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The nonlinear temperature field in the vicinity of the stack of a standing-wave thermoacoustic refriger-
ator is investigated both theoretically and experimentally. First, the problem is addressed theoretically by
a one-dimensional nonlinear model that predicts the generation of thermal harmonics near the ends of
the stack. The model relies on a relaxation-time approximation to describe transverse heat transfer
between the stack walls and the working fluid. It extends a previous model proposed by [Gusev et al.,
Thermal wave harmonics generation in the hydrodynamical heat transport in thermoacoustics, J. Acoust.
Soc. Am. 109 (2001) pp. 84–90], by including the effect of axial conduction on temperature fluctuations.
Second, the nonlinear temperature field is investigated experimentally. The amplitude of temperature
fluctuations behind the stack at the fundamental frequency and second harmonic are measured using
cold-wire anemometry. The measurements rely on a procedure recently developed by the authors that
allows a full correction of the thermal inertia of the sensor. Experimental results are in good agreement
with the predictions of the model. The generation of thermal harmonics behind the stack is thus vali-
dated. The influence of the Péclet number on the thermal field, which depends on the diffusivity of the
working fluid and on the acoustic frequency and pressure level, is also demonstrated.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Thermoacoustic systems convert thermal energy into acoustic
energy and vice versa. In thermoacoustic refrigerators, the interac-
tion between a high-amplitude acoustic wave and a porous med-
ium (usually referred to as ‘‘stack’’) creates a heat flux along the
porous medium. Thermoacoustic refrigerators have a simple archi-
tecture with no moving parts save for the driver, which makes
them robust and reliable, and opens possibilities for low cost pro-
duction and miniaturization. In addition, they operate with work-
ing fluids such as binary mixtures of noble gases that are benign to
the environment. In order to enhance the performances of these
systems, it is necessary to improve the efficiency of each of their
components as well as of the coupling between these components.

The coupling between the stack and the heat-exchangers is of-
ten modelled using a mean-field approximation as in Refs. [18] or
[13] for instance. Models relying on this approximation neglect the
contribution of longitudinal gradients of temperature oscillations
to the convective heat flux along the stack. However, when
ll rights reserved.
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longitudinal gradients of temperature oscillations are not ne-
glected, analytical models by Gusev et al. [9,10] and numerical
models by Karpov and Prosperetti [12] showed that, near the ends
of a thermoacoustic stack, the thermal field is nonlinear. This was
further validated by direct numerical simulations [7,14,15]. In fact,
thermal harmonics are generated near the ends of the stack that af-
fect the transport of heat towards/from the heat-exchangers. Con-
trary to the results of the linear theory, which predicts that the
stack and heat-exchangers should be adjacent [22], nonlinear mod-
els predict that the enthalpy flux between the stack and the heat
exchanger is maximised when an optimal gap is introduced be-
tween the two components. Therefore, the first objective of the
present study is to improve the theoretical understanding of the
nonlinear temperature field near the stack ends.

Matveev et al. [16,17] recently published mean temperature
measurements behind the thermal buffer tube of some thermoa-
coustic systems. They successfully compared their measurements
to a semi-analytical model that has some similarities with the
one described in Refs. [9,10]. However, to date, there is no experi-
mental evidence of the generation of thermal harmonics near the
stack ends. Cold-wire measurements of the temperature oscilla-
tions were performed inside the boundary layer along a stack plate
by Huelsz and Ramos [11], but the data were acquired far from the
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Nomenclature

BR blockage ratio
cp specific heat of the fluid
cw specific heat of the wire material
dac acoustic displacement
D diffusivity of the fluid
f(U) a function of the velocity describing convective heat

transfer
fosc fundamental frequency of acoustic oscillations
h convective heat transfer coefficient
kf conductivity of the fluid
mw mass of the wire
MCCA time lag of the cold wire
P0 acoustic pressure fluctuationsbP 0 average of P0 over the cross section
Pac amplitude of acoustic pressure fluctuations
Pm mean pressure of the fluid
Pe�1 inverse of the Péclet number
R dimensionless relaxation coefficient
RCCA resistance of the real wire
R�CCA resistance of the ideal wire
R0 resistance of the wire at a reference temperature T0

rL resistance of the connection cable
S surface area of a channel cross section
t time
Ta temperature of the fluid
T0 reference temperature

