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Abstract. The intensity fluctuations of acoustic waves that propagate through thermal turbulence
are investigated under well controlled laboratory conditions. Two heated grids in air are placed
horizontally in a large anechoic room and the mixing of the free convection plumes above
them generates a homogeneous isotropic random thermal field. The spectrum of refractive
index fluctuations is accurately described by a modified von Karman model which takes into
account the entire spectrum of turbulence. Experimental data are obtained by varying both the
frequency of the spherical wave and the distance of propagation. In this paper we concentrate
on the variance of the normalized intensity fluctuations and on their probability distributions.
These measurements cover all the regimes from weak scattering to strong scattering including
the peak of the intensity variance. Experimental values of the scintillation index are compared
with classical theoretical predictions and also with the results of recent numerical simulations.
The classical probability density functions (log-normal, exponential, /—-K) are tested against the
measured probability distributions. The generalized gamma distribution, which varies smoothly
from log-normal to exponential as a function of two parameters, appears to represent the
experimental data for a very large range of scattering conditions.

1. Introduction

Acoustic waves traversing a turbulent medium develop random changes in phase and
amplitude. Measurements of the intensity fluctuations in the atmosphere or ocean have
been obtained by several authors [1,2]. However, the uncertainties with regard to relevant
environmental parameters, namely the velocity and temperature variations, make it difficult
to assess their individual influences on acoustic scintillation. The propagation of sound
waves through turbulent velocity fields has already been investigated under laboratory
conditions [3-5]. For temperature fields experiments usually employed a water tank in
which the random temperature field was produced by a heater array mounted at the bottom
[6]. In this arrangement discrete impurities appear, such as minute air bubbles due to thermal
degassing, and present an additional and poorly controlled parameter [7]. An installation
with a grid in air eliminates this problem and has been choosen in this work. To simulate
atmospheric or oceanic conditions of acoustic propagation, it is assumed that the acoustic
wavelength A remains small compared with the integral length scale L1 of the temperature
field, which, in turn, is smaller than the range of z propagation, i.e. z 3> Lt > A,

In our previous work [8-10], investigations of spatial correlation functions and mean
intensity repartitions demonstrated the importance of correct modelling of the turbulent
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thermal field using a modified von Karman spectrum, and the role of the particular form
of the incident wave (spherical or extended sources). Good agreement was obtained
between the experimental data and the theoretical estimates deduced from the parabolic
approximation of the stochastic Helmholtz equation.

In this paper we present experimental results for the variance of the normalized
intensity fluctuations (or scintillation index) and for the probability density functions. These
measurements cover the whole regime from weak to strong scattering. These are compared
with theoretical or numerical predictions given in the literature [11-18].

2. Experimental arrangement

The two heated grids as well as the locations of the acoustic transmitter and receivers are
shown in figure 1. The grids consist of a plane arrangement of conductors with a square
mesh M of 9 cm and a maximum heating power of 32 kW. They are placed horizontally in
a large anechoic room (10 m x 7 m x 8 m) and the mixing of the free convection plumes
above them generates the thermal turbulent field. The second grid can either be placed
adjacent to the first one to increase the distance of propagation up to 4.4 m, or shifted
above the first grid to change the size M of the heating cells from 9 to 4.5 cm. The acoustic
propagation measurements were made at the height H = 180 cm corresponding to 20 or 40
times the mesh size M.
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Figure 1. Experimental set-up.

With the two adjacent grids (M = 9 cm), the mean temperature rise above ambient
was 27 °C and the relative temperature T'/(T) had a RMS value of 0.017. The statistical
uniformity of the thermal field was achieved within 0.5 °C excluding 1.5 meshes near the
edges. The one-dimensional spectrum Fr(K,) was measured with a fast Fourier transform
analyser (Nicolet 660 A) in the range 0.5-200 Hz with a constant bandwith of 0.5 Hz.
Frequencies were converted into wavenumbers K; by a Taylor hypothesis based on the
mean upward velocity (1.25 m s~' measured with a hot wire). Results are given in figure 2
and compared with the one-dimensional spectrum Fr(K;) deduced from the modified von
Karman spectrum ®,(K), where K =|| K |, by

