1/1y2, since
the mean flow is essentially oriented in the axial direction. Then
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The correlation function (4) may be expressed as
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One assumes that the local sound speed and the local mean flow gradient are constant
over the correlation volume of turbulence. With the notation cos u=(x1 − y1)/
=x− y=, sin u=(x2 − y2)/=x− y=, h= y'− y, the cross-correlation (17) becomes:
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where the superscripts ' and 0 respectively designate values at the source points:

(y, t− =x− y=/c0) and (y+ h, t− =x− y− h=/c0).

For a stationary turbulence an integration by parts shows (see Appendix A) the
correlation function of the pressure time derivative may be calculated as the second
derivative of the pressure correlation:

1p'
1t

1p0
1t

=−
12

1t2 (p'p0).

To model the correlation p'p0 one may use the data of Parthasaraty et al. [7, 8]. It has
been found that this correlation has a form very close to the following function g:

p'p0(h, t)= p'p0(h, 0) g(t) with g(t)= [1− 5
4 v2

t t
2] e−v2

t t
2. (19)

The function g is plotted in Figure 3 and some of its properties are given in Appendix
B. The first integration over the correlation volume of turbulence was proposed by Ffowcs
Williams [13]:
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Figure 3. Time correlation function g of the pressure (vt =1).

where tt is the lifetime of turbulence and js is the correlation area perpendicular to the
Mach wave direction u*. The mean square value of the time derivative of the pressure was
estimated by Kistler and Chen [5] for a supersonic turbulent boundary layer as

01p
1t1

2

2 1
2

c2
0M2

c

d2
1

p2
0 , (21)

where d1 is the boundary layer thickness. The same expression may be used in the present
context by taking for d1 the half-width of the jet, defined as

d1 =g
y*2

y2 =0 01−
U1

U1(y2 =0)1 dy2, (22)

in which y*2 is the radial location where the velocity U equals 0·01U1(y2 =0). On the other
hand, from the previous expression of the term p'p0, the integration over the correlation
volume in expression (18) may be expressed as
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The correlation area js can be related to the displacement thickness [9] by

js 2 d2
1/cos2 u2 d2

1Mc . (25)

Hence, the expression for the far field autocorrelation pressure is
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In these expressions, one assumes that the observer point x is in the direction of Mach
waves, and so that all the radiated energy is concentrated in this direction. The acoustic
field in other directions is deduced by multiplying the intensity in the Mach wave direction
by the normalized convection factor (8):

C	 −5 = [a2M2
c /((1−Mc cos u)2 + a2M2

c )]5/2. (27)

The acoustic intensity in the far field is then obtained by writing the previous expression
for t=0, with −d2g/dt2=t=0 = 9

2 v2
t =U2

c /d2
1 . The acoustic intensity becomes
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C	 5 01
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1y21
2
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As indicated in the previous section, the power spectral density Spp may be obtained by
taking the Fourier transform of the autocorrelation function: i.e.,

Spp (x, v)0 p2
0

32p2r0 gV*

cos2 u sin2 u

C	 5 v2G(v)ttd
2
1Mc dy, (29)

where G is the Fourier transform of g (see Appendix B):
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5
8 01−
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2v2
t1% 1

2zpvt

e−v2/4v2
t . (30)

The local knowledge of the mean flow gradient 1U1(y)/1y2, the speed of sound c(y),
the convection Mach number Mc (y) and a characteristic turbulence time tt (y) allows
calculations by integration of expressions (28) and (29) over the volume V* yielding the
acoustic intensity and the power spectral density due to Mach waves. All these quantities
may be deduced from an aerodynamic calculation by using a turbulence closure scheme
such as a compressible k—e model.

4. APPLICATION TO FREE SUPERSONIC JET NOISE

Numerical calculations of the mean flow field are first described. These calculations are
compared with measurements of Seiner et al. [3, 34]. Acoustic results are then reported.
Directivity, acoustic power and efficiency, narrow band spectra are also compared with
available experimental data of Laufer et al. [35], Tanna et al. [9, 10] and Seiner et al. [3, 34].
A sketch of the geometry is shown in Figure 4.