Tm mean temperature of the fluid
T0 temperature fluctuations of the fluid
T 0s temperature fluctuations of the channel wallsbT 0 average of T0 over the cross section
U velocity component normal to the wire
u0 velocity fluctuations
Vw voltage across the wire
x axial coordinate, origin at the hot end of the stack
y, z transverse spatial coordinates
b isobaric thermal expansion coefficient of the fluid
Dn dimensionless space interval
Ds dimensionless time interval
h dimensionless temperature fluctuations
h1 dimensionless amplitude of temperature fluctuations at

fosc

h2 dimensionless amplitude of temperature fluctuations at
2fosc

n dimensionless position
P perimeter of a channel cross section
qf fluid density
s dimensionless time
sR relaxation time
v temperature coefficient of resistivity for the wire mate-

rial
x angular frequency
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stack ends and they were limited to the fundamental frequency.
The oscillating temperature field inside the stack channels and
near the stack ends were measured using holographic interferom-
etry [23] and more recently using laser-induced fluorescence [21].
These results show that the temperature field is disturbed near the
stack ends, in part due to the generation of vorticity when the stack
plates are thick [23]. However, these experiments are not repre-
sentative of real thermoacoustic systems since the temperature
gradient is imposed by heaters located along a single plate in one
case [23] and the stack is replaced by two adjacent heat-exchang-
ers in the other [21]. In this context, the second objective of the
present study is to make up for the lack of measurements of tem-
perature fluctuations in realistic thermoacoustic devices.

The present paper is organized as follows: Section 2 presents a
one-dimensional nonlinear model that describes the acoustic tem-
perature field behind the stack. The model is an extension of the
work by Gusev et al. [9,10], to which the contribution of axial con-
duction was added. Indeed, we shall see that axial conduction has a
significant effect on the results. Section 3 describes the experimen-
tal setup and it introduces the novel procedure that we developed
recently for the measurements of temperature fluctuations in
oscillating flows using cold wires [5]. The procedure relies on the
unique features of constant-voltage anemometers (CVA) to correct
the thermal inertia of cold wires. Following this procedure, accu-
rate measurements of the temperature fluctuations behind the
stack are performed. Experimental results are presented in Sec-
tion 4 and compared with the model predictions.
2. Theoretical model

The model is an extension of the one proposed by Gusev et al.
[9,10]. For a thermoacoustic standing-wave refrigerator, the tem-
perature fluctuations inside the channels of the stack are given
by the following equation:
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where the different notations are given in the nomenclature and the
isobaric thermal expansion coefficient of the fluid is b = qf cp(c � 1)/
(cPm). Similarly to Gusev et al. [9,10], the effect of viscous stress on
the temperature field is neglected in Eq. (1). The flow is one-dimen-
sional, i.e. velocity depends on x and t only, so that the model does
not account for viscous boundary layers along the plates nor for vor-
tices that may appear behind the stack edges. The thermophysical
properties of the fluid and solid are assumed to be constant. How-
ever, contrary to Gusev et al. [10], the term D@2T0/@x2, which de-
scribes the conductive heat transfer in the axial direction, is not
neglected in our model.

As already noted by Gusev et al. [10], the second term of the
right-hand side of Eq. (1) is small compared to the first term and
velocity fluctuations do not depend on the y and z directions. Tem-
perature fluctuations T0 can therefore be averaged over the channel
cross section S and this quantity is denoted bT 0. In addition, trans-
verse heat transfer averaged over the channel cross section is mod-
eled using Newton’s law of cooling by [10]
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where S and P are the surface area and perimeter of a channel cross
section, respectively. h is the convective heat transfer coefficient
and kf is the conductivity of the fluid. T 0s are the temperature fluctu-
ations of the channel walls, which are neglected. The relaxation
time sR can be introduced

sR ¼
Skf

PDh
; ð3Þ

and Eq. (1) is re-written as



Fig. 1. Position and temperature of three fluid particles during an acoustic cycle.
The leftmost particle spends the entire acoustic cycle inside the stack (R = 1 at
n 6 0). The rightmost particle spends the entire acoustic cycle outside the stack
(R =1 at n > 0). The middle particle crosses the edge of the stack. Axial conduction
is neglected, Pe�1 = 0.

