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Abstract. In this paper we derive expressions for the probability densities for the appearance
of the first caustic for a plane sound wave propagating in moving random media. Our approach
generalizes the previous work by White ef af and Klyatskin in the case of motionless media.
It allows us to calculate analytically the probability density functions for two- and three-
dimensional media and to express these functions in terms of the diffusion coefficient. Explicit
equations are given for Gaussian and von Karman specira of velocity fluctuations. If the random
scalar or vectorial fluctuations of the medinm have the same contribution to the refractive-index
fuctuations, we demonstrate tfiat in 2 moving mediam caustics appear at shiorter distances than in
a non-moving one. The two-dimensicnal version of the theory is tested by numerical simulations
in the case of velocity fluctuations with Gaussien spectra. Numerical results are in very good
agreement with the theoretical predictions.

1. Introduction

If a wave propagates in a random medium, at some distance x from the source caustics
appear. The information about this distance, which is conveniently described mathematically
by the probability density P(x) for the distance to the first caustic, is important in many
problems. For example, this information gives the range of validity of many tomography
methods [1, 2], currently used for remote sensing of the atmosphere and the ocean, becanse
they are valid only in the approximation of geometric optics or acoustics. Furthermore, the
distance x of caustic formation is closely connected {3, 4] to the distance at which the mean-
square intensity fluctuation of a wave propagating in a random medium has a maximum.
Using the parabolic fourth-moment equation, various anthors have performed  analytical
and numerical calculations for the normalized variance of the intensity fluctuations, i.e. the
scintillation index [5-7]. Their results show that the range dependence of the variance of the
intensity exhibits a maximum. Moreover, this peaked evolution of the scintillation index is
due to the focusing effect of the medium which depends on the characteristic length of the
inhomogeneities. Finally, the behaviour of the function P(x) is of interest for the theory
of wave propagation in random media [8-12].
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For an initially-plane wave propagating through two-dimensional isotropic turbulence,
the probability density Pa{x) of the distance x to the first caustic is obtained theoretically
in [8] and justified numerically in [9, 10]). The analogous function P;(x) for the three-
dimensional isotropic turbulence differs from P(x) and is determined theoretically in
[11]. For a plane wave propagating through random inhomogeneities delta-correlated in
the direction of propagation, the functions P;(x) and P;(x)} are calculated in [12].

In the aforementioned papers [8-12], the probability densities Pa(x) and Ps{x) are
studied for the case of an initially-plane wave propagating in a motionless random mediam.
The primary aim of the present paper is to calculate these probability densities for sound-
wave propagation in a moving random medivm. Such caleulations are important for
the study of sound propagation in the atmosphere where velocity fluctuations are always
noticeable and very often dominate temperature fluctuations, in the upper-mixed oceanic
layer and in turbulent currents where cumrent flucteations may be comparable with sound-
speed fluctwations, in the turbulent flows of gases, and so on.

In section 2, the probability densities Pp(x) and P3(x) obtained in [8, 11, 12] are
presented. In section 3, the probability density P;(x) for a sound wave propagating in a
moving random mediom with the Gaussian correlation function of random inhomogeneities
is calculated. The analogous function Pi(x) for the von Karman spectrum of random
homogeneities is also derived in section 3. In section 4, the probability density P,(x} for a
sound wave propagating in a two-dimensional moving random medium with the Gaussian
correlation function of random inhomogeneities is calculated and compared with a numerical
experiment. In the concluding section, section 5, the main results obtained are discussed.

2. The probability density for the distance to the first caustic in a motionless medium

Let random inhomogeneities of a metionless medium be located in the half space x > 0
and suppose an initially-plane wave propagates in the direction of the x-axis incident on
this half space from the region x < 0. We also suppose that random inhomogeneities are
statistically homogeneous and delta-correlated in the direction of the x-axis:

{e(x1 +x, 11+ 1)e(xr, 1)) = Be(x, 1) = 8(x)be(7) (D

where the function ¢ describes fluctuations in the dielectric constant of a medium. and is
proportional (¢ = 2n) to refractive index fluctations #. In (1) r = (y,z) is given in
transverse coordinates, B, is the correlation function, & is the delta function, and &, is the
transverse correlation function given by: '

Foo pto0
be(r) =27 f . f $ (0, K ) exp(iK, - P)d’K, 2)

where P (K, K) is the three-dimensional spectral density of the random field €. We
recall the well-known fact [13] that for geometric-acoustic, Rytov and parabolic-equation
methods, the Markov approximation (1) is only a suitable and convenient mathermatical
approximation of the correlation function Be(x, ) which has finite scales I, and I, in the
direction of the x-axis and the yz-plane, respectively. We also recall that these scales, I,
and I, may be different.

