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Large eddy simulations of transitional round jets: Influence of the
Reynolds number on flow development and energy dissipation
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Transitional round jets at Mach number M=0.9, with identical initial conditions except for the
diameter, yielding Reynolds numbers over the range 1.7�103�ReD�4�105, are computed by
large eddy simulation �LES� using explicit selective/high-order filtering. The effects of the Reynolds
number on the jet flows are first presented. As the Reynolds number decreases, the jets develop more
slowly upstream from the end of the potential core, but more rapidly downstream. At lower
Reynolds numbers, the decay of the centerline velocity and the jet spreading are indeed faster, and
the turbulence intensities are higher after the potential core, in agreement with data of the literature.
The integral length scales are also significantly larger. The results suggest moreover that the jet
self-similar region is reached at shorter axial distances at lower Reynolds numbers. The influence of
the Reynolds number on the energy-dissipation mechanisms involved in the LES, namely molecular
viscosity and explicit filtering, is secondly investigated. At high Reynolds number, energy
dissipation is mainly ensured by the explicit filtering, through the smaller scales discretized. As the
Reynolds number decreases, the contribution of molecular viscosity increases and becomes
predominant. Molecular viscosity is also shown to affect a large range of turbulent scales with a
dissipation peak observed around the Taylor length scale. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2204060�
I. INTRODUCTION

Successive studies over the years have shown that the
development of round free jets depends on the flow initial
parameters.1 Among these parameters, the influence of the
Mach number has been investigated experimentally by Lau2

and Zaman,3 who provided measurements of mean flow and
turbulence characteristics, and spreading and velocity decay
rates for compressible jets over a wide range of Mach num-
bers. In the same way, Malmström et al.4 examined the dif-
fusion of axisymmetric jets for low outlet velocities.

One important parameter in the development of jet flows
was found to be the properties of the shear layer at the nozzle
exit, such as the profile of mean velocity and the turbulence
intensity. Their effects have been documented experimentally
by different authors for circular jets at fixed Mach and Rey-
nolds numbers. Ferdman et al.5 reported, for instance, the
influence of nonuniform initial velocity profiles on the down-
stream evolution of round jets at the Reynolds number of
2.4�104. Raman et al.6 and Antonia and co-workers7,8 con-
sidered jets at Reynolds numbers of 4�105 and 8.6�104,
respectively, displaying either transitional or turbulent
nozzle-exit boundary layers. Both concluded that jets with
initially transitional shear layer develop more rapidly, with
shorter core length and higher velocity decay rate, than jets
with initially turbulent shear layer. Xu and Antonia8 more-
over noticed that jets approach self-similarity more rapidly
when the initial shear layer is laminar. Finally the state of the
nozzle-exit boundary layer was shown also to affect signifi-

cantly the sound field radiated by subsonic jets, in particular
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by Zaman9 who observed experimentally that initially lami-
nar jets emit more noise.

The dependence of jet noise on the Reynolds number is
also significant, and was displayed notably by the experi-
ments of McLaughlin et al.10,11 In round jets, the diameter-
based Reynolds number ReD=ujD /�, where uj and D are the
jet exit velocity and diameter, and � is the kinematic viscos-
ity, is indeed a key parameter as it indicates the magnitude of
the effects of molecular viscosity on the turbulent scales.
Analytical works12 have for instance shown that the growth
of instability waves in the jet shear layers can be appreciably
reduced as the Reynolds number decreases. Experiments
have also been conducted to investigate the effects of the
Reynolds number on jet flows at low Reynolds numbers.
Lemieux and Oosthuizen13 observed that the characteristics
of a plane jet change significantly in the Reynolds number
range of 700-4200. Namer and Ötügen14 found that lower
Reynolds numbers lead to higher jet dilution and spread rates
for plane jets with Reynolds numbers between 1000 and
7000. Similar results were obtained recently by Kwon and
Seo15 for round jets over the Reynolds number range 437-
5142. Significant effects on the Reynolds number have also
been noted on the instantaneous flow structure, see for ex-
ample the snapshots provided by Weisgraber and Liepmann16

for round jets at Reynolds numbers 5500 and 16 000.
The influence of the Reynolds number on the develop-

ment of jet flows is however still a discussion topic. This
may be partly due to the fact that the initial properties of the
shear layer depend strongly on the Reynolds number. The
variations of the turbulence intensity and of the boundary-

layer thickness at the nozzle exit as a function of the Rey-
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nolds number were for instance documented for round jets
by Zaman,17 who observed that jets are naturally initially
laminar for about ReD�105, but fully turbulent for about
ReD�5�105. The influence of the Reynolds number on jet
features is therefore frequently linked to the effects of the
initial shear-layer characteristics, which can be significant as
it was mentioned previously. The discrepancies between
well-known experimental data11,18–22 obtained for round jets
at Reynolds numbers over the wide range 3.6�103�ReD

�106 are consequently expected to result both from direct
effects of the Reynolds number on the turbulence develop-
ment and from indirect effects due to alterations in the initial
conditions of the shear layer.

Considering these issues, it seems worthwhile to perform
numerical simulations to investigate the influence of the
Reynolds number in turbulent flows, because in simulations
the Reynolds number of the flows can be changed without
modifying other inflow parameters. One must yet pay atten-
tion to deal with physical configurations. For instance, in
jets, transitional initial conditions are not realistic for
Reynolds numbers ReD�5�105. Previously, both direct nu-
merical simulations23,24 �DNS� and large eddy simulations25

�LES� have been carried out to study the effects of the inflow
conditions and forcing on flow and noise for transitional
round jets. DNS was also used by Klein et al.26 to investigate
the influence of the Reynolds number on a plane jet for
Reynolds numbers lower than 6000. Due to computing limi-
tations, DNS is however restricted to low Reynolds numbers,
whereas LES, where only the turbulent scales larger than the
grid size are calculated, can be theoretically applied to all
Reynolds numbers. For the study of Reynolds-number ef-
fects, LES therefore appears more appropriate, but it is cru-
cial, in order to obtain accurate results, that the LES meth-
odology does not artificially decrease the effective Reynolds
number of the computed flows. That might indeed be the
case when modeling based on eddy viscosity is used to take
into account the subgrid scales.27–29

In the present article, results of LES of transitional round
free jets at Mach number M=uj /c0=0.9 �where c0 is the
speed of sound in the ambient medium� are reported. The
simulations have been performed with low-dissipation nu-
merical schemes,30 using explicit selective/high-order filter-
ing in order to preserve the Reynolds number ReD=ujD /�
set by the inflow parameters.29 The initial conditions of the
jet flows �shear-layer thickness, inflow forcing� are identical
except for the jet diameter D, yielding Reynolds numbers
ReD from 1.7�103 up to 4�105. The main objective is thus
to show the influence of the Reynolds number on the jet
development in the absence of other initial-condition effects.
Our attention will be particularly focused on the transitional
region of the jet flow located just after the end of the poten-
tial core. LES results will be in particular compared to cor-
responding data of the literature obtained for Mach 0.9 tran-
sitional jets at the low11,31 and high22 Reynolds numbers
ReD=3.6�103 and 5�105 whenever possible. It can also be
noted that in previous works the flow and sound fields of the
simulated jet at ReD=4�105 were successfully compared to
measurements at high Reynolds numbers,32 and that the

properties of the noise radiated by the different jets were also
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presented in detail.33 Moreover, in order to study the influ-
ence of the Reynolds number on the dissipation mechanisms
involved in the simulations, namely molecular viscosity and
explicit selective filtering, the budgets of the turbulent ki-
netic energy are calculated in the jets. In this way, the damp-
ing rates and the features in the wave number space for the
two dissipation mechanisms will be shown and discussed.