4.1.  

The aerodynamic field is obtained from a numerical solution of Reynolds average
Navier-Stokes equations associated with a k—e closure. These calculations are carried out
with an axisymmetric compressible version of the ESTET code developed by the
‘‘Laboratoire National Hydraulique’’ of the ‘‘Direction des Etudes et Recherches
d’Electricité de France’’ (see Appendix A for further information and the turbulence model
equations). Compressibility effects are accounted for by introducing an energy dissipation
resulting from dilatation processes into the standard k—e model (see reference [36] for
instance). Computations were carried out for unheated free jets at nominal Mach numbers
of 1·67 and 2 and for a hot jet at M=2. Nominal flow parameters are gathered in Table 1.
The ambient, the nominal jet and stagnation temperatures are respectively designated as
T0, Tj and Tt . Numerical results are compared with the recent experimental data of Seiner
et al. [3, 34].
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T 1

Mean flow data

M Tt (K) Tj (K) g Uj /c0 Tj /T0 cj (ms−1)

1·67 464 298 1·40 1·67 1·0 346 cold jet
2·0 536 298 1·40 2·0 1·0 346 cold jet
2·0 1370 761 1·36 3·3 2·5 545 hot jet

Figure 5(a) displays Mach number contour plots and spatial distributions of the
turbulent kinetic energy per unit mass k for the case of a hot jet at M=2. The
computational domain has 20D in the axial direction, with a nozzle diameter D of 0·025 m.
The jet mixing layers corresponding to the maximum of turbulent energy k may be
identified in Figure 5(b). Production of kinetic energy k is directly associated with velocity
gradients, which reach a maximum in the mixing layers and are negligible in the potential
core. The length of this potential core Xc , defined as the length where the mean center-line
velocity is less or equal to 0·99 Uj , increases with the Mach number while the lateral mixing
layers become thinner. Figure 6 demonstrates the close agreement between predicted and
measured mean center-line velocity for the two jets with a nominal Mach number of 2.
For the hot jet case at M=2, the predicted length of the potential core, Xc 1 9·3 D, is
slightly smaller than the value measured by Seiner et al. [3]. The faster decrease of the mean
center-line velocity with increasing jet temperature observed experimentally by Seiner et al.
[3] is retrieved in the present calculation. The small wiggles observed for the hot jet are
due to a slight mistmatch between the jet exhaust pressure and the ambient pressure.
Comparison of predicted velocity profiles with experimental data for several axial locations
are reported in Figure 7. These profiles collapse on the fitted curve given by Seiner et al.
[34]. In Figure 8 comparisons between the calculated radius to half velocity, defined as the
radial location where the mean velocity U1 is equal to 0·5U1(y2 =0), and available
measurements [3] is shown for the cold jet at M=2·0. Comparison of velocity profiles with
experimental data of reference [34] for different axial locations are reported in Figure 8.
All these comparisons indicate that suitable numerical predictions are obtained for the
axial velocity profile and the jet spreading rate.

The self-similar behavior of radial profiles of turbulence intensity s defined as
s=zu2

1t
/U1(y2 =0) were investigated for different axial locations and plotted in Figure 9.

The maximum of fluctuations is s2 11% and is reached for h2−0·1 (see Figure 9 for

Figure 4. Geometry of the problem.
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Figure 5. Hot jet at Mach 2·0 (a) Mach number contour plot showing six isolines from 0·0 to 1·8 with a step
of 0·2; (b) turbulent kinetic energy contour plot showing nine isolines from 3500 m2 s−2 to 12 500 m2 s−2 with a
step of 1125 m2 s−2.

the definition of h) which corresponds to a maximum of turbulence intensity located in
y2 2D/2. This level of turbulence intensity is probably under-estimated due to the k—e

closure, which assumes a nearly isotropic turbulence. Indeed the concept of turbulent
viscosity (see Appendix C) cannot correctly represent the splitting of the kinetic energy
between the longitudinal and transversal directions. Several authors [30, 31] showed that
in the case of a compressible turbulence the maximum expected value for s is of the
order of 15%. Figure 10 displays the axial evolution of the fluctuation Mach number Mt

defined as Mt =zk/2c as a function of the normalized axial direction y1/Xc where Xc is
the length of the potential core. The fluctuation Mach number rises with y1/Xc , reaches