Using the Markov approximation (1) and assuming that the random field ¢ is isotropic
in the yz-plane, for the problem considered in this section, Klyatskin [12] derived the
probability distribution Ps(x} for the distance x to the first caustic:

P = o onp (-5 ) L ®
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where o and 8 are numerical constants, and D; is the diffusion coefficient, given by:

:,.rz e '
D3 = Ef K_SL(I)E(O, K| )dK,. @)
0

Note that this probability density function and the numerical values of « and 8 were first
obtained by White [11] using a scaling parameter y defined in a non-cartesian system of
coordinates by

2 RARAY dR
=2 (z3x) B®

with R = +/x2 4 r2. The diffusion coefficient D introduced by Klyatskin [12] depends on
cartesian coordinates. Taking into account the fact that

2
A B.(x=R,0,0) = 3(%5‘%) B.(R)
the coefficients ¢ and 8 in (3) must have the values 0.87 and 0.33, respectively, to be in
agreement with the results obtained previously by White [11].
Now let us consider our problem for the two-dimensional case when the dependence of
all functions on the coordinate z may be omitted. For two-dimensional turbulence, equations
(1) and (2) take the form:

(exr -+, 31+ Metxr, 1) = Belx, ) = 3@be) N
+o0
be9) =2 [ 8.0 K)expl, - ) K. ©

These equations also allow us to consider the case when the scales I, and [, of the correlation
function B.(x,y) are different. Using the Markov approximation (5), the probability
distribution P;(x) is calculated in [8—E2]7:

v? vt
Pyx) = —e—— —_—
20V = D P ( 6@2x3) )
where v = K(1/2) ~ 1.85, K is the complete elliptic integral, and D, is the diffusion
coefficient given by:

o0
Dy=n f K00, K,) dK,. (8)
0

Note that (3} and (7) were first derived in {8) and [11], respectively, for the case of isotropic
turbulence where I = I, and I, = I,. The limit of validity of (3) and (7) is given by the
inequality Dx® « 1 [12].

3. Three-dimensional moving random medium

In this section we assume that an initially-plane sound wave incidents on the half space
x > 0 where the adiabatic sound speed ¢(R) and medium velocity v(R) are random
functions of the coordinates R = (x,r), &} = ¢ and (%) = 0. If » = Q, the probability
density P3{x) of the distance x to the first caustic for this wave is given by (3) and (4)
where P, is the three-dimensional spectral density of the random field:

e =2n=—2°5. S ©)
€

t In [12] we interpret the additional factor of 3 on the right-hand side of equation (7) as a misprint,
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Here £ = ¢ — ¢y denotes the sound-speed fluctuations. It is our aim to generalize (3) and
(4) to the case v # 0.

3.1. Basic equations

This generalization technique is described in [14~16]: in the geometric-acoustic, Rytov and
parabolic-equation methods, the statistical characteristics of a sound wave propagating in a
moving random medium are given by equations for analogous statistical characteristics for
the sound wave propagating in a motionless random medium, where in the latter equations
the correlation function B, (x, 7} or its three-dimensional spectral density ®,(K,, K ) is
replaced by the effective correlation function B.g(x, ) or its spectral density ®er(K,,- K ),
respectively, given by:

4
Ber(x,m) = Be(x,m) + ;gBu(x, ™)
0 . (10)
‘Dot Ky, K1) = P(Ky, K3) + E§¢11(Kx, K)).
1]

Here By; and &y; are the correlation function and its three-dimensional spectral density for
fluctuations of the medium-velocity component v; in the direction of the x-axis; they are
connected by the following equation:

By (x, ) = {v{x1 + x, ri + 7y (xg, 7))
oo o0 oo
= f dK, f f d®K ) exp(ixKy +ir - K )1 1(Ky, K1). (11)
—o0 - J -0