The present article is organized as follows. The numeri-
cal procedure and the parameters of the different simulations
are first provided. Jet flow features obtained from the LES,
including vorticity snapshots, mean flow characteristics, and
turbulence intensities, as well as velocity spectra and integral
length scales, are then presented. The kinetic energy budgets
are subsequently calculated, and the contributions of molecu-
lar viscosity and explicit filtering to the energy dissipation
are shown. Finally concluding remarks are drawn.

II. SIMULATION PARAMETERS

A. Governing equations

Following the works of Vreman et al.,34 the filtered com-
pressible Navier-Stokes equations are recasted in the follow-
ing way:

�t�̄ + � j��̄ũj� = 0,

�t��̄ũi� + � j��̄ũiũj + p̄�ij − �̃ij� = 	i
sgs, �1�

�t��̄ĕt� + � j���̄ĕt + p̄�ũj + q̃j − �̃ijũi� = 	e
sgs,

where � represents the density, ui the velocity, p the pressure,
�ij the viscous tensor, and qj the heat flux. The overbar de-
notes a filtered quantity, and the filtering is assumed to com-
mute with time and spatial derivatives. The tilde denotes the
Favre �density-weighted� filtering ũi=�ui / �̄. The variable ĕt

represents the total energy density calculated from the fil-
tered variables, i.e., �̄ĕt= p̄ / �
−1�+ �̄ũiũi /2 for a perfect gas,
where 
 is the specific heat ratio. The resolved viscous stress
tensor is defined by �̃ij =2��s̃ij − s̃kk�ij /3�, where s̃ij = �� jũi

+�iũj� /2 and � is the molecular dynamic viscosity. The heat

flux is given by q̃j =−�� jT̃ where the temperature T̃ is de-
duced from the filtered density and pressure using the state

equation p̄= �̄rT̃, and �=�cp /	 is the thermal conductivity
�	 is the Prandtl number and cp the specific heat at constant
pressure�. The terms 	i

sgs and 	e
sgs on the right-hand side of

�1� are the so-called subgrid-scale �SGS� terms. A detailed
definition of these terms is given in references.32,34 The ap-
plication of a low-pass filtering to the Navier-Stokes equa-
tions indeed makes unknown SGS terms appear, which rep-
resent the interactions between the resolved scales and the
nonresolved scales. An artificial damping is also required
as the energy-dissipating scales are lacking. Subgrid models
based on eddy viscosity are classically used. However
several studies have pointed out some difficulties for
high-Reynolds-number flows35 or for transitional shear
flows27–29,36 when such models are implemented.

In the present work, an approach based on a high-order/
selective filtering is developed to take into account the dis-

sipative effects of the subgrid scales, whereas the interac-
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tions between the resolved and the nonresolved scales
included in the SGS terms are neglected. The governing
equations are solved using low-dispersion and low-
dissipation schemes, whereas a selective filtering is applied
explicitly to the density, momentum and pressure in order to
remove the wave numbers located near the grid cutoff wave
number kc

g= /�x �where �x is the grid size�. Only the fluc-
tuating quantities are involved in the filtering process, which
implies, in particular, that it will have no effect in a steady
laminar flow. The filtering procedure is described in detail in
the next section, but it is interesting to note that it could be
integrated into the governing equations. Thus the application
of the filter F to the density every iteration corresponds for
instance to solving the following mass conservation equa-
tion:

�t�̄ + � j��̄ũj� = − �	d/�t�F � ��̄ − ��̄�� ,

where 	d is the filtering strength between 0 and 1, �t is the
time step, and the angular brackets represents a statistical
averaging. In the present simulations, the filtering is de-
signed in the Fourier space to eliminate grid-to-grid oscilla-
tions without affecting significantly the scales discretized by
more than four grid points. The filtering cutoff wave number
kc

f = / �2�x� is thus well defined. Further, the amount of dis-
sipation on the larger resolved scales is minimized and the
energy is expected to be only diffused when it is transferred
to the smaller scales discretized by the mesh grid. This LES
approach was recently successfully applied to isotropic
turbulence, channel flows, jets and flows around an airfoil,
by Visbal et al.,37,38 Mathew et al.,39 and the present
authors.32,40 The explicit selective filtering used here is also
very similar41 to the relaxation term introduced by Stolz et
al.42 in their approximate deconvolution model.

B. Numerical procedure

The numerical algorithm is that used for the simulation
of a high-Reynolds-number jet, referred to as LEShre in
what follows, and described in detail in an earlier article.32

The numerical schemes involved were developed to display
optimized properties in the Fourier space so that fluctuations
discretized by more than four points per wavelength are nei-
ther distorted nor dissipated.30 Spatial derivatives are ob-
tained by explicit fourth-order 13-point centered finite differ-
ences. The limit of accuracy of this scheme in terms of wave
number is k�x=1.83�kc

f�x. The scales that are expected not
to be damped by the selective filtering are therefore dis-
cretized without significant dispersion. Time integration is
performed by a second-order six-stage low-storage Runge-
Kutta algorithm, which is designed to provide very low dis-
persion and dissipation as shown in Sec. II D.

Selective filtering optimized in the Fourier space to
eliminate grid-to-grid oscillations without affecting the
scales discretized by more than four grid points are used in
order to ensure numerical stability and to take into account
the subgrid-scale dissipation as mentioned previously. They
are applied explicitly to the density, momentum and pressure
every two iterations, sequentially in the x, y, and z Cartesian

directions and in the diagonals of the xy, xz, and yz sections.