Fp(K;):j; K®s(K)dK (1)
~11/6

®p(K) =0.033CHK>+ 1/L})" " exp(—K*/K2) )
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C; = 191G/(T2/2TWLy™®  Km =591/l 3)

The outer scale of turbulence Lg is related to the integral scale of turbulence Ly (Lg =
1.339 L7). The integral scale Ly deduced by integration of the spatial correlation curve is
7.6 cm. The inner scale /y is related to the high-frequency cut-off of the spectrum and was
estimated to be 0.1 cm. The index changes that may be induced by the velocity fluctuations
in the z direction prove to be negligible; indeed an upper limit is given by u /c (u being the
ﬂuctuatmg componem of the velocity in the upward direction) and measurements indicate
that u /c 6 x 107*. The same measurements were also made with the two shifted
grids (M = 4.5 cm). The mean temperature rise was 35 °C and the RMS value of T'/(T)
reached 0.025. The mean velocity in the upward direction was 1.5 m s~! with a fluctuating
component u’y of 0.25 m s™!. The integral scale Ly is 5 cm. Additional details are given
in Blanc-Benon [10].

2 ZIU F(Hz)

Figure 2. Cumpa.nson between the experimental one-dimensional spectrum of temperature
fluctuations FT(K 1) and the theoretical spectrum deduced from the von Karman expression
Dr(K).

The spherical acoustic waves were generated by small piezoelectric ultrasonic sources
(v =23.5, 31, 39, 75 kHz). The transducers consist of a one-piece housing with a circular
diaphragm of diameter 2a = % in for the highest frequency and 2a = 1 in for the other ones
(5 < ka < 9). The directivity pattern of these piston-like sources exhibits a large main lobe
(total angle of 30° to 60° at —3 dB). For our measurements of intensity fluctuations near
the axis of the transducers the point-source model can then be used safely. The transmitted
signals were received on —- in microphones (Bruél & Kjaer 4135) located along the z axis.
The acoustic intensity and the higher moments were obtained by a digital treatment of the
acoustic pressure signal. In a first step the pressure signal is heterodyned to a frequency of
5 kHz. Then using a digital acquisition (Difa TS 9000, an 8-channel system with 12 bit
of resolution and 8 x 64 K word memory) interfaced with a HP 9000/330 workstation, the
pressure field is sampled with a period of 20 us and the data are stored on the disc system
for later postprocessing. Typically we then calculate the different moments of the intensity
((I =(I))") using 50 blocks of 65536 samples corresponding to an averaging time of 65.5 s
(() indicates an ensemble average and n is the order of the moment). The probability density
functions of the normalized intensity 7/(/) are evaluated using 128 classes.

In figure 3 we have plotted our experimental conditions using the ®—A diagram devised
by Flatté [11]. In this scheme acoustic conditions can be categorized into ‘saturated’,
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Figure 3. Experimental conditions in a ®—A diagram. Zone boundaries are calculated for a
Kolmogorov spectrum @5 (K) = 0.033 C;K~'1/2.

‘partially saturated” and ‘unsaturated’ zones based on the RMS value expected for the phase
variance ® = /2L7k%z(u?), (@ = —T'/2(T); k, acoustic wavenumber; z, distance of
propagation), and on the diffraction parameter A = z/kL%. The boundaries between
the different regions are evaluated for a Kolmogorov spectrum of the index fluctuation
®(K) = 0.033C}K —1/3 (K, turbulent wavenumber).

Typical evolutions of normalized intensity fluctuations //(/) versus time are visualized
on figures 47 for different scatterring conditions obtained by varying the distance of
propagation, the frequency of the source and the characteristics of the thermal turbulent
field. The recording time of each plot is 1.31 s corresponding to a block of 65 536 samples.
In each figure we indicate the value of the parameters ®—A, the experimental normalized
variance o2 and the theoretical value og of the Born solution (equation (5)). In the region
of unsaturated fluctuations, A®** < 1, the presence of the coherent field is clear together
with a small amount of intensity fluctuations (for example v = 23.5 kHz; z = 0.5 m on
figures 4(a) and 5(a)). In the saturation region A®'? > 1, the records exhibit narrow high
peaks and the coherent field disappears.