It should be noted here, that even for isotropic turbulence, the functions By(x, ),
$1(K;, K1) and, hence, the functions Beg{x,r), (K, K1) are anisotropic [16].
Therefore, when calculating the probability density P; in a statistically isotropic moving
random medium we must vse (3) and (4) which are valid for an anisotropic motionless
random medium. When deriving equation (10), the terms of the order of v?/c? are neglected
and it is assumed that ¥ -v = 0 (this assumption is vsually valid for turbulent fields). In the
Markov approximation, we may put K, = 0 in (10} (see [15-16]). Moreover, for locally
homogeneous and isotropic turbulence (10) takes the form {14—f6]:

4
Per(0, K1) = $0, K1) + C—Z'F(K.L)- . (12)
2

Here, F(X) is the three-dimensional spectral density of the isoﬁopic and solenoidal random
vector field v, related {17] to &1 by:

2 ,
Ou(Ke K1) = LFEK) 13)

where K = /(K2 + K2%). Replacing ®. by Peq in (3) and (4) yields the probability
density for the distance to the first caustic for an initially-plane wave propagating in a
moving random medium:

Py(x) = % exp (—%) (14

w* [
Dy =T fo K ®er(0, K1) dK L. (15)
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Comparing these equations with (3) and (4), we observe that the probability density
P;(x) is given by the same function for a moving and a motionless medium, but with a
different diffusion coefficient 5. Now we calculate this diffusion coefficient for a Gaussian
correlation function of random inhomogeneities and for the von Karman spectrum.

3.2. Gaussian correlation function

The Gaussian correlation function B.(R) of the statistically homogeneous and isotropic
scalar random field €(R) and its three-dimensional spectral density ®.(K) are widely used
in the literature and are given by:

Be(R) = o exp(—R/1%) | _ (16)
2 3 .
S(K) = 577 exp(— K2 /4). 7 (17)

Here o7 is the variance of the random field ¢,  is the scale of inhomogeneities.

As for the medium-velocity component vy (R), we may not prescribe a Gaussian form
for its correlation function By and its three-dimensional spectral density @;,(&) because,
as previously mentioned for the statistically homogeneous and isotropic vector random field
v, the functions By;(R) and @;;(K) must be anisotropic. Therefore, following [16], we
prescribe the Gaussian correlation function for the longitudinal correlation function of the
velocity field v:

Bgr(R) = (vr(R1 + Ryvgr(Ry)) = o2 exp(—R%/ %) (18)

wherer vy is the component of the vector v in the direction of vector R, av2 is the variance
of the random field vg. If the random field v is additionally solenoidal (V - v = 0), the
functions Bi; and By are related by:

2

d
By (x, r) = Brr(R) + ,;—REBRR(R) (19)

This equation may be easily obtained from well-known equations (see, for example, (16—
18]) for the correlation tensor of a statistically homogeneous and isotropic field v and
for the relationship between transverse and longitudinal correlation functions of this field.
Substituting (18) into (19} yields:
P2
Byt (x,r) =0 (1 - 1—2) exp(—R%/ 1), (20)

From this equation we see that Bj; is an anisotropic function. Furthermore, from (20),
it follows that the variance of the random field »; is 2. Using (11), (13) and (20), we
calculate the three-dimensional spectral density F(K) for the vector random field v with
the Gaussian longitudinal correlation function:

2 g2
32 EZ2a
Now we substitute (17) and (21} into (12) and determine the effective spectral density

Dyr. Substituting the function obtained ®.g into (15) and calculating the integral on the
right-hand side of this equation yields the diffusion coefficient D3 in a moving random

medium:
2 .
_VT (& + 12‘1) . (22)

F(K) = exp( K212/4) 2D
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We denote the variance of sound-speed fluctuations & by o,2. Then from (9) it follows that
o} = 402 /c2. Using this equation, we may represent (22) in the form:

2./
D3 =Ds.+Dsp = %(a} +302) (23)
0
where
2./7 o? 6./7 62 :
Dy = I_3c_§ and D3, = Tc_g (24)

are the contributions to the diffusion coefficient D3 due to sound-speed and medium-velocity
fluctuations, respectively.

It is known (see, for example, [16, 17]} that fluctuations » in the refractive index of a
moving mediuvm in the direction of the x-axis are given by:

206+ vy)
T
It should be noted here that (10) and (12), which are used to derive equations (14) and (15)
for Py and Ds, are obtained on the basis of (23) (see [14-16]). We also note that from (24)

it follows that & and v, give the same contribution to #, and, hence, o and o2 give the
same contribution to the variance of n:

(25)

4
o2 = i (@7 +02). (26)
0

On the other hand, from (24) it follows that the contribution to the coefficient D, from o,
is three times greater than that from o.%. This result will be explained below. Replacing
D; in (14) first by Da . and then by D;,, we obtain the probability densities Ps .(x) and
P ,(x) for the distance x to the first caustic for a plane sound wave in purely motionless
and purely moving random media, respectively.

