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Ecole Centrale de Lyon, Laboratoire de Mécanique des Fluides et d’Acoustique, Centre Acoustique 36, Avenue
Guy de Collongue, 69134 Ecully Cedex, France

Summary
Prediction of sound pressure levels at medium and large distances from road, railway and industrial sources,
has been of considerable interest in environmental acoustics for several years. At the beginning, the fundamen-
tal hypotheses were very simplified: homogeneous and isotropic propagation medium with perfectly reflecting
grounds. Then, during the following years, various parameters were successively taken into account. In that way,
different sound propagation effects in the vicinity of absorbing or mixed grounds, with or without barriers, fluc-
tuating atmospheric conditions with or without turbulence were considered. In a first approach, all these works
were based on analytical methods (Ray tracing technique, Geometrical Theory of Diffraction, Creeping wave the-
ory, etc.). In the recent years, new numerical methods were investigated (Parabolic Equation approach, Finite and
Boundary Element Techniques, etc.). These different methods have been highlighted through adapted softwares
able to predict sound pressure levels for a rather large number of situations. These computing codes, indexed as
research and/or commercial softwares have been highly validated. In spite of the increasing improvements of the
theoretical modelling and resolution methods, which became possible due to the new computing technologies,
progresses are still possible. This paper deals with analytical and numerical approaches, pointing out in particular
their respective validity domains.
PACS no. 43.28.J

1. Introduction

Propagation phenomena of sound waves in the environ-
ment are very complex and a large number of parameters
have to be considered. The main ones are related to the
physical characteristics of the propagation medium (air)
on one hand, and to the boundary conditions (natural or
artificial grounds, barriers, etc.) on the other hand. Thus,
the modelling process requires consideration of many dif-
ferent mechanisms such as: the geometrical spreading, the
molecular absorption, reflection processes on the limiting
surfaces, various diffraction effects, the influence of the
temperature and wind speed profiles and finally, the influ-
ence of the atmospheric turbulence.

Depending on the complexity of the problem to be
treated, different approaches can be considered. During the
last thirty years, various authors [1] worked on this impor-
tant problem by successive steps integrating at each step a
new parameter. In the next sections, we successively dis-
cuss about different analytical and numerical models al-
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lowing taking into account a large number of realistic sit-
uations.

2. Analytical approaches

2.1. Ground effects on the sound wave propagation

Independently of the ground type and composition be-
tween the source and the receiver: homogeneous or mixed,
their respective influence on the sound wave attenuation
along the propagation path is important. This attenuation
is frequency dependent and function of the incidence angle
and propagation distance. More grazing is the incidence
and higher is the frequency, stronger is the attenuation.
This general principle can be largely applied to natural ab-
sorbing grounds. Therefore, it is not equivalent for certain
porous structures with a rigid internal skeleton such as per-
vious road surfaces. In that case, particular phenomena re-
lated to the surface wave can induce sound level amplifica-
tions for frequencies above 1 kHz and angles of incidence
greater than 10 degrees [2, 3].

At the beginning, the authors only considered a homo-
geneous and isotropic atmosphere in which the vertical
sound speed gradient �c��z was equal to zero.
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Figure 1. Homogeneous ground: geometry of the problem.
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Figure 2. First validation: geometrical set-up.

2.1.1. Propagation above a homogeneous ground

In order to solve this problem, several approaches based
on the ray tracing theory have been investigated [1]. Two
of them are particularly used: the one introduced by Rud-
nick [4], further developed by Donato [5], Chessell [6] and
Embleton et al. [7, 8] and finally, the one developed by
Thomasson [9, 10]. In those approaches, the sound field is
split into three terms: a direct wave between the source and
the receiver, a reflected wave on the ground and a surface
wave.

Other approaches have also to be mentioned. They use
the layer potentials representation and have been devel-
oped by P. Filippi and D. Habault [11, 12].

In the case of an omnidirectional point source above an
absorbing plane characterised by its normalized surface
impedance Z�f� � ��f���c (� and �c respectively rep-
resent the characteristic impedance of the ground and the
impedance of air), the sound pressure level at the receiving
point R can be approached through the equation:

p

p�
�

Ad

rd
e ikrd �Q

Ar

rr
e ikrr � (1)

The spherical reflection coefficient Q is given by the fol-
lowing expression:

Q � Rp � ���Rp�F �w�� (2)

k � ��c is the wave number in the air where � is ��f . f
is the frequency and c the sound celerity. Ad and Ar are

the magnitudes of the direct and reflected waves. Rp is the
plane wave reflection coefficient,

Rp �
Z sin� � 	

Z sin� � 	

 (3)

and F �w� an asymptotic development given by:

F �w� � � � i
p
�w exp��w��erfc��iw�
 (4)

where

w� � �ikrr	
� �

Z���Rp��
(5)

and

	 �

r
��

�k
�

��
cos� �� (6)

� is the complex wave number inside the porous structure
and� the incidence angle. All the variables of the problem
are calculated with a e�i�t time dependence.