Downloaded 07 Jun 2006 to 156.18.39.80. Redistribution subject to A
In the Cartesian directions, the filtering is performed using a
fourth-order 13-point filter.30 Practically, the filtering in the x
direction writes, for instance,

Ui,j,k
f = Ui,j,k − 	d �

l=−6

6

dj
13�Ui+l,j,k − �Ui+l,j,k�� , �2�

where U= ��̄ ,�u ,�v ,�w , p̄	, Uf is the filtered variable, angu-
lar brackets denote time averages, dj

13 are the filter coeffi-
cients, and the filtering strength is 	d=2/3, arbitrarily. In the
diagonals, the filtering is carried out using a fourth-order
21-point filter,32 yielding in the xy direction

Ui,j,k
f = Ui,j,k − 	d �

l=−10

10

dj
21�Ui+l,j+l,k − �Ui+l,j+l,k�� , �3�

where dj
21 are the filter coefficients and 	d=2/3 is as previ-

ously defined. The diagonal filtering is not applied near the
boundaries. Further it is not strictly necessary for stability
and it is not used in the latest LES performed in our
group.40,43 The value of 	d and the frequency of filtering are
arbitrary, but they are expected to have a negligible influence
on the results due to the selectivity of the filters. It was also
shown previously that applying the filtering every second or
third time step provides very similar features for the high-
Reynolds-number jet LEShre presented in the next
sections.29,32 In addition, due to the explicit time integration,
the time step is only �t=0.85�D /30� /c0, and is quite small
with respect to the characteristic time scales of the jet flow.
The frequency of application of the selective filtering, every
second iteration, therefore appears appropriate for preventing
an accumulation of energy at the smaller scales discretized.

To illustrate the properties of the selective filters used in
the present LES, the damping functions of these filters are
represented in logarithmic scales in Fig. 1, as a function of
the wave number k for a uniform grid of mesh size �x. The
damping function of the 13-point selective filter30 is given by

F13�k�x� = d0
13 + �

l=1

6

2dj
13 cos�lk�x� , �4�

32

FIG. 1. Damping functions, in logarithmic scales, on a uniform �x grid:
of the 13-point selective filter F13�k�x� �—� and of the 21-point filter
F21�k�x� �---�.
whereas that of the 21-point filter is provided by
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F21�k�x� = d0
21 + �

l=1

10

2dj
21 cos�lk�x� . �5�

The filters are thus shown to dampen the small scales char-
acterized by wave numbers between the filtering cutoff wave
number kc

f = / �2�x� and the grid cutoff wave number
kc

g= /�x, while affecting in a negligible manner the large
scales such that k�kc

f , discretized by more than four grid
points.

C. Jet conditions

Isothermal round jets at Mach number M=uj /c0=0.9 are
considered. The initial conditions of the jet flows �shear-layer
thickness, inflow forcing� are identical except for the jet di-
ameter D, yielding Reynolds numbers ReD=ujD /� ranging
from 1.7�103 to 4�105. In this way, the influence of the
Reynolds number on the jet development is investigated in
the absence of other initial-condition effects, as recom-
mended by Namer and Ötügen.14 The Reynolds numbers of
the simulated jets are specified in Table I. The jet LEShre is
at the high Reynolds number of ReD=4�105, whereas the
jets LESre104, LESre5000, LESre2500, and LESre1700 are,
respectively, at the low Reynolds numbers of 104, 5�103,
2.5�103, and 1.7�103.

In the present simulations, the jet inflow conditions are
modeled by imposing mean flow profiles while using a ran-
dom excitation to seed the turbulence. The inflow conditions
and forcing are described in detail in the earlier paper where
features of the jet LEShre �referred to as LESac in that
paper� were first shown to correspond to experimental data
obtained for high-Reynolds-number jets.32 In practice, the
mean axial velocity u0�r� at the jet inflow boundary is given
by the following hyperbolic-tangent profile:

u0�r�
uj

=
1

2
+

1

2
tanh
 r0 − r

2��
� ,

where uj is the inflow centerline velocity, �� the initial mo-
mentum thickness of the annular shear layer, r0 the jet radius,
r=�y2+z2, and the ratio r0 /�� is equal to 20. Pressure is
taken as the ambient pressure, radial and azimuthal velocities
are set to zero. The mean density profile �0�r� at the inflow is

TABLE I. Mach and Reynolds numbers of the simulated jets, and calculated
core lengths xc.

Jets M ReD xc /r0

LEShre 0.9 4�105 10.2

LESre104 0.9 104 10.7

LESre5000 0.9 5�103 11.3

LESre2500 0.9 2.5�103 13.0

LESre1700 0.9 1.7�103 15.9
defined by the Crocco-Busemann relation
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�0�r�
� j

= 
1 +

 − 1

2
M2u0�r�

uj

1 −

u0�r�
uj

��−1

for an isothermal jet �� j is the inflow centerline density�. In
order to seed the turbulence development, random distur-
bances are added to the mean velocity profiles in the shear
region for xr0, throughout the simulations. The same forc-
ing is applied in the different jets to specify identical inflow
conditions. It involves the first 16 azimuthal modes of the jet
at the amplitude �=0.007, and introduces solenoidal velocity
fluctuations with a low magnitude so that it does not generate
significant spurious sound waves. It was indeed developed
originally with the aim of computing directly the acoustic
waves radiated by the jets.33 Its influence on jet flow and
noise was studied in detail in a previous work,25 in which
three parameters of the inflow conditions of the LEShre jet
are modified: the forcing amplitude, the initial shear-layer
thickness and the use of the first modes involved in the forc-
ing. In the same way as in experiments, the flow develop-
ment was shown to be sensitive to changes in the jet inflow
conditions.

D. Numerical specifications

A Cartesian grid of nx�ny �nz=255�221�221 points
is used for the simulations. A Cartesian coordinate system is
indeed chosen for its accuracy and its simplicity. It allows us
in particular to avoid the axis singularity of a cylindrical
system. The discretizations in the y and z directions are iden-
tical, and are symmetrical about the jet centerline. The trans-
verse mesh spacing is uniform for y�2r0 with �y0=r0 /15,
and then increases at a rate of 2% to reach �y=0.4r0 well
outside the jet flow. The computational domain extends in
this way up to y=16r0 from the jet axis. The axial mesh
spacing is constant for 0�x�25r0 with �x=2�y0. It is then
stretched for x�25r0 in order to form a sponge zone.
The time step is �t=CFL��y0 /c0 with Courant-
Friedrichs-Lewy number CFL=0.85, and the simulation
time is T=4�104�t=2270r0 /c0, which corresponds to
D / �Tuj�=9.9�10−4 in term of Strouhal number. The com-
putation time is thus long enough to achieve statistical con-
vergence of the results. Finally, nonreflective boundary con-
ditions are used. They are based on the formulation of sound
waves in the acoustic far-field,44,45 and rely on equations
written for the fluctuating quantities alone. Small adjustment
terms are therefore introduced near the limits of the compu-
tational domain, with the aim of imposing the values of some
mean flow quantities at the boundaries. Note however that
the mean velocity is not specified outside the jet, in order to
allow the incoming of fluid into the computational domain,
and consequently to ensure the entrainment of the fluid sur-
rounding the jet into the flow. The detailed implementation
of these adjustment terms, as well as additional numerical
parameters, can be found in an earlier article.32

For the investigation of energy budgets in the jets in
Sec. IV A, it is interesting to emphasize the very low dissi-
pation of the present numerical algorithm based on opti-
mized finite-difference and Runge-Kutta schemes. To illus-

trate this feature, consider a perturbation characterized by the
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wave number k, convected at the velocity uj in the region of
the smaller grid spacing �y0. The amplification rate per it-
eration of this wave is given by the amplification factor �GRK�
of the Runge-Kutta algorithm for the angular frequency

��t=CFL� k̃�y0�uj /c0, where k̃ is the effective wave
number provided by the finite-difference scheme for the
wave number k, see Bogey and Bailly30 for more details.
This amplification rate is presented in Fig. 2. It is very close
to 1 for the whole range of wave numbers 0�k�y0�, and
shows in particular that the maximum amount of damping
per iteration is of only 3�10−5. The dissipation due to the
discretization schemes, with the exception of the selective
filtering, is thus negligible in the present simulations.