The functions P3o(x) and P ,(x) are shown in figure 1 for 02/c} = 02/cZ =3 x 10~¢
and [ = 1.25 m (according to [19] these values of 62/c3, o2/c and ! are typical for the
atmospheric turbulence near the ground). From figure 1 it follows that P5 .(x) and P3,(x)
have maxima at the distances x3 . and xs ,, respectively. These distances may be determined

from (14):
38 1/3 38 1/3
= = . 27
X3¢ ( 4733.c) X34 493.0) 27

These equations are valid for arbitrary values of D3, and D3 ,. Substituting (24) into (27)
yields two distances x3 . and x3, for the given case of Gaussian correlation functions for
random inhomogeneities: '

2 5 1/3 7 173
X3c = i(ﬂ) X3, = i(ﬂ) . (28)

2\ w1202 2\#'2g2
The distances x3 . and x3, are associated with the space regions where caustics appear
most likely, and therefore they are important for the study of Sound propagation in random
media. From figure 1 and (28) we observe that the distance xs , is shorter than the distance
X3¢ by a factor 3173 if':rv2 = Uf. - -

The main result obtained in the present paper is that for the same variances of sound-
speed and medium-velocity fluctuations (o> = 6,%), caustics appear in a purely moving
random medium at shorter distances than in a purely motionless medium. This is due to
the fact that, even for isotropic turbulence, the correlation function Biy(x,r) (see (20))
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Figure 1. Probability densities for the distance x to the first caustic for a plane sound wave
propagating in three-dimensional random media with Ganssian correlation functions: comparison
of a purely moving medium and a purely motionless medium. The functions are represented for
o2fc; = 02/ck =3 x 1075 and [ = 1.25 m. The distances x5 and x3,, associated with the
space regions where caustics appear most likely are indicated by dotted vertical lines.

is anisotropic, and therefore moving inhomogeneities disturb the phase front of a sound
wave to a greater extent than motionless inhomogeneities which have isotropic correlation
function B:(R) (see (16)). It is also well known that the more disturbances there are in
a wave front, the shorter the distance of caustic formation is. This also explains why the
contribution to D, from 0,2 is greater than the contribution from o>.

Let us denote by Axs = x3 . — x3,, the difference in the distances of most likely caustic

- formation in purely motionless and moving random media. Using (28), we find:

o2\ /3 :
Axa=Xx3.{1— (3;2) . 29
N v

If 02 = 02, from this equation it follows that Axs ~ 0.307x; ..

3.3. von Karman spectrum

Now we calculate the values of the diffusion coefficients D3, and D3, and distances xs3 ¢
and x3 ,, for the von Karman spectrum of random inhomogeneities. For this spectrum, the
three-dimensional spectral density ®.(X) is given by. the well-known equation [13]:

B (K) = ACHE? + K5 exp(~K*/K2) (30)

where A = 5~/§1"(2./3)/3691'2 ~ (.033, I" is the gamma function, Cé" is the structure
parameter for fluctuations of the random field €, Ky = 27 /Lg and K, = 592/, Lo and
Iy are the outer and inner scales of turbulence. The variance o2 of the random field ¢ is

given by:
oo pde0 400 )
ol = f f f ®.(K)d*K. €1}
—ca J—0o J—oo
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Substituting into this equation the value of &, given by (30), calculating the integral with
respect to K and assuming that Ky € K,,, we obtain:
2_6 2 T(1/3) o2

0. =37 AI"(S/G)C"‘K . (32)
Note that the inequality Ky <« K, is always valid because in turbulent media Ly > I.
Equation (32) relates o2 and C? which characterize the intensity of the random field ¢. As
for the three-dimensional spectral density F(X) of the random field v, its value is given by
{201

1 —17/6

F(K)y= ! AC‘ZKz(KZ + K exp(=K?/K2) O (33)
where C2 is the structure parameter for medium-velacity fluctuations. The variance o2 of

the random field v, is given by:

o =f+°°f+°° +°°¢11(K)d31c f+°°f ~ KlF(K)cP L (34

-0
When deriving this equatlon, we use (13). Substituting into (34) the value of F given by
(33) we obtain:
6 r{1/3)
2 32412
% =3 AT G6)
This equation is also valid for Ko <« K.. Equation (34} relates o,? and C,% which
characterize the intensity of the vector random fleld ».
Substituting (30) and (34) into (12) yields the effective spectral density for the von
Karman spectrum: *