Figure 6. Jet at M=2. Predicted mean axial velocity. Calculations: ——, Tj /T0 =1; --- , Tj /T0 =2·5.
Measurements of Seiner et al. [3]:e, Tj /T0 =1; +, Tj /T0 =2·5.
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Figure 7. Jet at M=2 and Tj /T0 =1. Radial velocity profiles at different locations. —, Measurements of Seiner
et al. fitted to a half-Gaussian [34]. Symbols: predicted profiles at different axial locations. The variable h is
defined as h=(y2 − y2(0·5))/d, where y2(0·5) is the radial location where the velocity equals U1 =0·5U1(y2 =0)
and d is the local shear layer thickness d= y2(0·1)− y2(0·9), which represents the radial distance between the
points where the local velocity is U1 =0·1U1(y2 =0) and U1 =0·9U1(y2 =0).

a maximum at about y1 2 1·7Xc , and then falls. Experimental observations of Lau et al.
[30] shows similar evolutions for supersonic jets at M=1·37.

4.2.  

In order to use expressions (28) and (29) to calculate the acoustic intensity and power
spectral density, it is necessary to specify the convection velocity, the characteristic time
or the angular frequency and an integral length scale of turbulence. The convection velocity
Uc (y) cannot be directly deduced from the present aerodynamic calculations. This velocity
is estimated as 0·67U1(y2 =0), where U1(y2 =0) is the mean velocity on the jet axis in the
local section y1. As a consequence, the convection velocity is a function of the axial distance

Figure 8. Jet at M=2 and Tj /T0 =1. Radius to half velocity normalized by the nozzle diameter D.
Calculations: —, Measurements of Seiner et al.: e, Tj /T0 =0·62; +Tj /T0 =1·51.
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Figure 9. Jet at M=2 and Tj /T0 =1. Predicted radial profiles of turbulence intensity s=zu2
1t /U1(y2 =0) at

different locations. See Figure 7 for the definition of h.

y1. The turbulence characteristic time tt is given by the ratio tt 0 k/e, and the angular
frequency vt is then obtained by vt 0 2pe/k, where k is the turbulent kinetic energy per
unit mass and e the dissipation rate, that is to say the rate of transfer of kinetic energy
per unit mass and per unit time. For the convection factor C̃ the turbulence integral scale
L is estimated from the local values of k and e: L0 k3/2/e .

The two turbulence scales tt and L are characteristic of the large structures. Indeed a
suitable estimation of the integral length of turbulence, which can be determined by
spectral considerations for an isotropic turbulence, is

L=g
a

0

f(r) dr2 k3/2

e

Figure 10. Jet at M=2 and Tj /T0 =1. Axial profile of the fluctuation Mach number Mt =zk/2c as a function
of y1/Xc where Xc is the length of the potential core.
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where f is the von Kármán-Howarth longitudinal correlation function. This model
uses quantities which depend implicity on unknown scaling constants. An adjustable
multiplicative constant is also necessary in the expression of the acoustic intensity. This
single global factor b is determined by comparison with experimental data of Tanna et
al. [9, 10] and Seiner et al. [3] for a jet at M=2 and Tj /T0 =1, and an observation angle
u=39°: b1 1·38×10−2. This point is taken as reference for all other flow configurations.
Acoustic levels for directivity and narrow band spectra, are always given per unit of nozzle
area and corrected to the distance x of the observer, with a reference of I0 =10−12 Wm−2.