According to the ground composition, various impe-
dance models can be used. For natural grounds or for re-
flecting road surfaces, the Delany and Bazley model [13] is
the most commonly used. It only considers one parameter
which is the airflow resistivity �, in kN s m��.

For the porous road surfaces, well-adapted models ex-
ist. Two approaches have been tested and compared [2]:
A phenomenological one jointly developed by J. F. Hamet
and M. Bérengier [14] and a microstructural one devel-
oped in the same time by K. Attenborough [15] and by
Y. Champoux [16]. These models require several parame-
ters such as the airflow resistivity � in kN s m��, the open
porosity � and one or several shape factors representative
of the medium tortuosity (q�), the viscous and thermal de-
pendences, respectively sp and sk.

According to these hypotheses, in many situations, the
sound energy above a plane characterised by its normal-
ized impedance Z can be expressed by the equation

hpi �
�Ad	

�

r�d
� jQj� �Ar	

�

r�r
(7)

�
�jQjAdAr

rdrr
cos

�
��r�d� � Arg�Q�

�



where r�d � rr�d�c.
Equation (7) can also be used to calculate the sound

attenuation between two receivers located at different
heights above the ground (cf. Figure 2). This corresponds
to the results presented on Figure 3, for a short propagat-
ing distance (4 m). For this comparison between experi-
ment and prediction, the sound pressure levels were ob-
tained using an impulse method described in [17] with the
sound source located 0.60 m above the ground and the two
receivers respectively on the ground and 0.60 m above de
ground surface

A nice agreement between prediction and measurement
is found. Nevertheless, we have to keep in mind that it is
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Figure 3. Relative sound pressure level versus frequency for a
homogeneous ground zS � zR� � ����m; zR� � ����� m;
d � �m; Grassy ground (� � ��� kN s m��). (—–): prediction;
(– – –): measurement.

an ideal situation, which does not really fit with real con-
ditions. In fact, we are very often in presence of irregular
surfaces, mixed grounds presenting impedance disconti-
nuities, large propagation distances and mainly, inhomo-
geneous and fluctuating atmospheric conditions. In order
to solve these various situations, several predicting models
are available. They will be detailed in the next section.

2.1.2. Propagation above a mixed ground

Sound propagation modelling above homogeneous ground
is interesting but not sufficient for a large number of situa-
tions, and mainly when traffic noise is concerned. In fact,
the sound source, which is in the close vicinity of the road
surface, generates a wave that propagates across a discon-
tinuity. Apart the case of porous pavements, two different
media have to be taken into account: a totally reflecting
road surface and an absorbing natural ground (Figure 4).

Identically to the homogeneous grounds, several ap-
proaches can be considered. One of the most adapted to
this problem has been developed by K.B Rasmussen [18].
It is based on a Green formulation. In spite of the exces-
sive computing time, this method is nevertheless more ac-
curate than semi-empirical formulations [19, 20], and par-
ticularly, for grazing incidence where source and receiver
are very close to the ground (Figure 5).

The Kirchhoff-Huygens formulation implemented by
Rasmussen is limited to an integration in the vertical plane
above the impedance jump. Using the stationary phase
technique, the formulation can be expressed by a single
integral easy to compute (equation 8).

p��� �
p

�kd�

e�i���

����
I
 (8)

with

I �

Z
�

�

�
p� �Q�p� �Q�p� �Q�Q�p�

�
dz
 (9)

where Q� and Q� are the spherical reflection coefficients
related to the two grounds characterised by their normal-
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Figure 4. Mixed ground: geometry of the problem.

Figure 5. Sound pressure level relative to free field above a
mixed ground: comparison between measurement: (� � �) and
prediction: (—–): [18]; (– – –): [19]; (– - – ): [20] zS � ����m;
zR � ����m; d � ���m; d� � ���m; �� � ����� kN s m��;
�� � �� kN s m��.

ized impedances Z� and Z� respectively. The different
terms pi (i � �
 �) correspond to the acoustic energy trans-
mitted along the rays ri (i � �
 �). From a numerical
point of view, the integral is calculated through the trapeze
method (equation 10).

I �
X
n

�
p� �Q�p� �Q�p� �Q�Q�p�

�
z� (10)

Therefore, this technique requires a z sufficiently small
and n sufficiently large to insure a good convergence. In
practice, the integration cannot be performed from z � �
and z � � but has to be stopped at a height zmax � �.
The choice for z and zmax is a compromise between suf-
ficient convergence and computing time. In addition, these
two parameters are frequency dependent. Rasmussen [18]
details the various limitations for low and high frequen-
cies. It has to be mentioned also that for extreme configu-
rations, convergence is not achieved at frequencies below
300 Hz.