III. JET FLOW FEATURES

A. Vorticity snapshots

Snapshots of vorticity are presented in Fig. 3 for the
different simulations. The influence of the Reynolds number
on the size of the smallest turbulent scales appears clearly.
The lower the Reynolds number, the larger the part of the
fine scales that are dissipated by the molecular viscosity. This
point is remarkably illustrated by the vorticity fields obtained
for the jets LEShre and LESre1700: at ReD=4�105 the tur-
bulent field displays a large range of scales, whereas at
ReD=1.7�103 the most part of the fine scales disappears.
This also agrees with experimental observations for circular
transitional jets.15,16 Further, as the Reynolds number de-
creases, the generation of vortical structures in the shear
layer is found to occur farther downstream. This behavior
must be due to the decrease of the growth rates of instability
waves by viscosity at low Reynolds numbers.12 The length
xc of the jet potential core, determined here from the center-
line mean velocity uc using uc�xc�=0.95uj and reported in
Table I, consequently increases as the Reynolds number de-
creases, in agreement with experimental results obtained for
plane14 and round15 transitional jets. The present core lengths
range more precisely from 10.2r0 for the LEShre jet up to
15.9r0 for the LESre1700. They compare with the experi-
mental data available in the literature which are however
quite scattered, the core lengths xc measured by Lau et al.19

at ReD=106, and by Arakeri et al.22 at ReD=5�105 and Ra-
man et al.6 at ReD=4�105 in untripped jets varying for in-

FIG. 2. Amplification rate �GRK� per iteration, as a function of the wave
number k�y0, for waves convected at the velocity uj on the �y0 grid in the
present simulations. The effects of the selective filtering are not taken into
account.
stance between 10r0 and 14r0.
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B. Shear-layer development

In order to investigate the preliminary stage of the shear
layer development, the spectra of the fluctuating axial veloc-
ity u� obtained for x=3r0, y=r0 and z=0 are presented in
Fig. 4. In all the jets, the velocity spectrum is dominated by
a peak at a Strouhal number St= fD /uj 0.6 �f is the fre-
quency�. This peak is connected with the instability waves
growing in the initial velocity profiles. Its value compares
favorably with the Strouhal number St=0.68 predicted by the
linear instability theory12 for the most unstable, axisymmet-
ric mode of the inflow shear layer, the discrepancy between
the effective and the theoretical Strouhal peaks possibly be-
ing due to nonlinear effects and to the differences between
the velocity profiles at the inflow and at x=3r0. Moreover,
the amplitude of the peaks in the present spectra is found to
decrease significantly as the Reynolds number is reduced.

FIG. 3. Snapshots of vorticity in the plane z=0. Representation of the two
vorticity-norm contours associated with the magnitudes ����r0 /uj = �1,4�
for: �a� LEShre, �b� LESre104, �c� LESre5000, �d� LESre2500, and
�e� LESre1700.
This results from the damping influence of viscosity on the
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growth rate of instability waves, which was for instance de-
scribed analytically by Morris.46 At lower Reynolds num-
bers, the instability waves thus grow more slowly, which
leads to a development of the shear layer that occurs farther
downstream, as clearly illustrated in Fig. 5 by the profiles of
the shear-layer vorticity thickness and of the level of u� ve-
locity for y=r0 and z=0.

The vorticity thickness �� of the shear layer, presented in
Fig. 5�a� for the different jets, is calculated from the mean
axial velocity �u� using ��=uj /max����u� /�y��, and is related
to the momentum thickness �� for a hyperbolic-tangent pro-
file by ��=4��. For the jet LEShre at high Reynolds number,
the vorticity thickness is first fairly constant, and one stage of
linear growth is then visibly obtained, in agreement with
experimental results of Husain and Hussain47 for initially
laminar axisymmetric shear layers. The later stage is ob-
served for about x�4r0, that is from the location where tur-
bulent structures appear in the shear layer as shown in

FIG. 4. Spectral power density of u� velocity for x=3r0, y=r0, and z=0 as
a function of Strouhal number St= fD /uj, in linear scales, for: LEShre �—�,
LESre104 �—�, LESre5000 �---�, LESre2500 �-·-�, and LESre1700 �¯�.

FIG. 5. Axial profiles: �a� vorticity thickness �� /r0 and �b� rms value
of u� velocity for y=r0 and z=0, for: LEShre �—�, LESre104 �—�,

LESre5000 �---�, LESre2500 �-·-�, and LESre1700 �¯�.
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Fig. 3�a�. It is characterized by a growth rate d�� /dx0.22,
which is in the range of the higher rates provided in the
literature.48 For the jets at lower Reynolds numbers, a stage
of linear increase of the vorticity thickness also appears, with
a similar growth rate, but it takes place farther downstream,
after a transitional zone where the shear layer spreads more
slowly. This transitional zone is, for instance, clearly appar-
ent in the jet LEShre1700 for 2r0�x�12r0, which includes
a part of the flow where turbulent scales are hardly notice-
able, see in Fig. 3�e�. The shear layer therefore thickens due
to viscosity effects in this case.

The profiles of the u�-velocity levels along the line
y=r0 and z=0 in Fig. 5�b� finally show the influence of the
Reynolds number on the turbulence intensity in the shear
layer. The magnitude of the peaks is observed to be slightly
smaller at lower Reynolds numbers. The peaks of urms� /uj are
thus for instance of 0.20 in LEShre, and of 0.19 in
LESre2500. These values compare well with measurements
of Hussain and Zedan49 displaying a maximum value of 0.19
in transitional axisymmetric shear layers. The streamwise lo-
cation of the peaks with respect to the end of the jet core also
varies significantly. In the LEShre jet at high Reynolds num-
ber, the peak of turbulence intensity in the shear layer occurs
at x6r0, i.e., four radii upstream from the end of the
potential core reported in Table I at xc=10.2r0. At lower
Reynolds numbers, the intensity peak is located closer to xc.
In the LESre2500 jet for example, the peak is only one ra-
dius upstream from xc=13r0.

C. Jet development after the potential core

In order to investigate the mean flow and turbulence de-
velopment after the potential core, the streamwise variations
of the centerline mean velocity and jet half-width, and of the
turbulent axial velocity and turbulence intensity on the jet
centerline, are documented in this section.