4.2.1. Directivity
Figure 11 shows the calculated acoustic intensity for the two cold and hot jets at M=2

and corresponding experimental data of Tanna et al. [9] and Seiner et al. [3]. The sharp
directivity pattern characteristic of eddy Mach wave radiation is retrieved. The model
predicts only the acoustic radiation due to Mach waves. Hence, the calculated intensity
is valid for an observation angle centered around u*=cos−1 (1/Mc ). However, one sees
that Mach waves dominate the acoustic radiation in the cases under investigation, and
that, in particular, this partial prediction of the directivity yields a correct estimate of the
acoustic power. One here observes the influence of temperature on the radiated sound field.
Indeed, the variation of the mean temperature is taken into account through the factor
c4 in equation (28). In the hot jet case, the acoustic level is roughly equal to that reached
in the cold jet case because of the decrease of the jet shear density, but the direction of
acoustic radiation is modified. To have a complete prediction of the directivity, it is
necessary to include the contribution of mixing noise [23, 24]. This has been done yielding
an excellent prediction at u=90°, as may be seen in Figure 12.

The directivity of the cold jet at M=1·67 is plotted in Figure 13 and compared with
measurements of Tanna et al. [9]. One again retrieves the sharp directivity pattern from
Mach waves with a good accuracy. It is again necessary to add the mixing noise component
to get a correct estimation of the directivity at u=90° and in the backwards quadrant.

In the supersonic free jet case, when the acoustic radiation is dominated by Mach waves,
the acoustic power evolves according to the following dimensional law, see references
[13, 14]: W0(r2

j /r0)D2U3
j . The acoustic power is thus proportional to the square of the

Figure 11. Jet at M=2: Acoustic directivity. Calculations: ——, Tj /T0 =1: – – –, Tj /T0 =2·5. Measurements
of Seiner et al. [3] e, Tj /T0 =1; q, Tj /T0 =2·5. Experimental points of Tanna et al. [9]: +, Tj /T0 =1.
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Figure 12. Jet at M=2 and Tj/T0 =1. Acoustic directivity. —, Mach wave noise component; - - - , mixing noise
component; ....., sum of the two components; E, key for symbols as Figure 11.

density rj . Also, in the hot jet case, the velocity increase is balanced by the decrease of
the density. The acoustic efficiency h is another interesting quantity which may be used
to characterize acoustic radiation. It is defined as the ratio between the acoustic power and
the mechanical power, i.e. between the radiated energy and the supplied energy. For a
round free jet, the mechanical power is given by Wm =(pD2/4)rjU3

j .
Dimensional laws and acoustic efficiencies are given in Table 2 for free turbulent flows

with subsonic or supersonic convection Mach numbers. One observes that h increases as
M5

c when the convetion Mach number is subsonic, and becomes roughly constant when
the convection Mach number is supersonic. The acoustic energy radiated is then directly
proportional to the energy supplied by the jet. For instance, a ratio Uj /c0 0 3·3 in the
present case leads to an acoustic efficiency h equal to 0·5%.

Figure 13. Jet at M=1·67 and Tj /T0 =1. Acoustic directivity. —, Calculated; e, measurements of Tanna
et al. [9] for a jet at M=1·65.
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T 2

Acoustic field radiated by a free turbulent flow: dimensional laws

Convection Mach number Subsonic Supersonic

Dimensional law W0 r2
j

r0
D2 U8

j

c5
0

1+M2
c

(1−M2
c )4 W0 r2

j

r0
D2 U3

j

Efficiency h0 rj

r0 0Uj

c01
5 1+M2

c

(1−M2
c )4 h0 rj

r0

4.2.2. Narrow band acoustic spectra
Narrow band power spectral densities provide further informaiton on the radiated

acoustic field. The power spectral density model developed in section 3 is now used to
predict narrow band spectra. Figures 14 and 15 display the Mach wave noise directivity
for a set of Strouhal numbers for cold and hot jets at M=2. The predicted directivities
are compared on one hand with measurements of Seiner et al. [3], and on the other hand,
for the first case, with numerical results of Tam and Chen [1] obtained from an instability
wave model (see section 2). The Strouhal number or dimensionless frequency St is defined
in terms of the nozzle diameter D and the nominal velocity of the jet Uj : St= fD/Uj . It
appears that the peak directivity data increases with the Strouhal number. This behaviour
is associated with refraction effects which become more important as frequency increases.
The predicted results feature this shift, in particular for the case M=2 and Tj /T0 =2·5,
where the curves follow the data points very closely. All the spectral directivity is not
retrieved since only the Mach wave noise component is calculated. For the case M=2
and Tj /T0 =1, the Tam and Chen calculations are plotted as a dashed line in Figure 14.