982
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2.2. Effect of the atmospheric conditions on the
sound propagation

After several years dedicated to researches on the influ-
ence of ground effects on outdoor sound propagation (with
and without impedance discontinuity), in homogeneous
media (�c��z � �), important works have been devel-
oped to consider the meteorological effects in theoretical
models. Thus, followed many in situ experiments, which
underlined large variations of the sound pressure levels
(up to 20 dBA) for opposite meteorological conditions
[21]: for instance, the negative refraction (�c��z � �)
and the positive refraction (�c��z � �). In a first ap-
proximation, linear sound speed profiles were considered
(c�z� � c����az�). With this hypothesis, sound ray paths
are circular. Afterwards, mixed grounds were introduced
[22, 23].

2.2.1. Propagation for a negative refraction condition

Those conditions can be observed during a very sunny day
or for an upwind situation. In that case, a negative vertical
sound velocity gradient appears and influences the sound
ray paths that are curved upwards, producing an acoustic
shadow region (Figure 6).

Our modelling approach is based upon the creeping
wave theory. In the vicinity and inside the shadow zone,
the sound field produced by a point source of magnitude �S
is obtained after resolution of a partial derivative equation
system (wave equation + boundary conditions) through a
bi-dimensional Fourier transform [24] (Equation 11).

p�d
 z� � � �S

Z ��

��

H
���
� �kd�P �z
 k�k dk� (11)

Inside the refraction zone, if d � zs � z or z � zr
(receiver height), after calculation of the integral by the
residue method, the following expression of the acoustic
pressure is finally obtained:

p�d
 z� �
�

�
e i��	 �S

X
n

H
���
� �knd� (12)

Ai
�
bn� zs

� e�i���
�
Ai
�
bn� zs

� e�i���
�

�Ai��bn�	� � bn�Ai�bn�	�



where bn � e�i��� � �k�n � k����
�e�i��� are the zeroes

of the equation Ai��bn� � qei���Ai�bn� � �. H���
� is the

Hankel function of the first kind and of order 0.
If a sufficient number of terms in the series are consid-

ered, the expression of p�d
 z� is also valid above the limit-
ing ray. In that case, this solution is more satisfactory than
this given by Pierce [24], which is limited to the shadow
zone. This solution can be simplified when Z ��.

When the receiver is deeply located in the shadow re-
gion, the acoustic field is given by the first term of the
series, which represents the less attenuated propagative
mode. In the other situations, approximations can be even-
tually considered by expressing the Hankel and Airy func-
tions in the sound field formulation by their asymptotic
assumptions.
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Figure 6. Negative refraction condition above a homogeneous
ground: geometry of the problem.

For the most general situations, the number of terms of
the series can be important (�� � n � ��). It mainly
depends on the respective locations of the source and re-
ceiver with respect to the limiting ray. To model the prop-
agation of the electromagnetic and radio waves over large
distances between stations on the Earth and several ships
situated in various locations on the ocean, Hill, Wait and
Jones already used this theoretical approach [25, 26].

Above the limiting ray (illuminated zone), this method
gives comparable results to the geometrical approach. This
last one assumes that an analogy between the propagation
above a plane surface in a stratified atmosphere and prop-
agation above a curved surface in a homogeneous atmo-
sphere exists. Different theoretical predictions have been
compared to experiments on scale model (above a curved
surface) as well as on real sites [22].

Formulations developed for a homogeneous ground
have been afterwards extended to mixed grounds, for in-
stance, a road surface and its close environment. In that
case, the sound pressure is

p�Z�
 Z�� � p��Z��Dp��Z��
 (13)

with D � D�
�D

���
� , where � � d��d�, d� � d�S
 S��

and d� � d�S�
 R�.
S� is a fictitious sound source located just above the

impedance discontinuity at a height zS� .

D� �
p�Z��

p��Z��p��Z��

and D� �
p�Z��

p��Z��p��Z��
� (14)

p�Z�� and pi�Z�� are developed in terms of creeping
waves as detailed in [22].

Figure 7 shows the difference between the propagation
in a shadow zone (equation 13) and in a homogeneous
medium (equation 8) when the sound source is located
above a reflecting road surface and the receiver above
an absorbing grassy ground. The upper and lower dot-
ted lines respectively correspond to an equivalent homo-
geneous hard ground (�� � �����kN s m��) and soft
ground (�� � ���kN s m��). At large distances, the ex-
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Figure 7. Negative refraction condition: comparison between
(� � �� � � �): measurements, (—–): equation (13); (– – –): equa-
tion (8); � � �: homogeneous grounds; zS � ����m; zR � ����m;
d � ����m; d� � ���m, �� � ����� kN s m��, �� �
��� kN s m��.