3. Normalized variance of intensity

In figure 8 we compare our measurements of the normalized variance of the intensity
fluctuations o> with known theoretical or numerical predictions. As usual, all the curves
are plotted using the variance of the log-amplitude fluctuations 0’; evaluated by Rytov's
method with the assumption of a pure Kolmogorov spectrum ®(K) = 0.033C7K ="'/, In
this approach, the scintillation index of a spherical wave is expressed in the following form
[12,13]:

o? =exp(0.4103) — 1 4)
with

o =4l = LLCHKEL, )
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Figure 4. Typical evolution of the intensity fluctuations versus time for different distances of
propagation. The integral scale Ly is 7.6 cm and the RMs value of T'/(T) is 0.017.
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Figure 5. Typical evolution of the intensity fluctuations versus time for different distances of
propagation. The integral scale Ly is 5 cm and the RMs value of T'/(T) is 0.025.

We note that Rytov’s solution (curve 1) is valid for short pathlengths and/or weak
turbulence conditions for which ¢ < 0.2. For increasing values of op the scintillation
index o? reaches a maximum value greater than unity and then slowly decreases when op
increases further. In strong turbulence the experimental behaviour of o2 corresponds to the
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Figure 6. Typical evolution of the intensity fluctuations versus time for different distances of
propagation. The integral scale Ly is 7.6 cm and the rMs value of T'/{T) is 0.017.
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Figure 7. Typical evolution of the intensity fluctuations versus time for different distances of
propagation. The integral scale L7 is 5 cm and the RMs value of T'/(T) is 0.025.

prediction of the asymptotic theory of Prokhorov et al [15] (curve 2):
0% =1+280;"° (@2 > 1). (6)

Between these two well defined regimes of propagation we observe a large spreading
of the measurements. For a fixed value of o obtained for various combinations of the
frequency v, the distance z and the statistical characteristics of the thermal turbulence,
the temporal evolutions of the acoustic intensity are very different (compare, for example,
figures 4(b) and 6(a) where the values of og are very close), and the corresponding levels of
the variance o2 are in the ratio of 1 to 2, which is much greater than the measurement error.
This plot clearly indicates that the evolution of the scintillation index % cannot be described
with only one parameter. This is in agreement with previous theoretical descriptions of the
second-order moment of the intensity which use a two-parameter solution depending on the
diffraction and the scattering strength [11, 14,24].

In addition to Rytov’s solution (o < 1) and the asymptotic theories (o > 1), many
models have been proposed to describe the intensity fluctuations and to extend the domain
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Figure 8. Variation of the normalized variance of intensity o2 with og (equation (5)).
Comparison with theoretical estimates of equations (4), (6) and (7) and numerical simulations
of [17,18].

of validity of the predictions to the intermediary scattering conditions. Some authors have
developed mathematical analysis for the probability density function of the intensity, and
recently the /—K distributions received a great attention [16]; others have solved the fourth-
order moment equation using numerical simulations [17] or multi-scale developments [18].

The variance of the intensity estimated with an /—K distribution is displayed on curve
3 of figure 8. For this phenomenological model [16,25] o is a function of two variables
o and p and takes the form

2 2 1 I+4p
PRt ) "

Andrews et al ([16]) have obtained expressions for the parameters & and p in terms of the
physical characteristics of the turbulence by using results from perturbation techniques for
weak turbulence and the asymptotic theory for strong turbulence. In the case of a zero inner
scale of turbulence /g, the parameters & and p are defined as

o= 0.’]1«7;’5 (8)
and
4.88
p=———— (&)

 acg(1+0.202)