Figure 14. Directivity of Mach wave noise in dB, M=2·0, and Tj/T0 =1·0 (a) St=0·067; (b) St=0·12, (c)
St=0·20, (d) St=0·40. e, Experimental data of Seiner et al. [3]. - - -, Tam and Chen calculations [1].
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Figure 15. Directivity of Mach wave noise in dB, M=2·0, and Tj /T0 =2·5 (a) St=0·05; (b) St=0·10, (c)
St=0·20, (d) St=0·40. e, Experimental data of Seiner et al. [3].

These results feature the directivity around the Mach wave angle except for the first
Strouhal number St=0·067. For this same case, our model overestimates the
measurements by about 3 dB. Examination of these two jet configurations shows that our
model correctly predicts the spectral directivity.

Figure 16. Equal contours of the normalized acoustic power spectral density per unit length. u=3°, M=2·0
and Tj /T0 =1·0.
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Figure 17. Equal contours of the normalized acoustic power spectral density per unit length. u=51°, M=2·0
and Tj /T0 =2·5.

4.2.3. Distribution of the axial power spectral density
To complete the description of the acoustic radiation, an analysis of the power spectral

density per unit length along the jet axis is displayed in Figures 16 and 17, for the two
jets at M=2. For the peak directivity angle u* of Mach waves, the power spectral density
integrated over the jet cross section is plotted as a function of the Strouhal number St.
The high frequency sources are located in the mixing region near the nozzle while the low
frequency sources are situated in the downstream region, near the tip of the potential core.
The space-frequency distribution of acoustic sources are similar to those obtained for
subsonic jets, see references [23, 24]. However the maximum y*1 /D is located further
downstream near y*1 /D2 10 for M=2 and Tj /T0 =1, and near y*1 /D2 7·2 for M=0·86;
see Table 3. The maximum seems always situated at the end of the potential core which
increases with the Mach number. This result is in agreement with earlier experimental work
of Laufer et al. [35].

Figure 18 displays predicted angular dependence of the peak spectral amplitude and
measurements of Seiner et al. [3] in the case of a M=2 and Tj /T0 =2·5 jet. The predicted
peak spectral amplitude is again close to the experimental data. But for small angles, the
strong refraction effects due to the mean flow gradient are not taken into account in the
model. As a consequence the predicted results do not decrease quite like the measurements.

T 3

Localization of the apparent Mach wave sources

M Tj /T0 u* y*1 /D St*

2·0 1·0 39° 10·3 0·13
2·0 2·5 51° 11·3 0·15
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Figure 18. Angular dependence of the peak spectral amplitude, M=2·0 and Tj /T0 =2·5. —, Calculated; e,
measurements of Seiner et al. [3].

Besides, the experimental data can be interpreted as follows. The power spectral density
per unit length of the jet shows that the high frequency sources are located near the nozzle,
where the convection Mach number Mc is highest. So, the corresponding Mach wave angle
u*=cos−1 (1/Mc ) is larger than the one associated with the low frequency sources located
downstream where the convection Mach number is smaller.