C2R, . o (35)

: 2 2
B (0, K1) =A( +2_32K21iK§C%)(K¢+K )
If Ko = 0 and X, — o0, (36) becomes an equation for the effective spectral density
@.(0, K1) for the Kolmogorov spectium, which is obtained in [14-16] and is proportional
to the effective structure parameter CZ, given by:
Cair = Ce + %C—C: @7
Substiteting (36) into (15) and calculating the integral on the right-hand side of the latter
equation, we find the diffusion coefficient D5 in a medium with the von Karman spectrum

of random inhomogeneities:
o anl 13 K3\, 22 13 K2
Dy = Tz AK [ceﬁ.w 3, b + 2 42 X2 (38)

where W is the confluent hypergeometric function. Replacmg in (38) the functions ¥ by
their asymptotics for Kz/K Z 0, we obtain:
22C2 )

2

e AT K [ciy =22

32x4 (1/6) ( + 3¢

Note that from (37) and (39) it follows that D; is proportional to Czﬁ Substituting the

values of C? and C? given by (32) and, (35), respectively, into (39) and using the equality
4C2/r:0, we obtam

sp3r gIPE 11
=D+ Dz, = - 0 Py —o?
D; 3¢ + D PRIA3) & (crc + G cr,,) (40)

TS exp(— K2 /K2). (36)

Dy = 39
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where

532 K33 ol 55 s 2/323_
Doe=gmmrqam i 0 g M P smram e N g @b
are the contributions to the diffusion coefficient D3 due to sound-speed and medium-
velocity fluctuations, respectively. From (40} it follows that the contribution to the diffusion
coefficient D; from the medium-velocity fluctuations exceeds that from the sound-speed
fluctuations by a factor 11/6. We recall that for the Gaussian correlation function this
factor is 3, see (24). ’

For the von Karman spectrum, the probability densities Ps.(x) and Pj,(x) have an
analogous form to the probability densities for the Gaussian correlation function considered
above, see figure 1. The distances x3 . and x3, at which P .{x) and P .(x) are maximal
may be found if we substitute (41) into (27):

1/3 13
—— 223°1(1/3)Bck X BIr(1/3)Bc2 @
3.c S?TBIZK;/S ngSO_c; 3 = 557 3/2K7/3 2/3 2 .

From these equations it follows that the distance Ax3 = x3,. — x3,, between the maxima of
the probability densities Py -(x) and P; ,{x) is given by:

602 173
Ax3 = X3, l:l — ( 7 1;2) . » (43)

If cr = 0' from {43) it follows that Axy ~ 0.183x; ..

4. Two-dimensional moving random medium

In this section we calculate analytically the probability density Py(x) for the distance x to the
first caustic for an initially-plane sound wave incidenting on the two-dimensional half space
x >0 with random inhomogeneities of ¢ and v. These calculations are of interest because
we are able to compare them with analogous results obtained by numerical simulation [10].

4.1. Basic equations

Let us introduce the effective spectral density:
_ p ) :
Pett( K, Ky) = Pe(Ky, Ky) + 25<I>11(Kx, Ky). (44)

By analogy with [14~16}, it may be shown that statistical characteristics of a sound wave
propagating in a two-dimensional moving random medium are the same as the corresponding
characteristics in a motionless medium with @, in the latter replaced by ..

The two-dimensional spectral densities $,.(K) and &, (K} are related to the correlation
functions B.(r) and By (7) by:

oo p4oa . X B
Be(r) = f f & (K) exp(iK -7y d*K (45)

+oo prhoo : o
Bu(ry= f f ¢(K)expiK - r)d°K » (46)
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where K = (K;, K,) and 7 = (x, y). The function Bj; may alsc be expressed in terms of
the longitadinal B,, and transverse B;, correlation functions of the statistically homogeneous
and isotropic vector random field v = (v, v,) (see, for example, [18]):

xz 32
Bu(r) = B (r) + Bﬂ r). 47)
If the field v is add1t1ona11y solenmdal the functions By, and B,, are connected by
Byu(r) = B (r) + r B, {r). {48)