The variance of is defined by equation (5) and calculated with the experimental values
of v, z and CJ%. For weak scattering and for strong scattering our experimental data are
in a reasonable agreement with their predictions. However, for the intermediate regime,
where the effect of the frequency of the source is important, the experimental data and the
theoretical results differ by a factor larger than 1.5.
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Finally, in figure 8, we plot the point-source intensity variances obtained by Martin and
Flatté [17] with a 3D numerical simulation and by Whitman and Beran [18] with a two-scale
asymptotic solution. The difference between these two theoretical methods is very large
(see curves 4 and 5). Our measurements of o2 as a function of op differ significantly
from the theoretical estimates as soon as op exceeds the value of 2. We note that most
of our experimental values lie between the predicted curves 4 and 5. Up to this point our
comparisons have been based on the assumption of a zero inner scale. However, a finite
inner scale can lead to a larger value for the scintillation index in the region of the peak value;
then we have estimated this effect by evaluating the parameter B/R; defined as the ratio
between the inner scale and the size of the first Fresnel zone [17], 8/Ry = 0.338ly/+/Z/%.
The maximum value of B/Ry, 0.025, is obtained with a frequency of 75 kHz and a distance
of propagation of 0.5 m, for all the other experimental conditions B/R; never exceeds a
value of 0.015. In [17] it is shown that a significant increase of o2 is obtained only for
B/Ry > 0.1. So in our experimental conditions this inner scale effect cannot explain the
difference between our data and previous numerical simulations.

The effect of the outer scale of turbulence has also to be explored to explain the
difference between our experimental data and the predictions of Martin and Flatté ([17]
curve 4). Indeed it is known that a decrease in L¢ induces a reduction of the maximum
of the scintillation index. The numerical simulations of Martin and Flatté [28], for plane
waves, indicate that at a fixed value of op the peak of o? is reduced by a factor of 1.7
when Lo is of the same order of magnitude than R;. In our experiments the ratio Lo/Ry
varies from 1 to 6, and our data for the scintillation index are smaller than the predicted
ones by a factor of 1.5 to 2. However, it is difficult to draw a definitive conclusion as for
the influence of Ly because, according to our knowledge, no similar numerical simulations
exist for a spherical wave propagating in a 3D medium modelled by a von Karman spectrum.
In addition it is not convenient to point out a clear experimental effect of the outer scale
Lo because the integral scale is limited to a variation from 5 to 7.6 cm, and because any
change of Lg affects other turbulent parameters (turbulence intensity, inner scale).

4. Probability density functions

Figures 9-12 provide experimental histograms of the normalized intensity fluctuations
W(I/(I)) measured for various conditions: two frequencies (v = 23.5,75 kHz), four
distances of propagation (z = 0.5,0.9, 1.5,4.4 m) and two integral length scales (L; =
7.6,5 cm). Each one of these probability density functions corresponds to one of the
temporal evolution of the normalized intensity 7/(I) reported previously (figures 4-7). In
figure 9 we clearly visualize the modification of the probability density functions (PDF)
obtained by increasing the distance of propagation from z = 0.5 to 4.4 m and keeping
constant the frequency of the source v and the integral scale of turbulence Lr. This
corresponds to a continuous variation from weak scattering to strong scattering. Similar
trends are observed when we are varying either Ly (figure 10) or v (figures 11 and 12).

For weak fluctuations the application of the central limit theorem leads to a log-normal
distribution for the intensity I [12]:

W) L (ln ( : ) i3 02)2 : (10)
i b.q —_ —_— s=ill —i

Sxlo ¥ ) T2 ) 207
where the variance o2 and the mean intensity (/) are evaluated from the experimental data.
For extremely strong fluctuations, the Rayleigh distribution in amplitude or the negative
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Figure 9. Evolution of the probability distribution of the normalized intensity for different
distances of propagation. The integral scale Ly is 7.6 cm and the RMs value of T'/(T) is 0.017.

exponential distribution in intensity is generally accepted (Strohbehn et al [19]):

1 1
W(l) = mexp (—m)

an

However, there is no theoretical prediction of the PDF valid for all propagation conditions
and especially for the intermediate region. Over the years, many attempts [20-23] have
been made to suggest general PDFs based on at least two parameters. In our experiment the
relevance of two of them to describe wave propagation in turbulent media has been tested
for a large range of scattering conditions.