5. DISCUSSION AND CONCLUSION

A numerical procedure for calculating Mach wave noise has been described. The
modelling of the source term relies on the work of Ffowcs Williams and Maidanik. From
their analysis, an analytic formulation of the acoustic source term may be deduced for
axisymmetric jets and an integral expression is finally derived from the power spectral
density. One shows that the local knowledge of the mean flow and a characteristic time
of turbulence allow an evaluation of the acoustic Mach wave noise radiation to be made.
Aerodynamic calculations are carried out by using a k—e turbulence code modified for
compressible shear flows. Hence, this approach systematically employs local mean flow
data for acoustic prediction. The model only requires a single unknown multiplicative
constant. Cold jets at M=1·7 and at M=2·0 and a M=2·0 hot jet (Tj /T0 =2·5) are
investigated. Directivities are in good agreement with experimental data. Furthermore the
spectral results obtained in the case of the hot jet are close to the measurements. These
comparisons are encouraging: a complete picture of the space-frequency radiated acoustic
field has been obtained. This method could be used to compare predicted space-frequency
distributions of acoustic sources with those of modern imaging techniques applying to
supersonic jets, or to study coaxial subsonic-supersonic jets. One notes that a similar
approach has already been developed for subsonic and weakly supersonic jets. The case
of a coaxial subsonic-subsonic streams has been treated with success in reference [25].

One original feature of the present study is that the calculation of Mach wave radiation
is based on a CFD determination of the flow field. The method requires a k—e turbulence
code, a standard computational tool.

In a more general flow configuration, the present approach has two limitations. First,
it requires a specific Green function for use in the integral formulation of Lighthill’s
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equation. Secondly, refraction effects due to mean flow gradients are not taken into
account but they are known to modify the aerodynamic noise spectrum and directivity.
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APPENDIX A: EXPRESSION OF THE CORRELATION FUNCTION OF THE PRESSURE
TIME DERIVATIVE

For a stationary process, where t designates the time separation between the two times,
t'= t+ t:

1p
1t

(x, t)
1p
1t'

(x, t')= lim
T:a

1
2T g

+T

−T

1p
1t

(x, t)
1p
1t'

(x, t') dt

= lim
T:a

1
2T g

+T

−T

1p
1t

(x, t)
1p
1t

(x, t') dt

= lim
T:a

1
2T

1

1t g
+T

−T

1p
1t

(x, t)p' dt.
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Upon integrating by parts, and remembering that stationary functions remain bounded,
it follows that

1p
1t

(x, t)
1p
1t'

(x, t')= lim
T:a

1
2T

1

1t 6[pp']−g
+T

−T

p
1p'
1t

dt7
= − lim

T:a

1
2T

12

1t2 g
+T

−T

pp' dt.

Hence, the correlation function of the pressure time derivative can be expressed as

1p
1t

(x, t)
1p
1t'

(x, t')=−
12

1t2 [pp'], t'= t+ t. (31)

APPENDIX B: SOME PROPERTIES OF THE FUNCTION g

A suitable form for the function g can be

g(t)= (1− av2
t t

2) exp (−v2
t t

2). (32)

This function reaches a minimum for t*= (a+1)/av2
t , and then the function g takes the

value g(t*)=−a exp{−(a+1)/a}.
According to experimental data of Parthasaraty et al. [7, 8], an acceptable choice for

a is a=5/4 which leads to g(t*)2−0·21. Moreover, one needs the second derivative of
the function g at t=0: d2g/dt2=t=0 =−2(a+1)v2

t .
To calculate the power spectral density (5) one needs the Fourier transform of g:

G(v)=
1
2p g

+a

−a

(1− av2
t t

2) e−v2
t t

2eivt dv

=
1
2p g

+a

−a

(1− av2
t t

2) e−v2
t t

2 cos (vt) dv

A double integration by parts leads to

G(v)=$1−
5
8 01−

v2

2v2
t1% 1

2zpvt

exp $−
v2

4v2
t%.

APPENDIX C: TURBULENCE MODEL EQUATIONS AND THEIR NUMERICAL
SOLUTION

The basic mean flow equations which are solved numerically are given in the following
section. The modified k—e turbulence model for compressible mixing layers is then
described. The ESTET code is briefly presented in the final subsection.

C.1.   