In the Markov approximation, (40) becomes:

- 4
cbeﬂ{Os Ky) = q)f(ol Ky) -+ Eiq)lI(O, Ky)~ (49)
0

4.2. Gaussian correlation function

As in the three-dimensional case, we prescribe Gaussian correlation functions for the
functions B.(r) and B, {(r): '

Br)=clexp(-r’/1®) X (0

B (r) = clexp(—r*/1%). 5D

Using (45) and (50), we calculate the two-dimensional spectral density ®, (O, Ky) of
the random field e:

0.2 2
P (0, Ky) = —e--— exp(—K1°/4). ' (52)

Making use of (46)—(48) and (51) it is a straightforward to calculatc the two-dimensional
spectral density @1 (0, Ky) of the random field v;,:
274 72

Ou(0, Ky) = ~—~exp(~KJI’/4). R )

Substituting (48) and (49) into (45), we obtain the effective spectral density for the. Gaussian
correlation functions of random inhomogeneities:

2 {, oi*KZ .
D0, Ky) = 7 | % + —5 exp(— K1 /4). (54)
Substituting this equation into the right-hand side of (18), calculating the integral with
respect to K, and using (7), we find the probability density for the distance to the first
caustic for an initially-plane wave propagating in a two-dimensional moving medium:

3
S A 3
where the diffusion coefficient D, is given by:
\ 3 :
Dy = ;g_(2+20 ) : - - (56)
¢

As in the three-dimensional case, in (56) we replace o2 by 402/ci and represent this
equation in the form:

IJ'

Dp.= D2,c + DQ,:J =—(¢ 2‘+'5 2) (57)
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where : ' -
127 a? 60/ o2 ' g
DZ.C = T—C'%—' and 'Dz‘u = Tc_g ) (58)

are the contributions to the diffusion coefficient D, due to the sound-speed and medium-
velocity fluctuations, respectively. From (57) it follows that the contribution to D from o2
exceeds that from o2 by a factor 5. Note that in the three-dimensional case the value of
this factor is 3, see (24).

Replacing Dy in (55) by Dy, and Dy, we find the probability densities P» .(x) and
Py »(x) for the distance x to the first canstic for a plane sound wave propagating in a
purely motionless and a purely moving random media, respectively. These probability
densities are shown in figure 2 for the same values of 62/c3, o2/c2 and [ as in figure 1 (i.e.
o2fc}=02/ct =3x 10 and I = 1.25 m).

002 —

— 2 D motionless random medium
- 2 D moving random medium
i
— H i
X 001 - % 1
o. P
i
i
BT
I
-0'00 i L : | 1 .“| h---h:--"""'ﬂ'""'---r---n---— TrTrrrTr e
0.0 500 1000 150.0 2000 2500

x{m)

Figure 2. Probability densities for the distance x to the fiest caustic for a plane sound wave
propagating in two-dimensional random media with Gaussian cortelation functions: comparison
of a purely moving medium and a purely motionless rmedium. The functions are represented for
olfck = 02/ct =3 x 1076 and { = 1.25 m. The distances x2 . and x3, associated with the’
space regions where caustics appear most likely are indicated by dotted vertical lines.

Using (55) and (58), we obtain that P, .(x) and P;,(x) are maximal at the distance;sf
4.2 1/3 4.2 1/3 _
% = Y%
X2 = 1(6031'1/20'3) and X290 = 1(300:?[/20‘3) (59)
respectively. The difference Ax; = x5, — x;,, between these distances is given by: A

0_2 1/3
c . .
AJC2 =Xz¢ 1-— (50_3) . (60)

If 0 = o2, from (60) it follows that Axy = 0.415x7 .

4.3.. Comparison with numerical simulations

In [20], Blanc-Benon et a! introduced a numerical technique to investigate the characteristics
of acoustic-ray propagation through simulated turbulent velocity fields. The technique
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involves two elements: the generation of a random isotropic vectorial field by means of a
superposition of a finite number of discrete Fourier modes; and the integration of the ray-
trace equations of geometric acoustics to describe the trajectories of rays and the evolution
of the ray-tube area. Assuming that the turbulent field is frozen during the transit time of
the acoustic wave, the medium can be modelled, as usual, by a sequence of independent
realizations of a random field. The velocity v at a given point r is simulated as a sum of
- N random incompressible Fourier modes:; -