Fig. 2. Temperature fluctuations predicted by the model during an acoustic period
at different locations near the stack end. R = 1 inside the stack, R =1 outside the
stack, Pe�1 = 0.
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The following dimensionless variables are introduced:

h ¼
bT 0

T 0ad;0

; ð5Þ

n ¼ x
dac

; ð6Þ

s ¼ xt; ð7Þ
R ¼ xsR; ð8Þ

Pe�1 ¼ D

xd2
ac

; ð9Þ

where h represents the temperature fluctuations normalized by the
amplitude of adiabatic temperature fluctuations T 0ad;0 due to the
acoustic wave only, n is the distance normalized by the acoustic dis-
placement dac, s is the time normalized by the fundamental acoustic
angular frequency, R is the dimensionless relaxation time, and Pe�1

is the inverse of the Péclet number based on the acoustic displace-
ment dac and the magnitude of the acoustic velocity u00 ¼ xdac .
Finally, Eq. (4) is re-written in a dimensionless form as

@h
@s
þ sin s @h
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¼ sin s� h

R
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2h

@n2 : ð10Þ

Eq. (10) is the governing equation to solve in order to describe
the nonlinear thermal field in the channels of the stack and near
its ends. Before going further, we draw the attention on a major
assumption made in this model. As discussed previously by Gusev
et al. [10], the calculation of the dimensionless relaxation time R
would require the solution of the transverse heat transfer problem
along the stack. Instead, in the present model, the relaxation time
is considered as a phenomenological parameter used to close the
governing equation. This assumption greatly simplifies the model.
Moreover, as the experiments will show later, the model provides a
good qualitative description of the oscillating temperature field
and agrees very satisfactorily with the experiments.

Because of the addition of the axial-conduction term in Eq. (10),
this equation can no longer be solved analytically as in Refs. [9,10].
Therefore, Eq. (10) is solved numerically using a finite-difference
scheme in both time and space. The computational domain ranges
from n = �4 to n = 11 in space and covers 75 acoustic periods in
time. Time and space intervals are Ds = 0.05 and Dn = 0.05 respec-
tively. We verified that the solutions are converged and that the
system has reached a stationary state.

The stack is located at n 6 0. At locations n > 0, the fluid is only
subject to the acoustic wave and does not exchange temperature
with its surroundings. The regime is adiabatic and we set
R = 10000 �1. This can be seen in Fig. 1, which describes the posi-
tion and the temperature of three fluid particles at different loca-
tions in the domain during an acoustic period. The rightmost
particle never enters the stack and undergoes adiabatic tempera-
ture oscillations throughout the acoustic cycle, which corresponds
to a straight line on the figure.

In the stack domain, we set R = 1, which is the optimal regime
for thermoacoustic transport [10]. The optimal regime stands be-
tween the adiabatic regime and the isothermal one (R ? 0). A par-
ticle of fluid travelling inside the stack exchanges heat with the
channel walls and forms an ellipse in Fig. 1 (leftmost particle).

The most interesting case is when fluid particles cross the
boundary between the stack and the adiabatic region. The middle
particle in Fig. 1 undergoes an adiabatic regime during one half
of the acoustic cycle and the optimal thermoacoustic regime dur-
ing the rest of the acoustic cycle. This change in transverse
heat-transfer regime experienced by the fluid particles near the
edge of the stack is responsible for the generation of thermal har-
monics [9,10], as can be seen in Fig. 2.