Z

S

R

zs

z r

d

r

r

r

d

r

r
1

i

ψ

Figure 8. Positive refraction condition above a homogeneous
ground: Geometry of the problem.

cess attenuations in the shadow zone can be very impor-
tant, and often unrealistic with respect to measured relative
sound pressure levels. This is mainly due to the turbulence
effects, which have not been introduced in this formula-
tion. Nevertheless, these effects have been considered in
the numerical approaches detailed in section 3.

2.2.2. Propagation for a positive refraction condition

In that case, the sound rays are curved downwards. Thus,
they are reflected one or several times on the ground (Fig-
ure 8).

The number of reflections depends in the same time on
the respective source and receiver heights and the propa-
gation distance. The sound ray curvature is due to the in-
fluence of a positive vertical sound speed gradient. Such
situations can be observed during thermal inversions and,
for downwind conditions. For particular geometric con-
figurations, different authors [27, 28] have already inves-
tigated theoretical modelling of such propagating condi-
tions. More recently, this has been improved in order to
take into account more realistic situations [29].

As an example, those results have been widely used for
the elaboration of the New French Traffic Noise Predicting
Method [30], currently standardised under the reference
XP S 31-133 [31].

The modelling technique is also based on the geomet-
rical acoustic theory. After resolution of a 4th order equa-
tion, the abscissas of the reflecting points on the surface
are determined. Thus, the number of bounces N can also
be evaluated (equation 15). Afterwards, it is necessary to
calculate the different lengths of the curved sound paths
and the respective propagation delays.

A similar formulation of equation (7), which considers
all the acoustic paths between the source and the receiver,
allows calculating the global expression of the sound pres-
sure level. It corresponds to the sum of the contribution of
each acoustic path issued from the source and reaching the
receiver (equation 16).

n�n���x� � ��n���dx� �
�
b�r � ��n����b�s � d�

�
x�

� ��n���b�sdx� n�n���b�s � �
 (15)

p� �
NX
i
�

A�
i jQij�
r�i

� �
NX
i
�

i��X
j
�

AijQijAj jQj j
rirj

(16)

� cos
h
��j � i� � Arg

�Qj

Qi

�i



whereAi represents the atmospheric absorption calculated
from the ISO standard 9613-1 [32]. ri and i respectively
represent the sound ray paths and the time delays. At the
first iteration, (r� � rd), the spherical reflection coefficient
Q� is set to unity. For the reflected paths (ri�i��� � rir), Q
is expressed by the equation already mentioned in section
2.1.1. In the case of multi-reflections, each sound ray is
reflected i � � times between the source and the receiver.
Thus, the sound pressure associated to this path is weighed
by a coefficient Qi function of the angle of reflection �i
and, the order of reflections Qi � �Q��i�	

ni . When N
is equal to � (1 direct ray + 1 reflected ray), the equation
proposed by Hidaka [27] is obtained.
ri and i have the following expressions

ri � r�zs� � r�zr� � ��n� ��r�zm�
 (17)

i � �zs� � �zr� � ��n� ���zm�
 (18)

where r�zs� and �zs� represent the path length and the
time delay between the source and the first reflection,
r�zr� and �zr� the path length and the time delay be-
tween the source and the last reflection and the receiver
and �r�zm� and ��zm� the path length and the time de-
lay between two successive reflections. General formula-
tions for r and  are detailed in [28]. When the values
of the vertical sound speed gradient are small or when the
source-receiver distances are relatively short (less than 200
metres), only one reflection occurs. In the other situations,
N reflections will be considered.

Afterwards, turbulence effects have been taken into
account by adding to the magnitude terms and to the
wavenumber k � ��c a fluctuating term whose random
component is normally distributed [33]. In that case, we
write A� � ��a�, Ai�i��� � ��ai, k�r� � kr���� and
kiri � kri � �i for i � �. a�, ai, �� and �i are Gaussian
variables with ha��i, ha�i i, �� and �i as respective standard
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Table I. Comparison between measurement and prediction on the
site of La Crau (France); zS � �m; � � 	�� kNsm��.

Distance Receiver Measurement Prediction
S�R (m) height (m) (dBA) (dBA)

160 ��� �� ��� ���
��� ���� ��� ����

320 ��� ���	� ��� ����
��� ���� ��� ���

640 ��� 	�
� ��
 ���
��� ���� ��� ��	

deviations. The main parameters connected to the turbu-
lence are the intensity h��i and the scale L. For typical
situations representative of traffic noise, h��i values are
inside the range �� � ���	� �� � ���		 and L close to � [33].
The mean value of the sound pressure level is then:

hp�i �
NX
i
�

A�
i jQij�
r�i

� �

NX
i
�

i��X
j
�

AijQijAj jQj j
rirj

(19)

� cos
h
��j � i� � Arg

�Qj

Qi

�i
e�	

�

�
���
i�
j ��

Equation (19) assumes that ha��i � ha�i i � ha�i. In that
case, A� � � � ha�i and Ai�j � � � ha�i�i�j , where �i�j
and �i�j are the magnitude and phase covariances.