N .
v(r) =) UK cos(K' -7 + ) _ (61)
=1
UKD K =0. , (62)

The direction of the wavevector K’ and the phase ¢’ are independent random variables
with uniform distributions. For a wavevector K, the amplitude [|I{ (K*)| associated with
that mode is set according to a given two-dimensional kinetic-energy spectrum E(K):

UEDE = VEK)AK (63)

.where AK is the distance in wavenumber to the next Fourier mode and K is the length of
- the wavevector K. For a Gaussian correlation function B,.(r) (see (51)), we obtain:

2
EK) = fsle’z‘* exp(—K42/4). | (64)

In our simulations, this spectrum has been sampled with N = 50 modes linearly distributed
between Kpm = 0.1/ and Kppy = 10/1.

The geometric-acoustic approximation gives a clear visualization of the focusing or
defocusing properties of an inhomogeneous medinm. It is well suited for computing the
ray trajectories and the exact position of caustics along the ray path. In this high-frequency
approximation, the acoustic pressure is written in the form: '

p(x, ) = A(z) exp[iS ()] exp(—iwt). . (65)

The amplitude A{x) and the local wavevector k(z) = V(5) are assumed to vary slowly
on the scale of a wavelength L = 2mcp/w. ‘An asymptotic expansion for @ — oo of the
exact linearized equations from fluid mechanics gives the dispersion relation for acoustic
waves propagating in an inhomogeneous medium in steady motion [21]:

w=kc+k-v - (66)

where k is the modulus of the acoustic wavenumber k and ¢ is the local speed of sound in
the medium; in our case we have c =¢p

The rays are the lines tangent to the group velocity ¢; (¢; = cov +v; v = k/k). They ~
can be determined as the characteristic lines of the dispersion relation through the following
Hamiltonian system [22]:

_d_:--_—co._...._g.l_..__!.ui ...E.E.:-pj._.i’.
t 1 —-*pj.M} dr ax; (67)
_ 1

P= I+M.-v

where p is a dimensionless wavevector (p = pr) and M is the Mach number v/co. The
rays have been parameterized by the transit time ¢ from the source to a given point. The
position vector & = (x, ¥} and the wavevector p at a current point on the ray trajectory are
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completely determined by the value of ¢ and the initial position along the incident wave
front. For an incident plane wave the initial conditions are:

0 ) 1 1
z(t=0) = ('yo) pit=0)= H-—M"II(O) (68)

Plotting the rays permits a clear visualization of the trajectories followed by the acoustic
energy radiating from'a source. The spatial distribution of rays is a qualitative indicator of
the local intensity of the field, since the square root of the amplitude is inversely proportional
to the cross-sectional area of a ray tube. In order to determine more precisely the caustics,
which are defined as the envelopes of families of rays where the ray-tube section vanishes,
we need additional differential equations. In two dimensions, for a plane wave, the two
geodesic elements R = (3z/8y%), and @ = (9p/8y"), govern the evolution of the wave
front along each ray and permit the evaluation of the cross-sectional area of an infinitesimal
ray tube: '

dR; _

¢ M, dg; aM;
—d;—'f(gi;uingj)']'CORj ‘ 2 .

B_xj ‘“a-t— = _COQja_x,-' (69)

These differential equations require appropriate initial conditions. If we expand z(t, ¥°)
and p(z, ¥*) using a Taylor series near the origin ( —> 0) for an initially-plane wave, we

obtain:
P 0 o ap(0) /1
R(t=0)= (1) Qi=0= 370 (0) (70}

We solved the system of differential equations (67)—(69) by a Runge—Kutta fourth-order
scheme. The time step is dt = 1/cpKmax- It Is important to note that the description of
the velocity ©(r) in terms of Fourier modes, allows us to obtain all the spatial derivatives
needed to resolve the differential systemn analytically. Numerical errors are then reduced
and computation time is saved in comparison with the usual finite-difference approximations
(see also [20, 23] for further discussions on the numerical scheme}.