The profiles of the centerline mean axial velocity uc and
of the jet half-width �0.5 are presented in Fig. 6. For the
comparisons, they are shifted axially with respect to the
LEShre profiles to match their core lengths xc, defined by
uc�xc�=0.95uj and provided in Table I. As the Reynolds num-
ber decreases, the velocity decay and the jet spreading are
both found to be more rapid. This influence of the Reynolds
number on the velocity decay is supported by the experimen-
tal data obtained by Stromberg et al.11 and Arakeri et al.22 for
Mach 0.9, round transitional jets, respectively, at ReD=3.6
�103 and ReD=5�105. In Fig. 6�a�, the velocity decay for
the jet LESre2500 at ReD=2.5�103 is indeed similar to that
measured for the jet at ReD=3.6�103, whereas a good
agreement is observed between the results for the high-
Reynolds-number jet LEShre and those for the experimental
jet at ReD=5�105. The velocity decay for the jet LEShre is
also successfully compared with that provided by Lau et al.19

for a Mach 0.9 round jet at ReD=106. This agreement be-
tween results from different jets at high Reynolds numbers
seems to indicate that the jet velocity decay is not a function
of the Reynolds number above a certain Reynolds number,
probably around ReD105. Reynolds-number effects of the

same kind as those exhibited by the simulations have been
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obtained experimentally by Namer and Ötügen14 for plane
jets with Reynolds numbers between 1000 and 7000, and by
Kwon and Seo15 for round jets with 437�ReD�5142. In
both cases, lower Reynolds numbers were indeed found to
speed up the velocity decay and the jet spreading after the
potential core. It must be finally noted that there may be a
priori no direct link between the influence of the Reynolds
number on the velocity decay and jet spreading after the
potential core, and that on the decay constant and spreading
rate that are evaluated in the jet self-similar region, far down-
stream from the jet core, see for instance in the overview of
Panchapakesan and Lumley.20

The centerline profiles of the turbulent axial velocity urms�
and of the turbulence intensity urms� /uc are presented in
Fig. 7. The profiles for the jet LEShre at ReD=4�105 agree
fairly well with those for the experimental jet of Arakeri
et al.22 at ReD=5�105. In Fig. 7�a�, as the Reynolds number
decreases, the amplitude of the peaks of urms� increases sig-
nificantly. Their values are provided in Table II, and range
from 0.131uj for the LEShre jet up to 0.178uj for the
LESre1700 jet. This trend is supported by the DNS data
obtained by Freund31 for a Mach 0.9 jet at ReD=3.6�103,
which compare favorably with the results for the simulated
jet at ReD=2.5�103. It was also displayed experimentally
by Namer and Ötügen14 for plane jets at low Reynolds num-
bers.

Regarding the turbulence intensity in Fig. 7�b�, its in-
crease along the jet axis is more rapid at lower Reynolds

FIG. 6. Axial profiles: �a� mean centerline velocity uc /uj and �b� jet half-
width �0.5 /r0. Simulations: LEShre �—�, LESre104 �—� , LESre5000 �---�,
LESre2500 �-·-�, and LESre1700 �¯�. Measurements: Arakeri et al. �Ref.
22� �M=0.9, ReD=5�105, initially laminar shear layer� ���, Lau et al.
�Ref. 19� �M=0.9, ReD=106� ���, Stromberg et al. �Ref. 11� �M=0.9,
ReD=3.6�103� ���. For the comparison, the profiles are shifted with re-
spect to the LEShre profiles to yield identical core lengths.
numbers. The values of urms� /uc just downstream from the jet
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core thus rise as the Reynolds number decreases. This is
clearly illustrated in Table II by the turbulence intensities
obtained for the different jets at x=xc+4r0 on the jet axis. At
this location, urms� /uc is for instance equal to 0.162 in the
LEShre jet, but to 0.235 for the LESre1700 jet. At the lower
Reynolds numbers considered in the present study, the tur-
bulence intensities observed few diameters downstream from
the jet core are even close to the value of about 0.25 that is
obtained experimentally in the self-similar region of round
jets.18,20,21 This leads us to expect the jet self-similar region
to be reached at a shorter distance at lower Reynolds num-
bers. This point is also supported by the DNS jet of Freund31

at ReD=3.6�103 where similarity of the turbulent profiles is
found for x�25r0, whereas at least x�90r0 is required for
instance in a jet20,43 at ReD=1.1�104.

FIG. 7. Centerline profiles: �a� rms fluctuating axial velocity urms� /uj and �b�
turbulence intensity urms� /uc. Simulations: LEShre �—�, LESre104 �—�,
LESre5000 �---�, LESre2500 �-·-�, and LESre1700 �¯�; measurements of
Arakeri et al. �Ref. 22� �M=0.9, ReD=5�105, initially laminar shear-layer�
shifted by −6.5r0 for the comparison ���; DNS results of Freund �Ref. 31�
�M=0.9, ReD=3.6�103� shifted by −1.8r0 ���.

TABLE II. Root mean square �rms� values of u� velocity. Left: peak value
of urms� on the jet centerline, right: turbulence intensity for x=xc+4r0 on the
jet axis �uc being the mean centerline velocity�.

Jets
Centerline
peak value

x=xc+4r0

y=z=0

LEShre 0.131uj 0.162uc

LESre104 0.134uj 0.169uc

LESre5000 0.148uj 0.189uc

LESre2500 0.166uj 0.220uc

LESre1700 0.178uj 0.235uc
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D. Length scales and spectra

The influence of the Reynolds number on the integral
length scales in the jets is now investigated. For this, the
longitudinal correlation function of axial fluctuating velocity
R11

�1��r� is calculated for points located at �x ,y ,z� as

R11
�1��r� =

�u��x + r/2,y,z�u��x − r/2,y,z��
�u�2�x + r/2,y,z��1/2�u�2�x − r/2,y,z��1/2

with r being the separation distance, and the angular brackets
denoting time averages. The longitudinal integral scale is
then given by L11

�1�=�0
�R11

�1��r�dr.
The normalized integral scales L11

�1� /r0 obtained for
y=r0 and z=0 in the shear layer are represented in Fig. 8�a�,
as a function of x /xc in order to take into account the various
potential core lengths. In all the jets, they are found to in-
crease with the axial distance. However they display differ-
ent sizes near the end of the jet core. Larger values of L11

�1� /r0

are more precisely obtained for xxc at lower Reynolds

TABLE III. Integral length scales L11
�1�. Left: for x=xc in the shear layer at

the end of the potential core, right: for x=xc+4r0 on the jet axis.

Jets

x=xc

y=r0

z=0

x=xc+4r0

y=0
z=0

LEShre 0.50r0 0.47r0

LESre104 0.49r0 0.53r0

LESre5000 0.55r0 0.62r0

LESre2500 0.64r0 0.70r0

LESre1700 0.79r0 0.95r0

FIG. 8. Axial profiles of the integral length scale L11
�1� /r0: �a� in the shear

layer for y=r0 and z=0 as a function of x /xc and �b� on the jet axis as a
function of x−xc, for: LEShre �—�, LESre104 �—� , LESre5000 �---�,
LESre2500 �-·-�, and LESre1700 �¯�.
Downloaded 07 Jun 2006 to 156.18.39.80. Redistribution subject to A
numbers. This Reynolds number effect is illustrated in Table
III providing the longitudinal integral scales L11

�1� calculated
for x=xc in the shear layer. The integral scales at this location
are shown to range from 0.50r0 for the LEShre jet at high
Reynolds number up to 0.79r0 for the LESre1700 jet.