In contrary to the situation with a negative refraction
condition for which the influence of turbulence on the
sound pressure level can reach several decibels [33], for
positive refraction conditions, it only represents a few
decibels. This can be justified by arguing that the sound
pressure level is already high due to the large number of
acoustic rays, which arrive to the receiver.

The values detailed in Table I show the validity of
the prediction for a propagation on a flat ground for a
large distance (640 m) and for to different receiver heights.
These values (averages and standard deviations) corre-
spond to the difference between the homogeneous con-
dition (�c��z � �) and the positive refraction condition
(�c��z � �).

3. Numerical approaches

During the last decade, propagation of sound above plane
and heterogeneous grounds, including or not meteorolog-
ical effects, has been extensively studied analytically, nu-
merically and/or experimentally. Different numerical ap-
proaches such as Fast-Field Program without [34] and
with turbulence [35], Boundary Element Methods [36, 37,
38, 39] and more recently, Meteo-BEM [40] have been
successfully compared to analytical solutions and exper-
iments for several usual situations. Nevertheless, when
considering complex environments, mixed influence of
terrain topography and atmospheric conditions has to be
taken into account. In those particular situations where
the propagation medium is not stationary with creation

of mean motion or velocity fluctuations, numerical ap-
proaches based on parabolic equations seem to be well
adapted to the problem. Different methods of resolution
have been investigated. The main ones are: the Split-Step
Fourier Method [41], the Crank-Nicholson scheme (CN-
PE) [42, 43], the Green Function Parabolic Equation (GF-
PE) [44, 45], the Generalized Terrain Parabolic Equation
(GT-PE) [46], the Mean-Wind and Turbulent-Wind Wide-
Angle Parabolic Equation (MW-WAPE, TW-WAPE) [47,
48]. Amongst these techniques, a mixed method called
“Split-Step Padé” has been validated [49, 50]. It appeared
to be reliable with respect to its obvious advantages in
terms of angular aperture, CPU time and its capability to
consider the main phenomena: from flat and homogeneous
grounds to complex situations including mixed and/or non
flat grounds.

Presently, some limitations of the PE models concern:
the consideration of the back-scattered energy, the integra-
tion of the 3D effects and the wind characteristics in the
equation. Further investigations on these aspects are cur-
rently in progress [51].

3.1. The parabolic equation

In the approximation of linear acoustics, the sound pres-
sure level is solution of the elliptic Helmholtz equation.
Following the hypothesis of an azimuthal symmetry of the
acoustic field, this equation can be expressed in 2D:

�
��

�r�
�

�

r

�

�r
�

��

�z�
� k�

	
p � �
 (20)

where r and z are the horizontal and vertical coordinates
respectively and k � k�n�r
 z�. n is the refraction index
and k� a reference wave number.

The acoustic pressure is then split into two components:
a propagating cylindrical wave, represented by the Hankel
function and its assumption in the far field (k�r � �),
and an envelope function u�r
 z�, which is slowly range
dependent:

p�r
 z� � u�r
 z�H
���
� �k�r� � �p

r
u�r
 z� exp�ik�r�� (21)

If we assume that the range dependence of the refraction
index n�r
 z� is weak and, that the backscattering acoustic
energy is negligible, u�r
 z� evolution is then governed by
the unidirectional parabolic equation:

�u�r
 z�

�r
� i�

p
P � ��u�r
 z�
 (22)

where the pseudo-differential operator
pP is defined by:

P �
��

�z�
� k��n

�� (23)

According to the
pP series development, various approx-

imations lead to different angle limitations for the sound
propagation and different numerical schemes.
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3.2. The Split-Step Padé method

A new pseudo-differential operator P � is defined by P � �
� � � � �, where � � ����k���z

�� and � � n� � �. The
parabolic equation (equation 21) is then expressed by:

�u

�r
� ik��P ����u� (24)

Assuming that the acoustic field exists at an arbitrary dis-
tance r� and, considering that P � slowly varies on the in-
terval �r�
 r��r	, the solution of equation (23) is given
by the expression

u�r�
 r��r� � exp�ik��P ����r	u�r�
 z�

� exp�s�P ����	u�r�
 z�� (25)

Assuming � � P ����, the idea is to approximate directly
the exponential operator exp�s�P ����	. This can be carried
out through a Padé development [49, 50].