Fig. 2 shows the time evolution of temperature fluctuations at
different locations close to the hot end of the stack. Within a region
expanding n = 2 away from the end of the stack, temperature oscil-
lations are distorted. The distortion of the thermal field, previously
observed in numerical computations [14,15], is expected to affect
heat transport between the stack and the heat-exchangers. Indeed,
analytical calculations based on a model similar to the one pre-
sented here [3,9] as well as numerical simulations [7,14,15] have
shown that, because of the nonlinearity of the thermal field, there
exists an optimal gap between the stack and the heat-exchangers
that maximises heat transport.
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3. Experimental setup

3.1. Thermoacoustic refrigerator and instrumentation

The thermoacoustic refrigerator is similar to the one used in Ref.
[1] and it is sketched in Fig. 3. The system consists of a quarter-
wavelength standing-wave acoustic resonator, a stack of plates
and sensors. The resonator is a 15-cm long straight cylindrical tube
of diameter 3 cm. A 3-cm long exponential horn connects one end
of the tube to the electrodynamic driver (GELEC EDM8760F). The
other end is closed. The driver generates acoustic pressure levels
up to 3000 Pa at the fundamental frequency of fosc = 465 Hz in air
at ambient temperature and atmospheric pressure. The acoustic
pressure is monitored by a 1/4 inch Brüel & Kjær microphone lo-
cated 90 mm away from the closed end of the resonator.

The stack is made of parallel glass plates of thickness 0.17 mm
of length 18 mm and separated by 0.41 mm. The total blockage ra-
tio of the stack, including the support is BR = 0.37. The hot side of
the stack is located 37 mm away from the closed end of the reso-
nator. In this configuration, a mean temperature gradient of
approximately 9 K develops along the stack at Pac = 3000 Pa. All
the temperature fluctuations presented here are deviations from
the local mean temperature at the hot side of the stack.

Temperature measurements are performed with a small tung-
sten wire. The diameter of the wire is approximately 3 lm and
its length is 3 mm. The wire is mounted on a L-shaped probe (Dan-
tec 55P04). It is very important that the wire be mounted on such a
L-shaped probe in order to avoid thermoacoustic interactions be-
tween the fluid and the wire support during an acoustic cycle
[2]. The reference resistance of the wire is R0 = 24.9 X at the refer-
ence temperature T0 = 293 K and the resistance of the connection
cable is rL = 0.7 X. The wire is inserted in the resonator through a
rubber membrane embedded in the end wall, which ensures an
adequate sealing. The distance between the wire and the stack
plates along the resonator axis is controlled with an accurate linear
stage and monitored with a camera equipped with a zoom lens.
The wire is set parallel to the stack plates and in front of the shear
layers developing along the plate surface.
3.2. Procedure for temperature measurements in oscillating flows
using cold wires

The measurements of temperature fluctuations behind the
stack follow the procedure that was previously developed and val-
idated in [5]. To our knowledge, this is the only procedure available
that allows the accurate measurements of temperature fluctua-
tions in oscillating flows using cold wires, despite their thermal
Fig. 3. Experimental setup.
inertia [6]. In the following, this procedure is briefly summarized.
More details can be found in [5].

When operated in the constant-current mode (CCA) with a very
low overheat, the resistance R�CCAðtÞ of an ideal wire varies with the
temperature of the surrounding fluid:

TaðtÞ � T0 ¼
R�CCAðtÞ � R0

R0v
: ð11Þ

The wire is ideal because it does not undergo thermal inertia, con-
trary to a real wire that does not respond instantaneously to a
change in the fluid temperature because of its mass and heat capac-
ity. The resistance RCCA(t) of the real wire is related to the resistance
of the ideal wire by the following equation

MCCAðtÞ
dRCCAðtÞ

dt
þ RCCAðtÞ ¼ R�CCAðtÞ; ð12Þ

where MCCAðtÞ is the time lag of the cold wire, which is given by:

MCCAðtÞ ¼
mwcw

vR0

1
f ½UðtÞ� : ð13Þ

MCCAðtÞ can be separated into two terms. The first one mwcw/vR0

depends on the wire properties and the second one is a function
of the flow velocity 1/f[U(t)].