Significant changes due to the Reynolds number also
appear in Fig. 8�b� where the centerline longitudinal scales
after the jet core are plotted as a function of x−xc, that is the
axial position with respect to the end of the potential core. As
the Reynolds number decreases, the centerline length scales
are observed to be of larger size just downstream from the jet
core. The values of L11

�1� /r0 obtained for x=xc+4r0 on the jet
axis are for instance reported in Table III. They are found
to be noticeably scattered, increasing from 0.47r0 for the
LEShre jet up to 0.95r0 for the LESre1700 jet. As for the
growth rate of the integral scales along the jet axis, it cannot
be easily estimated because of the limited computational do-
main. A previous simulation32 using a mesh grid extending
up to x=60r0 in the downstream direction nevertheless
showed that for the LEShre jet it agrees well with the linear
evolution measured by Wygnanski and Fiedler18 in a high-
Reynolds-number round jet. In the present simulated jets, the
growth of the length scales seems also rather similar, as sug-
gested by the experimental data of Namer and Ötügen14 in
low-Reynolds-number plane jets for x�60r0. Simulations on
larger grids are however required to settle this matter.

One-dimensional spectra of u� velocity E
u�
�1��k1�, where

k1 is the wave number in the axial direction, are calculated.
They are obtained from the temporal spectra Eu��f�, using
the Taylor hypothesis of a frozen turbulence yielding
k1=2f / �u� and E

u�
�1��k1�=Eu��f�� �u� / �2�, where f is the

frequency and �u� is the mean axial velocity. The computa-
tions of Eu��f� involve the final 3.5�104 iterations of the
LES, which leads to signal durations corresponding to
1.1�10−3 in term of minimal Strouhal number. The signals
are also divided into 199 overlapping sections. Note that due
to the time sampling of the signals the spectra are not calcu-
lated up the grid cutoff wave number kc

g= /�x=24/r0, but
end slightly before, around k1=20/r0.

�1�

FIG. 9. One-dimensional spectrum E
u�
�1��k1� / �r0urms�2 � of u� velocity for

x=20r0 and y=z=0, as a function of the normalized axial wave number k1r0,
for: LEShre �—�, LESre104 �—�, LESre5000 �---�, LESre2500 �-·-�, and
LESre1700 �¯�. The dotted vertical line represents the filtering cutoff wave
number kc

f = / �2�x�.
The spectra E
u�

�k1� calculated for x=20r0 on the jet cen-
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terline are presented in Fig. 9 as a function of k1r0. They are
normalized by r0urms�2 , using the local value of the mean
square velocity fluctuations and the jet radius. The spectra
are first observed to all collapse in the vicinity of the filtering
cutoff wave number kc

f = / �2�x�=12/r0, where �x is the
local mesh spacing in the axial direction. They display fairly
similar shapes, but narrow significantly as the Reynolds
number decreases due to the damping influence of molecular
viscosity on the smaller scales discretized. At lower Rey-
nolds numbers, the relative part of turbulent energy con-
tained in the small scales is then reduced, whereas that con-
tained in the large scales is larger. These effects of the
Reynolds number are particularly visible for the jet at ReD

=1700. They were also reported by Namer and Ötügen 14 on
velocity spectra in plane jets at x=20D. Moreover the classic
k−5/3 law is not clearly found in the present spectra. The
wave number associated with the integral length scale is
shown below to be about k1=1.5/r0 at the location where the
spectra are considered. Thus a zone corresponding to the
inertial range of turbulence is likely not to be obtained for
the wave numbers that are discretized.

The characteristic wave numbers of the turbulence, as-
sociated with the axial integral scale, the transverse Taylor
scale �g and the Kolmogorov scale �, are finally evaluated
for x=20r0 on the jet axis, and given in Table IV. The
Taylor and Kolmogorov scales are calculated using the
relations of isotropic turbulence, �g= �15L11

�1�� /urms� �1/2 and
�= �L11

�1��1/4�� /urms� �3/4. In the LEShre jet at high Reynolds
number, there is a significant difference between the turbu-
lence scales, with ratios L11

�1� /�g=30 and L11
�1� /�=1250, and

both the Taylor and the Kolmogorov scales are not dis-
cretized, the grid cutoff wave number being kc

g= /�x
=24/r0. At lower Reynolds numbers, these two scales be-
come closer to the integral scale, with ratios decreasing down
to L11

�1� /�g=3.2 and L11
�1� /�=43 in the LESre1700 jet. In the

jets at Reynolds numbers ReD�104, the Taylor scale is con-
sequently taken into account by the grid, but is also not af-
fected significantly by the selective filtering as 1/�g�kc

f . In
these jets, the Taylor scale �g is therefore well resolved by
the numerical procedure. As for the Kolmogorov scale, it is
not discretized even in the jet at ReD=1.7�103. In that jet,
kc

f�=0.28 is in particular obtained, which shows that the
simulation LESre1700 is still a LES. One can however note
that a sufficiently low Reynolds number would lead to the

f 50,51

TABLE IV. Wave numbers associated with the axial integral length scale,
the transverse Taylor and Kolmogorov scales �g and �, for x=20r0 on the jet
axis. The filtering and grid cutoff wave numbers are, respectively,
kc

f = / �2�x�=12/r0 and kc
g= /�x=24/r0.

Jets 1 /L11
�1� 1/�g 1/�

LEShre 1.6/r0 48/r0 2000/r0

LESre104 1.4/r0 7.6/r0 130/r0

LESre5000 1.3/r0 5.5/r0 84/r0

LESre2500 1.3/r0 4.1/r0 55/r0

LESre1700 1.0/r0 3.2/r0 43/r0
feature kc��1.5 indicative of a DNS.
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IV. ENERGY DISSIPATION MECHANISMS

A. Budget of turbulence energy

The budget of the turbulent kinetic energy k= ��̄ui� /2� is
calculated in the present jets in order to establish the influ-
ence of the Reynolds number on the dissipation mechanisms
involved in the LES. The equation expressing this budget is
derived from the governing equations �1� given in Sec. II A.
It writes

�6�

where the prime indicates a fluctuating quantity, the angular
brackets denote a statistical average, and �ui�= ��ui� / ��̄�. The
main terms are those corresponding to mean flow convec-
tion, production, viscous dissipation, turbulence diffusion,
and pressure diffusion, and the term Dfilter represents the fil-
tering dissipation. The budget equation �6� was recently
solved by the authors43 from the LES fields obtained for a jet
at the same Reynolds number as that investigated experimen-
tally by Panchapakesan and Lumley.20 Numerical results and
measurements in the jet self-similar region were found to be
in very good agreement. It was also used29 to study the con-
tribution of eddy viscosity in a LES of the jet at ReD=4
�105 making use of the dynamic Smagorinsky model.