In a first approach, when dealing with flat and homo-
geneous terrains, a second order Padé development [Padé
(2,2)] has been used. In that case,

exp
�
s�P ����

�
� exp

�
s�
p
� � �� ��

�

� � � p��� p���

� � q��� q���
� (26)

The coefficients p�, p�, q� and q� are easily deduced from a
Taylor development of the exponential operator exp�s�P ��
��	. After identification, we obtain:

p� �
� � s

�

 p� �

s� � �s� �

�




q� �
�� s

�

 q� �

s� � �s� �

�

� (27)

When dealing with complex non-flat terrains, a first order
Padé development [Padé (1,1)] is relevant enough to en-
sure good predicting results with an acceptable CPU time
[51]. In that case, we obtain:

exp
�
s�P ����

�
� exp

�
s�
p
������

� � � � p�
� � q� � (28)

The coefficients p and q are respectively

p �
� � s

�

 q �

�� s

�
� (29)

Comparison between the two Padé developments has been
successfully performed. An example is shown in Figure 9.

Finally, the marching algorithm used to solve this prob-
lem is expressed in function of the coefficient and , and .
For the Padé (2,2) development:

�
� � q��� � �� � q��� � ���

�
u�r��r
 z�

�
�
� � p��� � �� � p��� � ���

�
u�r�
 z�
 (30)

and for the Padé(1,1) development, respectively:
�
� � q�� � ��

�
u�r��r
 z�

�
�
� � p�� � ��

�
u�r�
 z�� (31)

Figure 9. Comparison between Padé(2,2) and Padé(1,1) develop-
ments above a ground of finite impedance. Frequency: 500 Hz;
zS � zR � �m; � � ��� kN s m��.

In this approach, the ground is modelled as a local react-
ing surface with complex impedance, which may change
along the sound wave path (case of mixed grounds). The
mean vertical sound speed profiles are set constant along
the distance and are logarithmically shaped as previously
presented by Gilbert and White [42]:

c�z� � c� � a ln
z

z�

 (32)

where z� is the roughness parameter and a the refraction
parameter.

A non-reflecting boundary condition is imposed at the
top of the computational domain by adding a very thick
absorbing layer of several wavelengths. This can be as-
sumed as equivalent to the Sommerfeld condition.

The starting field necessary to initialise the marching
algorithm has a Gaussian shape, an adjustable width, and
considers the image source weighed by a complex reflec-
tion coefficient.

The atmospheric turbulence is considered as isotropic,
homogeneous and only due to temperature fluctuations. It
is modelled by an averaging ofN realisations of the refrac-
tion index, which random field is generated by a superpo-
sition of discrete random Fourier modes [52]. The turbu-
lent energy spectrum depends on the choice of the turbu-
lent spectrum, which profile is determined by the intensity
h��i and the scale L already used in the analytical models
(cf. section 2.2.2.). The Gaussian distribution and the von
Karman turbulent spectrum are the most commonly used
[53, 54]. The domain of the latter is wider, and thus, it bet-
ter takes into account the turbulent eddies responsible for
acoustic scattering in the atmosphere [52].

3.3. Validations in the case of sound propagation
above a flat ground

Many validations were carried out for flat ground situa-
tions. Most of them are presented in [55]. Those valida-
tions were first performed with respect to other theoreti-
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cal analytical and/or numerical models. In both cases, the
agreement was particularly interesting.

As an example, let consider the complex situation in-
volving sound wave propagation above a heterogeneous
ground, through an acoustic shadow zone. In [22], the au-
thors compared indoors experimental data obtained above
a mixed ground with analytical prediction given by the
residue series solution detailed in section 2.2.1. Those
measurements were performed on a 1/10 scale-model. In
order to simulate in labo the upward refraction, the surface
was curved. The radius of curvature was 15 m. Assuming
that the PE solution is only valid in the far field, we pro-
ceed to a scale change in order to correctly compare PE
results with Bérengier and Daigle’s data.

In Figure 10, the split-step Padé predictions provide a
better fit than analytical solutions. According to the au-
thors, this deviation beyond the impedance jump could be
explained by the choice of the edge diffraction coefficient
in the model, set to unity. After 25 m, the error is certainly
amplified by the scale factor and by the strong linear gra-
dient value due to the analogy between sound propagation
above a curved surface in a homogeneous atmosphere and
sound propagation in a stratified atmosphere above a plane
surface [22].