The first term of the time lag, mwcw/vR0, is obtained by using
the same wire operated in the heated mode by a CVA from Tao Sys-
tems Inc. [19,20], without the acoustic flow. Simple electrical mea-
surements performed with the square-wave test module
embedded in the CVA units yield the time constant of the wire,
from which the coefficient mwcw/vR0 is deduced. Note that the pro-
cedure does not require the knowledge of the thermophysical and
geometrical properties of the wire, which is very convenient since,
for instance, the wire diameter always differs from the specifica-
tions of the manufacturer.

The second term of the time lag, 1/f[U(t)], depends on the flow
velocity and, hence, it is time dependent. In flows with large-
amplitude velocity fluctuations, e.g. oscillating flows, it is neces-
sary to use the instantaneous value of MCCAðtÞ for the correction
of the thermal inertia otherwise the measured temperature signal
is distorted [8]. The measurement of 1/f[U(t)] is performed in situ,
with the same wire operated in the heated mode but this time
using the velocity module of a CVA. The hot wire is sensitive to
the amount of heat conveyed away by the fluid flow so that the
function f[U(t)] is directly related to the voltage output of the
CVA [4,5]. It is not necessary to know the fluid velocity itself. In
other words, the procedure does not require any calibration in
velocity. In addition, it corrects all the nonlinearities of the CVA
in the hot-wire mode.

We perform measurements in the cold-wire and hot-wire
modes alternately, the measurements being synchronized with
the output signal of the monitoring microphone.

Cold-wire measurements are performed with the temperature
module of a Dantec Streamline 90C20 anemometer. The intensity
of the current flowing through the wire is maintained constant
by the anemometer to ICCA = 0.1 mA. Hot-wire measurements are
performed with a CVA, model VC01 from Tao Systems, maintaining
a constant voltage Vw = 910 mV across the wire. More details about
the electronics and the parameters of the anemometers are given
in [5].

During post-processing, Eq. (12) is solved numerically using
MCCAðtÞ that is deduced from CVA measurements, and the instan-
taneous temperature of the fluid is computed from the resistance
of the ideal wire using Eq. (11) or a calibration curve. The param-
eter v is determined in an auxiliary heated facility.
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4. Results and discussions

Experimental results are compared to the predictions of the
model in Figs. 4 and 5. Figs. 4 and 5 show the spatial distributions
of the amplitudes h1 and h2 of temperature fluctuations behind the
hot end of the stack at the fundamental frequency and twice the
fundamental frequency, respectively. Measurements were per-
formed at three different acoustic pressure levels: Pac = 1000,
2000 and 3000 Pa. At these acoustic pressure levels, the amplitude
of adiabatic temperature fluctuations induced by the acoustic wave
are T 0ad;0 ¼ 0:8, 1.6 and 2.5 K respectively; the acoustic displace-
ments are dac = 0.7, 1.4 and 2.0 mm respectively; and the inverse
Péclet numbers are Pe�1 = 16.3 � 10�3, 3.8 � 10�3 and 1.9 � 10�3

respectively. The coefficients Pe�1 were calculated using
D = 2.2 � 10�5m2 � s�1 as the diffusivity coefficient of air. The re-
sults obtained with the analytical model by Gusev et al. [10], which
corresponds to the case Pe�1 = 0 (no conduction), are also plotted.
Note that, in order to account for the higher velocity amplitude
Fig. 4. Amplitudes of temperature fluctuations behind the stack at the fundamental
frequency. Top: models. Bottom: measurements. Relaxation parameters used in the
model: R = 1 inside the stack, R = 10,000 outside the stack. The hot end of the stack
is located at n = 0.

Fig. 5. Amplitudes of temperature fluctuations behind the stack at twice the
fundamental frequency. Top: models. Bottom: measurements. Relaxation param-
eters used in the model: R = 1 inside the stack, R = 10000 outside the stack. The hot
end of the stack is located at n = 0.
at the exit of the stack due to blockage, the blockage ratio is taken
into account in the normalised acoustic displacement. In other
words, in the following, n = BR � x/dac.