In the present work, all the terms in the budget equation
are calculated explicitly from the LES data, except for the
filtering dissipation Dfilter. In the same way as Dejoan and
Leschziner52 estimated the dissipation rates in their LES of a
plane turbulent wall jet, the filtering contribution is here
evaluated as the balance of the other terms. The possibility of
doing in this manner is justified by the negligible dissipation
of the time-integration algorithm. This matter is addressed in
Sec. II D, where the maximum amount of dissipation pro-
vided by the discretization schemes, with the exception of
the selective filter, for a wave convected at the jet velocity uj

at the present CFL number of 0.85, is shown to be of only
3�10−5 per iteration.

As an illustration of the LES results, the energy budget
obtained across x=20r0 for the high-Reynolds-number jet
LEShre is presented in Fig. 10. The viscous dissipation ap-
pearing negligible in this jet, the dissipation is only due to
the filtering. The present curves cannot be compared directly
to the experimental curves of the literature,18,20,21 which are
provided farther downstream in the self-similar region of the
flow. Qualitative similarities are however observed, in par-
ticular with the experimental results of Panchapakesan and

20
Lumley.
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B. Dissipation rates

The dissipation rates due to the two damping mecha-
nisms involved in the LES are evaluated from the energy
budgets across x=20r0 in the different jets, and are presented
in Fig. 11. They show that the contributions of molecular
viscosity and of the explicit selective filtering to energy dis-
sipation depend closely on the Reynolds number of the flow.
As the Reynolds number decreases, the proportion of energy

FIG. 10. Kinetic energy budget for x=20r0 from LEShre: mean flow con-
vection ���, production �—�, viscous dissipation �—�, filtering dissipation
�---�, turbulence diffusion �¯�, and pressure diffusion �-·-�. The curves are
normalized by �cuc

3�0.5 ��c being the centerline mean density�.
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removed by the filtering is found to lessen, whereas that of
energy dissipated by viscosity increases. In this way,
the filtering is observed to be the dominant process of
energy dissipation in Figs. 11�a� and 11�b� for the jets
LEShre and LESre104, whereas viscosity predominates in
Figs. 11�c�–11�e� for the three jets at low Reynolds numbers
ReD�5�103.

In the jet at ReD=4�105 in Fig. 11�a�, the contribution
of molecular viscosity appears even negligible across
x=20r0. Only 1% of energy dissipation at x=20r0 on the jet
axis is for example due to viscosity, as it is reported in
Table V. This behavior arises from the features of LES for a
high-Reynolds-number flow. At the Reynolds number of the

FIG. 11. Dissipation rates for x=20r0,
due to: molecular viscosity �—�
and filtering �---�: �a� LEShre
�b� LESre104, �c� LESre5000,
�d� LESre2500, and �e� LESre1700.
The curves are normalized by �cuc

3�0.5.

TABLE V. Contributions to the energy dissipation at x=20r0 on the jet axis.

Jets
Molecular
viscosity

Selective
filtering

LEShre 0.01 0.99

LESre104 0.37 0.63

LESre5000 0.54 0.46

LESre2500 0.79 0.21

LESre1700 0.86 0.14
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LEShre jet, most of the scales appreciably affected by mo-
lecular viscosity are likely to be lacking because they cannot
be taken into account by the grid. This point is supported by
the sizes of turbulent scales given in Table IV for x=20r0 on
the jet centerline. The Taylor scale for which a significant
part of the energy should be damped51 is for instance shown
not to be discretized. Energy dissipation must therefore be
yielded almost entirely by the subgrid model, namely by the
explicit filtering in the present LES, which leads in Table V
to the proportion of 91% of energy that is filtered out. Note
that a simulation of the LEShre jet in which the explicit
filtering is applied every three iteration instead of every sec-
ond iteration was carried out previously.29 The dissipation
rates were found to be independent of the filtering frequency.
This result is certainly due to the high selectivity of the fil-
tering, and suggests that energy is only removed when it is
transferred from the large scales to the small scales affected
by the filtering.

In the jets at lower Reynolds numbers, the dissipation
rates due to molecular viscosity increase, and become pro-
gressively predominant. The contribution of viscosity to en-
ergy dissipation at x=20r0 on the jet axis thus goes up from
0.37 in the LESre104 jet to 0.86 in the LESre1700 jet in
Table V. This Reynolds number effect results from that
documented in Table IV on the turbulent scales. As the Rey-
nolds number decreases, the Taylor and the Kolmogorov
scales are indeed larger, and become closer to the integral
scale. A greater part of the turbulent scales affected by mo-
lecular viscosity are consequently discretized, which implies
higher rates of viscous dissipation. In the jet at ReD=1.7
�103, the explicit filtering is in particular responsible for
only 14% of energy dissipation at x=20r0 on the jet axis.
This nonnegligible contribution shows however that the
LESre1700 simulation still requires the use of a model for
the effects of the subgrid scales associated with wave num-
bers between the grid cutoff and the Kolmogorov wave num-
bers kc

g= /�x and 1/� given in Table IV, in order to avoid
an accumulation of energy at k=kc

g. DNS could be obtained
at lower Reynolds numbers provided that all turbulence
scales be accurately resolved by the numerical procedure,
i.e., that their corresponding wave numbers are so that
k�kc

f . For a DNS level of resolution, the contribution of the
filtering to energy dissipation is expected to be very small.
When the discretization schemes provide negligible dissipa-
tion, as in the present simulations, see in Fig. 2, the greater
part of the energy dissipation will then be due to molecular
viscosity. However it might not be the case using a more
dissipative numerical approach.

C. Analysis in the wave number space

The features of the dissipation mechanisms in the wave
number space are finally examined by characterizing the tur-
bulent scales that are affected by molecular viscosity and by
the explicit filtering for x=20r0 on the jet axis. With this aim
in view, the following quantities are calculated in the differ-

ent simulations: �k1
2E

u�
�1��k1� for molecular viscosity, and

Df�k1�x�E
u�
�1��k1� for the filtering, where k1 is the axial wave
�1�
number, E
u�

�k1� is the one-dimensional spectrum of u� ve-
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locity for x=20r0 and y=z=0 presented in Fig. 9, and
Df�k1�x� is the transfer function in the axial direction of the
explicit filtering procedure.

To evaluate the transfer function Df�k1�x�, consider for
instance the 13-point filtering carried out in the axial direc-
tion on the uniform grid of mesh size �x, which is given by
expression �2� in Sec. II B. Its application every second time
step is equivalent to a second-order explicit integration over
the time period 2�t of the following term

Df
13�Ui,j,k� � =

	d

2�t
�
l=−6

6

dj
13Ui+l,j,k�

in the left-hand side of the governing equations �1�. The
transfer function of this filtering operation is then obtained
using spatial Fourier transform in the axial direction, yield-
ing

Df
13�k1�x� = 	dF13�k1�x�/�2�t� ,

where F13�k1�x� is the damping function of the 13-point
filter on the �x grid, precedently given by expression �4� and
presented in Fig. 1.