In the configuration presented in Figure 10, no tur-
bulence was considered. For larger distances more rep-
resentative of real situations and, mainly for downward
refraction conditions, turbulence that scatters sound en-
ergy in the shadow region has to be taken into account.
Figure 11 shows the comparison between the Split-step
Padé predictions, with and without turbulence, in the same
propagation conditions as in Wiener and Keast experi-
ments [56]. Without turbulence, the relative sound pres-
sure level predictions rapidly decrease whereas turbulent
predictions are very close to experimental data. Turbulent
results are drawn for three different numbers of realiza-
tions, in order to give an idea of their convergence. The
small discrepancy between predictions and measurements
can be attributed to uncertainties in acoustic, climatic and
ground impedance measurements. Nevertheless, the rela-
tive sound pressure level evolutions are very similar as far
as turbulence is considered.

3.4. Validations in the case of sound propagation
above a non-flat terrain

Several acoustic researchers have recently worked on
the problem of the propagation above non-flat terrain. A
curved terrain version of the parabolic equation has been
adapted for acoustic propagation in the atmosphere over
fairly simple terrain profiles, which can be reduced to a set
of joined circular section pieces [57]. In this technique,
a separate conformal coordinate transformation was ap-
plied to each circular section piece of atmosphere. Sack
and West chose to use a transformation, which follows
the terrain profile [46]. Their method is convenient for any
smooth terrain but seems to be not adapted for a parabolic
equation including wind terms. Thus, we chose to develop
another model which can be used either above any kind of
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Figure 10. Mixed ground and upward refraction: Split-step Padé
predictions (—–) compared with experimental ( ) and theo-
retical ( ) results from [22]. Frequency = 400 Hz; zS � zR �
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Figure 11. Split-step Padé predictions in deterministic (�) or tur-
bulent cases (– – –: 10 realisations, —–: 20 realizations; : 40
realisations) compared with experimental data (�) from Wiener
and Keast [56]. Frequency = 424 Hz; zS � ���m; zR � ���m;
�� � �� � ��� kN s m��; a � ����m/s.

topography and with a parabolic equation including wind
terms. The irregular ground is treated as a succession of
flat domains as shown on Figure 12 [58, 59, 60].

Each flat domain in the coordinate system �r
 z� is ro-
tated so that the r-axis is always parallel to the ground.
The calculation above each domain requires an initial solu-
tion. Then, the values of the initial solution for the domain
n � � are obtained from the values of the pressure field
of domain n, except for the first domain where a Gaussian
starter is used. At the slope discontinuity between domain
n and domain n � �, the sound pressure continuity is in-
sured along the following z-axis by the equation

un�� � un exp�ik�rn�� (33)

Following the discretization of the whole terrain in sev-
eral flat domains, the code has just to be applied for each
of them after introduction of the adapted initial solution.
The code can consider various impedance values in each
domain.
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Figure 12. Complex topography: definition of the resolution do-
mains.

Figure 13. Relative sound pressure levels versus distance above
a convex cylinder split in 8 flat domains. Frequency = 1000 Hz;
Rc � ���m; zS � zR � �m.

3.4.1. Validation above a theoretical non-flat surface

A first validation has been carried out on a theoretical non-
flat surface. The propagation above a cylinder has been
chosen as a benchmark case. The calculation can be also
treated by a method using conformal mapping [57]. In the
transformed domain where the ground is flat, the effect of
topography is accounted for by an effective sound speed
profile, which is exponentially increasing with height. For
a convex cylinder, the sound speed profile used in the
transformed domain is given by c�z� � c� exp��z�Rc�.
Rc is the radius of curvature and c� the reference sound
celerity. For this calculation performed for a frequency
of 1000 Hz, the geometrical parameters are the following:
Rc � ���m, zs � �m. The sound pressure is evaluated
on a curved line at a constant height of 5 m above the cylin-
der. The curved surface is split in 8 flat domains; the angle
between two flat domains is ���� radians. On Figure 13,
we plot the relative sound pressure level �� log�p�pref�,
where pref is the sound pressure in front of the source at
a distance of 1 m. The agreement between the two meth-
ods is very nice. Other comparisons have been carried out.
The agreement is still good up to an angle of ���� radians
between the flat domains. Beyond this value, the approxi-
mation of the cylinder by flat domains gives rise to errors.

Figure 14. Schematic illustration of the site topography and the
experimental set-up.

Figure 15. Experimental set-up.

3.4.2. Validation above a real non-flat terrain

An outdoor site near Saint-Berthevin (France) has been se-
lected to study the influence of meteorological conditions
on noise traffic. This offers the possibility to measure si-
multaneously, in various points of the site, detailed me-
teorological and noise propagation data for short periods
as well as for a long-term monitoring. Figure 14 shows a
schematic illustration of the site topography and the exper-
imental set-up.

For a first comparison between experimental data mea-
sured on this complex site and the numerical PE simula-
tions, we used an artificial broadband point source located
2 m above the ground and several receivers located at the
same height as shown on Figure 15.