First we have considered the /-K distribution introduced by Andrews et al [16]. The
PDF of the normalized intensity u = I/{I) is given by
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Figure 11. Evolution of the probability distribution of the normalized intensity for different
distances of propagation. The integral scale Lt is 7.6 cm and the rMs value of T'/(T) is 0,017.
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(12)

where K, and I, are the modified Bessel functions. The two parameters o and p are
related to physical parameters of the turbulence (equations (8) and (9)). So, by measuring
the characteristics of the turbulence as we have done in our experiments, it is possible to
predict the shape of the PDF and all the higher-order statistical moments.
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Figure 12. Evolution of the probability distribution of the normalized intensity for different
distances of propagation. The integral scale Ly is 5 cm and the rRMS value of T'/(T) is 0.025.

The second distribution we tested is the generalized gamma distribution that varies
smoothly from log-normal to exponential as a function of two parameters @ and b (Blanc-
Benon [5], Blanc-Benon and Juvé [9], Blanc-Benon [10], Ewart and Percival [23] and Ewart
[24]). This PDF takes the form

W(I) = bd®/ T (a)I®®" exp(—dI"®) (13)
d = (I'(a + 1/b)/T'(a))/® (14)

where I is the gamma function. The parameters a and b are deduced from the measurements
of the moments m, and m3 by solving the following two non linear equations

_ (1) _T@r(a+2/b)
T2 T T2a+1/b)

(I*y  T%a)T'(a+3/b)
m3 = ——=

(3 I(a+1/b)

my (15)

(16)

These estimated PDFs (equations (10)—(13)) are plotted on figures 9-12. For each histogram
we indicate the values of the generalized gamma parameters (@, b) and of the [-K
parameters (@, p) deduced from the measurements. As is expected, for extremely weak
turbulence (o < 0.2) the intensity fluctuations are log-normally distributed and for strong
turbulence our data tend towards the exponential distribution.

The comparison of the experimental PDF with the /-K distribution is not successful. The
I-K PDF is a sharply peaked function with a cusp at the maximum which is not observed
in the data. We note that for all our experiments the /-K distribution greatly overestimated
the maximum of the PDF. This discrepancy has already been observed by Churnside and
Frehlich [25] for optical scintillation in the atmosphere.

In addition, as we have already noticed for the time evolution of the acoustic intensity,
the PDFs obtained for a same value of the variance oﬁ and various values of v, Lt or z
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can be very different. In figures 9(b) and 11(a) we observed that the generalized gamma
distribution takes these important variations into account very well, and, on the other hand,
that the /—K PDF seems non-sensitive to these effects. In our comparison with the heuristic
generalized gamma distribution, the excellent fit obtained for a wide range of scattering
conditions, confirms the assertion that this PDF can be used in the modelling of the probability
distribution of the intensity. Similar results have been obtained with a piston-like source
(Blanc-Benon [10]).

In recent numerical simulation we have introduced a new approach to study the
propagation of acoustic waves through thermal turbulence [26,27]. The turbulent field
is modelled by an ensemble of realizations generated by a superposition of one hundred or
so random Fourier modes. Then through each realization the acoustic waves are propagated
using a wide-angle parabolic approximation. Our first results obtained for a 2D case reinforce
the opinion that the generalized gamma distribution is an appropriate law to model the
intensity fluctuations from weak to strong scattering.

5. Conclusion

The intensity fluctuations of spherical acoustic waves propagating through thermal
turbulence have been investigated under well controlled laboratory conditions involving
heated air grids. We have presented results for the variance and the probability distributions
of the normalized intensity fluctuations. These measurements cover all the regimes from
weak to strong scattering.

The measurements of the scintillation index were compared with different theoretical
models. In the extremely weak scattering conditions our data are in good agreement with
Rytov’s solution. For increasing scattering strength the experimental data reported in this
paper reveal significant differences with several theories available in the literature, and we
point out that the inner scale effect is not enough to explain the disparity.

For the probability distribution of the intensity it has been shown that the log-normal
distribution can only be applied in the region of very small intensity fluctuations. Also
the exponential intensity distribution should be restricted to very strong scattering. For the
in-between conditions, the two parameter /-K distribution does not accurately describe the
acoustic intensity fluctuations. Finally, the heuristic generalized gamma distribution that
varies smoothly from log-normal to negative exponential as a function of two parameters,

constitutes a good model to fit the experimental data for a very large range of scattering
conditions.
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