A density-weighted (Favre [37]) average is often used for compressible flows. With this
averaging precedure, the conservation equations of mass, momentum and energy are
similar to those derived from the incompressible flows. Using the Favre average for each
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variable f=f	 +f0= rf/r̄+f0, except for the density r and the pressure p, one may
write the mean flow equations as follows: (i) continuity equation

1r̄/1t+ 1(r̄ũi )/1xi =0;

(ii) momentum conservation equation,

r̄(1ũi /1t+ ũj1ũi /1xj )=−1p̄/1xi +(1/1xj )(tij − ru0i u0j ),

where −ru0i u0j is the Reynolds stress tensor and tij is the viscous stress tensor, which takes
the following form for a compressible Newtonian fluid:

tij = m 01ui

1xj
+

1uj

1xi1−
2
3

m
1uk

1xk
dij , tij 1 m 01ũi

1xj
+

1ũj

1xi1−
2
3

m
1ũk

1xk
dij ;

(iii) specific enthalpy conservation equation,

r̄ 01h	
1t

+ ũj
1h	
1xj1=

1

1xj 0l

cp

1h	
1xj

− ru0j h01+
1p̄
1t

+ ũj
1p̄
1xj

+6ūj
1p̄
1xj

+ u0j
1p̄
1xj

+F�7,

where l is the heat conductivity, cp the specific heat at constant pressure and F the viscous
dissipation function, F= tij 1ui /1xj . One assumes a Fourier law for the heat flux vector
q=−l9T and a perfect gas behaviour dh= cp dT. The term ru0j h0 is modelled by means
of a gradient closure: −ru0j h01 (mt /st)1h	 /1xj .

In this expression mt is the turbulent viscosity and st is the turbulent Prandt number.
The three last terms of the enthalpy equation (in brackets) are neglected in the numerical
solution.

C.2.  

A modified k—e turbulence model for compressible mixing layers is used to calculate
the Reynolds stresses. The modification concerns the dissipation e and is based on works
of Zeman [36]. In this section, only the final form of the k—e turbulence model is presented.
The kinetic energy k and the dissipation rate e are given by

k=
1
2

=
0
u0j u0j =

1
2

ru0i u0j
r̄

, e=
1
r̄

t0ij
1u0i
1xj

.

The dissipation e of this kinetic energy is the sum of two contributions e= es + ed where
es is the solenoidal dissipation associated with the incompressible part of the velocity field.
The distribution of this dissipation is given by the standard transport equation for the
dissipation. The dilatation dissipation ed resulting from dilatation effects of the velocity
field is given by the following expression proposed by Zeman:

e= es + ed = es [1+ cd f(Mt )] with Mt =z2k/c and cd =0·75.

Here the function f is given by

g
G

G

F

f
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The transport equations for k and e take the following forms:

r̄ 01k
1t

+ ũj
1k
1xj1=

1

1xj$0m+
mt

sk1 1k
1xj%+P+G− r̄e,

r̄ 01es

1t
+ ũj

1es

1xj1=
1

1xj$0m+
mt

se1%+
es

k
[Ce1(P+G)−Ce2r̄es ].

By using the eddy viscosity concept, which relates the Reynolds stresses to the mean flow
gradients, the production term P may be written as

P=−ru0i u0j
1ũi

1xj
=$mt 01ũi

1xj
+

1ũj

1xi
−

2
3

1ũk

1xk
dij1−

2
3

r̄kdij% 1ũi

1xj
,

where mt is the turbulent viscosity given by mt = r̄Cmk2/es . The other production term G

is calculated by Jones [38] as

G=
r'u0i
r̄

1p̄
1xi

=−
1
r̄

mt

st

1r̄

1xi

1p̄
1xi

with 0·7E st E 1.

Standard values of the empirical constants of the k—e model given by Launder and
Spalding [39] are used in the calculations: Cm =0·09 Ce1 =1·44 Ce2 =1·92 sk =1·0 se =1·3

C.3.   

The ESTET code has been developed by the Laboratoire National Hydraulique of the
Direction des Etudes et Recherches d’Electricité de France. The algorithm is based on the
projection method, introduced by Chorin [40] and Temam [41], for the time discretization
of the Navier-Stokes equations. A characteristic method is used for the convection step.
The diffusion step and the pressure-continuity step (or projection step) are solved using
implicit methods. The mesh is structured but irregular and all the calculations are
performed with an axisymmetric version of ESTET.