In the results presented on Figures 16 and 17, the direc-
tion of the mean wind was 20� North and the mean ver-
tical velocity profile u�z� was modelled using a logarith-
mic profile as mentioned in equation (31), with a � ���
and z� � ���m. The characteristic impedance value of
each domain of the ground surface has been determined
according to the grazing incidence technique developed
by Bérengier and Garai [17]. This measurement technique
that requires a set of two microphones located 4 m away
from an impulse source is similar to this already detailed
in section 2.1.1. The estimation of the airflow resistivity
value of the ground to be qualified is obtained through a
Levenberg-Marquardt inverse fitting algorithm applied to
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Figure 16. Complex topography: comparison between measured
relative sound pressure level at receiver R2 and prediction us-
ing PE method: Influence of the mean wind. d�S�R�� � ��m,
���S�R�� � ��� kN s m��, ���R�� R�� � � kN s m��.

Figure 17. Complex topography: comparison between measured
relative sound pressure level at receiver R5 and prediction us-
ing PE method: Influence of the mean wind. d�S�R�� � ��m,
���S�R�� � ��� kN s m��, ���R�� R�� � � kN s m��.

the experimental narrow-band excess attenuation between
the two microphones (cf. Figure 2). To run this procedure,
we used the theoretical propagation model detailed in 2.1.1
(equation 1) and the Delany and Bazley impedance model
[13]. This technique is very similar to the Nordic one de-
veloped by Ögren et al. [61], which is based on a 1/3 oc-
tave analysis of measurement data carried out at four lev-
els instead of one in our method. The following values of
the airflow resistivity have been found: between the source
and receiver R1, � � ���kN s m�� and from R1 to R5,
� � �� kN s m��.

The distances of propagation are respectively 25 m be-
tween the source and R1 and 75 m from R1 to R5. A ref-
erence microphone is located 10 m from the source at 2 m
above the ground.

As shown on Figure 16, at a short distance (Receiver
R2), wind influence is small. In the other hand, for larger
distance, for instance at the receiver R5 placed down the
hill, we clearly observe the wind influence (see Figure 17).
In that case, if the mean wind profile is not taken into ac-

count in the numerical simulation, large differences be-
tween prediction and measured data are identified up to
500 Hz. The difference is of the order of 15 dB. When the
mean velocity profile is introduced into the PE simulation,
the agreement between computed and measured values be-
comes reasonable. The remaining discrepancies could be
attributed to the variations of the local impedance and to
the fluctuations of the meteorological parameters: mainly,
mean wind direction and turbulence intensity and scale.
Concerning the back-scattered sound energy by slopes, N.
Blairon [51] showed that the ratio between the scattered
and the total acoustic energy is less than 0.1% for a fre-
quency of 500 Hz and a slope of 40 degrees.

4. Conclusion

During the years 1970–1980, the large increase of noisy
transportation means and industrial sites required to im-
prove the different predicting methods concerning long
range sound propagation outdoors and particularly by in-
troducing ground effects and later, the influence of the me-
teorological conditions.

During this period, the evolution of the techniques al-
lowed to improve the theoretical models in order to be as
close as possible of real situations. So, the influences of
discontinuous grounds and atmospheric conditions have
successively been considered.

As the analytical approaches mainly based on the geo-
metrical acoustics are relevant for simple situations, they
become rapidly inadequate for complex sites. In that case,
numerical methods have to be implemented. Results pre-
sented in this paper seem for all the techniques very
promising, and particularly the numerical PE approach,
which is now able to consider both complex topographies
and meteorological conditions.

Therefore, researches on this very important field are al-
ways progressing. New developments have recently been
published during the 10th Long Range Sound Propagation
Symposium in 2002. They deal with a hybrid method us-
ing in the near field a BEM technique and the parabolic
approach in the far field [62, 63]. Other techniques can
also be implemented; for instance, those based on the lin-
earized Eulerian model [64]. The large improvements ob-
served in the last decade were only possible thanks to the
close collaboration between researchers involved in out-
door acoustics and meteorology of the low atmosphere
layers [65].

At the beginning, the main goal was only the character-
isation of the acoustic field in a half space above grounds.
Further, the various results obtained in the recent years
have been used for standardisation and national regulation.
One of the main French applications concerns the elabora-
tion of the national predicting method for traffic noise [30],
which certainly would not be issued without the important
contribution of fundamental researches on the modelling
of the various propagation phenomena.

Currently, the main work is to study over long time peri-
ods the statistical effects of meteorology on outdoor sound
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propagation in order to rapidly answer to the European
regulations elaborated in the framework of the new noise
directive [66].
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[22] M. Bérengier, G. Daigle: Diffraction of sound above a
curved surface having an impedance discontinuity. J.
Acoust. Soc. Am. 84 (1988) 1055–1060.
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