In the present simulations, the flow variables are filtered
every second iteration sequentially in the x, y, and z Carte-
sian directions using the 13-point filter and in the diagonals
of the xy, xz and yz sections using a 21-point filter, as re-
ported in Sec. II B. The transfer function in the axial direc-
tion of this procedure involving multiple filterings is thus

Df�k1�x� = �1 − �1 − 	dF13�k1�x��

��1 − 	dF21�k1�x��4�/�2�t� , �7�

where F21�k1�x� is the damping function of the 21-point
filter on the �x grid, see expression �5� and Fig. 1. The
transfer function �7� is represented in Fig. 12 as a function of
k1r0 for the different simulations. The curves obtained col-
lapse onto one curve because of the normalization using uj

and r0. As we could expect from the properties of the filters,
the effects of the filtering procedure are shown to be maxi-
mum at the grid cutoff wave number kc

g, and to fall off
sharply for lower wave numbers. As a result, the amount of
dissipation provided by the filtering on the scales so that

f

FIG. 12. Transfer function Df�k1�x�� �r0 /uj� of the filtering procedure in
the axial direction, in logarithmic scales, as a function of k1r0; filtering
cutoff wave number kc

f = / �2�x� �¯� and grid cutoff wave number
kc

g= /�x �---�.
k�kc, discretized by more than four grid points, is at least of
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four order of magnitudes lower than that on the grid-to-grid
oscillations at k=kc

g.
The features of the dissipation mechanisms for x=20r0

on the jet axis are now shown in Fig. 13 as a function of k1r0.
The curves represent the quantities defined earlier, �k1

2E
u�
�1�

��k1� for molecular viscosity and Df�k1�x�E
u�
�1��k1� for the

filtering, normalized by uj
3. The filtering cutoff wave number

kc
f = / �2�x� is also indicated. It must be moreover noted that

the dissipation curves are not obtained up to the grid cutoff
wave number kc

g= /�x=24/r0, but up to the maximum
wave number k120/r0 for which the velocity spectra could
have been calculated, see Fig. 9 in Sec. III D. Selective fil-
tering and molecular viscosity are observed to dissipate en-
ergy through different turbulence scales: filtering through the
smallest scales discretized, which are located beyond the fil-
tering cutoff wave number kc

f , and molecular viscosity
through a wide range of scales including the larger ones. This
difference is for instance clearly illustrated in Fig. 13�b�, for
the LESre104 jet in which the contributions of the two damp-
ing mechanisms are similar as displayed in Table V.

For the LEShre jet in which viscous dissipation is neg-

ligible because of the high Reynolds number, energy is found
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in Fig. 13�a� to be mainly damped by the explicit filtering
through the high wave numbers so that k1�kc

f . The amount
of energy dissipated through the large scales associated with
wave numbers k1�kc

f is at least one order of magnitude
lower than that observed for the smaller scales. In the present
LES, the effects of the explicit filtering on the large scales
are however stronger than those of molecular viscosity. This
shows that for flows at high Reynolds numbers, the effects of
molecular viscosity being insignificant on the large turbulent
structures, it is difficult to avoid that numerical dissipation
does not exceed physical dissipation due to viscosity on
these structures, even when very low dissipation space and
time discretization schemes are used. Ideally this require-
ment should be met, but this would require numerical
schemes even less dissipative than the optimized schemes
presently used.

In Figs. 13�a�–13�d�, one can finally study the changes in
the shape of the dissipation curve associated with molecular
viscosity as the Reynolds number varies. For the four jets at
low Reynolds numbers ReD�104, the viscous dissipation ap-
pears to affect significantly a wide range of scales including

FIG. 13. Features of the dissipation
mechanisms for x=20r0 and y=z=0,
as a function of the axial wave number
k1r0: molecular viscosity �—� and fil-
tering �---�: �a� LEShre, �b� LESre104,
�c� LESre5000, �d� LESre2500, and
�e� LESre1700. The dotted vertical
line represents the filtering cutoff
wave number kc

f = / �2�x�. The
curves are normalized by uj

3.
the larger ones. This is the case for instance for the scale
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associated with the wave number k1r0=1, which is dis-
cretized by 47 grid points. The peaks of viscous dissipation
are obtained for wave numbers lower than the filtering cutoff
wave number kc

f . These peak wave numbers are in good
agreement51 with the wave numbers 1 /�g associated with the
transverse Taylor scales, which are estimated in Table IV
using the relations of isotropic turbulence, and range from
1/�g=7.6r0 for the LESre10 jet down to 1/�g=3.2r0 for the
LESre1700 jet. Following the variations of the Taylor scale,
the dissipation peak is thus shifted toward lower wave num-
bers with decreasing Reynolds number.

V. CONCLUSION

Large eddy simulations of isothermal transitional round
jets at Mach number M=0.9 have been carried out using a
LES methodology combining low dissipation and low dis-
persion discretization schemes with explicit selective filter-
ing of the flow variables. The inflow conditions of the jets
are identical except for the Reynolds numbers ReD ranging
from 1.7�103 to 4�105, which has allowed us to investi-
gate the influence of the Reynolds number on the jet charac-
teristics in the absence of other initial-condition effects. The
changes in the features of the dissipation mechanisms in-
volved in the LES, namely molecular viscosity and explicit
filtering, with the Reynolds number have been also dis-
played.

The development of the jet mean flow and turbulence
has been shown to be significantly modified as the Reynolds
number varies, both in the initial shear layer and in the tran-
sitional region located just downstream from the potential
core. The Reynolds-number effects observed in the simulated
jets are moreover consistent with measurements of the litera-
ture, and in particular with the trends exhibited experimen-
tally for low-Reynolds-number jets. The jets develop for in-
stance more rapidly after the potential core, with higher
turbulence intensities and larger integral scales, as the Rey-
nolds number decreases. As for the dissipation mechanisms,
their contributions to energy dissipation in the LES have
been shown to depend closely on the Reynolds number. At
high Reynolds number, most of the dissipation scales are not
discretized, and energy is mainly damped by the explicit fil-
tering. However the effects of molecular viscosity increase
appreciably at lower Reynolds numbers as more dissipation
scales are resolved. The scales that are affected by the two
damping mechanisms are also characterized. The selective
filtering removes the small scales discretized by very few
grid points, typically between 2 and 4, whereas molecular
viscosity damps a large range of turbulent scales, with a
dissipation peak around the transverse Taylor scale.

The present simulations have provided some features re-
garding the development of turbulent jets that cannot be eas-
ily obtained experimentally, as pointed out for instance by
Namer and Ötügen.14 This is however feasible only because
the LES methodology, which has been carefully described by
calculating in particular dissipation rates from kinetic energy
budgets, appears appropriate for studying Reynolds-number
effects. With the increase of computational resources, future

43
works will deal with the self-similar region of the jet,
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which is located far downstream from the inflow. The influ-
ence of the Reynolds number on the flow properties in this
region, including velocity decay and spreading rates, turbu-
lence intensities and energy budgets, could be considered.
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