To evaluate the probability of occurrence of the first caustic we launch a family of 81
rays equally spaced in the transversal direction y between ypin = —15! and ygu, = 4151
For each ray, the integration of the ray-trace equations is stopped when the ray reaches the
position of the caustics. Using an ensemble of 200 realizations, we evaluate the probability
" distribution over 16200 samples with 256 classes. In these simulations we have used three
velocity fields with the same scale ! (! = 0.1 m) and three different values of o, (1 m s~7;
2ms; 4 ms~1). In figures 3-5 we compare the probability density function obtained in
our numerical simulation with the theoretical prediction deduced from (53) with Dz = Dy . -
For each of these probability distributions we have similar trends. For short distances of
propagation there are no caustics, then we observe a sharp peak at a fixed distance which
corresponds exactly to the theoretical value x; , deduced from (59). As noted by Klyatskin
[12], the condition for application of (7) is in principle Dhpx® < 1. However, with our
numerical modelling we demonstrate that expression (7) is valid up to the position of the
maximum of the distribution x;.,, for which Dx®> = 1. For larger distances, where our
theoretical prediction is no longer valid, we observe an exponential decay of the probability
density function with the distance of propagation. In [10] we have shown that this decay is
in agreement with the results of Kulkarny and White (see [10] for comparison).

Finally, the probability distributions obtained from our numericat simulations have been
normalized and plotted in terms of the dimensionless distance T = D ,'*x. Using this
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® numerical simutation
—— theoretical prediction
.

P,(x)

Figure 3. Probability densities for the distance x to the first caustic for a plane sourd wave
propagating in two-dimensional Gaussian random moving media: comparison of theory and
numetical simulation, The functions are represented for o, = 1 m s~! and { = 0.1 m. The
theoretical distance X3, associated with the space regions where caustics appear most likely is
indicated by a dotted vertical line.

0.5 ——
" e numerical simulation E
0.4 —. theoretical prediction
0.3 i
3 .
% 0.2 ]
.’..~
01 _ 4
0.0 “M
0.0 5.0 10.0

X {m)

Figure 4. Probability densities for the distance x to the first caustic for a plane sound wave
propagating in two-dimensional Gaussian random moving media: comparison of theory and
numerical simulation. The functions are represented for ¢, = 2 m s~ and ! = 0.1 m. The
theoretical distance x2_, associated with the space regions where caustics appear most likely is
indicated by a dotted vertical line.

scaled distance the probability density P»(t) is now given by:

Pz(r) = exp(—v4 167%). 71

2
2 T2

In figure 6 we note that all the data are in a very good agreement with the theoretical
prediction for t < 2. In addition, the peak of the probability density function appears at a
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0.3 e e

® numerical simulation
- theoretical prediction

5.0 10.0
X (m)

Figure 5. Probability densities for the distance x to the first caustic for a plane sound wave
propagating in two-dimensional Gaussian random moving media: comparison of theory and
numerical simulation. The functions are represented for o, = 4 m s~ and [ = 0.1 m. The
theoretical distance x2 , associated with the space regions where caustics appear most likely is
indicated by a dotted vertical line.

& 0, =1mfs;1=0.Im

06, =2ms;1=0.Im

A ¢ =4mfs;1=0.Im
— theoretical prediction

02 .

P,(1)

0.1

0.0 :
0.0 2.0 4.0 6.0 8.0 10.0

Figure 6. Normalized probability densities for the occurrence of the first caustic for a plane
sound wave propagating in two-dimensional Gaussian random moving media: comparison of
theory and numerical simulation. The distances are represented in terms of the dimensionless
distance 7 = szj x.

normalized distance 7 equal to (v4/5)1/ * ~ 1.33. From this curve we can obtain an estimate
of the distance at which the formation of the first caustic is most probable. We also observe
that all the data of our numerical simulation are very well grouped together in terms of the
dimensionless distance .
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5. Conclusion

In this paper we calculate the probability density functions for the occurrence of the first
caustic for a plane wave propagating in a moving random medium. We demonstrate that
these probability density functions are given by the functions already calculated for the
case of plane wave propagating in a motionless random medium, with different expressions
for the diffusion coefficient. The diffusion coefficient has been calculated for two- and
three-dimensional random media with the Gaussian and von Karman spectra of random
inhomogeneities. One important result is that for the same vadance of sound-speed and
medium-velocity fluctnations, caustics appear at shorter distances in a purely moaving
random medium than in a purely motionless one. Finally, a numerical experiment has been
performed in the case of a two-dimensional moving medium with the Gaussian correlation
function of medium velocity., The results obtained are in very good agreement with the
theoretical analysis. Our numerical modelling indicates that the theoretical expression
derived for the probability density function is valid up to the distance of propagation
corresponding to the maximum of this probability distribution. As a consequence, this
distance, which is important in practical applications, is very well predicted by our theory.
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