First, the results from the model are examined in order to assess
the effect of axial conduction on the thermal field behind the stack.
As we saw previously, harmonics are generated due to the change
in transverse-heat-transfer regime between the two regions of the
domain. The analytical model, in which axial conduction is ne-
glected, predicts that the thermal field is nonlinear up to n = 2
away from the stack edge. Indeed, a fluid particle driven by the
acoustic wave oscillates with an amplitude of 2dac and the fluid
particles in the region where n > 2 never interact with the stack.
Adding axial conduction to the model extends the size of the per-
turbated region behind the stack beyond n = 2. The greater the in-
verse Péclet number Pe�1, the further the perturbated region
extends.

The analytical model, in the limit Pe�1 = 0, shows that h1 reaches
a maximum at about n = 1.4 before going down to adiabatic tem-
perature fluctuations h1 = 1 at n = 2 (Fig. 4, top). Axial conduction
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shifts the position of the maximum away from the stack and, as al-
ready mentioned, extends the zone where h1 > 1 beyond n = 2. The
maximum also decreases as Pe�1 increases, which flattens the spa-
tial distribution.

The effect of axial conduction on h2 is similar. According to the
analytical model, there are two maxima of h2 behind the stack lo-
cated at approximately n = 0.3 and n = 1.7 (Fig. 5, top). The first
peak is larger than the second one. Again, axial conduction shifts
the perturbation away from the stack and beyond n = 2. Increasing
Pe�1 decreases the amplitude of both peaks, the second one being
more affected. For Pe�1 = 0.0163, the second peak is hardly
distinguishable.

There is a good qualitative agreement between the model and
the experiments. The results of the model presented in Fig. 4
(top) show the same trend as the experiments, Fig. 4 (bottom),
i.e. a maximum of amplitude is observed, which decreases and is
shifted away from the stack when the acoustic pressure decreases.
Far from the stack, temperature fluctuations are no longer pertur-
bated and follow an adiabatic cycle (h1 = 1). For the amplitudes of
the second harmonic, Fig. 5 (top) demonstrates that the trends pre-
dicted by the model compare satisfactorily with the measurements
(Fig. 5, bottom). As the acoustic pressure decreases, i.e. axial con-
duction becomes more important, the two peaks decrease, the sec-
ond one being more affected than the first one and extending
beyond n = 2.

These experimental results validate the generation of tempera-
ture harmonics in the vicinity of the stack of a thermoacoustic
refrigerator. In the present experiments conducted in air, the in-
verse of the Péclet number Pe�1, which accounts for the effect of
diffusion with respect to the convection provided by the acoustic
wave, ranges between 0.0019 and 0.0163. These low values of
Pe�1 suggest that diffusion is marginal compared to convection
by the acoustic wave, which could justify that it was neglected in
the initial model of Gusev et al. [9,10]. However, the present exper-
imental results confirm the importance of axial conduction on the
oscillating temperature field. Axial conduction tends to extend the
region affected by nonlinearities but it also dampens the magni-
tude of temperature harmonics. Pe�1 depends on the acoustic dis-
placement as well as on the diffusivity of the working fluid.

5. Conclusion

Thermal harmonics are generated near the ends of the stack of a
thermoacoustic refrigerator. These harmonics are predicted by a
nonlinear one-dimensional model relying on a relaxation time
approximation to describe transverse heat transfer between the
working fluid and the channel walls. The predictions of the model
are validated successfully by measurements of the temperature
fluctuations behind the stack. The measurements are made possi-
ble by a recently developed procedure for cold-wire thermometry
that relies on the unique features of the CVA to correct the thermal
inertia of the wire. We also show that the spatial distribution of the
amplitude of temperature oscillations at the fundamental fre-
quency and second harmonic near the stack are influenced by
the Péclet number, which depends on the diffusivity of the working
fluid and on the level and frequency of the acoustic wave. When
the inverse of the Péclet number is large, the thermal harmonics
are damped and the perturbated region extends further. The gener-
ation of thermal harmonics near the ends of the stack will have an
impact on heat transport between the stack and the heat-exchang-
ers and it should be accounted for when optimizing the design of
thermoacoustic systems.
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