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a b s t r a c t
This paper is devoted to the statistical characterization of the pressure ﬂuctuations measured in the near
ﬁeld of a compressible jet at two subsonic Mach numbers, 0.6 and 0.9. The analysis is focused on the
hydrodynamic pressure measured at different distances from the jet exit and analyzed at the typical
frequency associated to the Kelvin–Helmholtz instability. Statistical properties are retrieved by the application of the wavelet transform to the experimental data and the computation of the wavelet scalogram
around that frequency. This procedure highlights traces of events that appear intermittently in time and
have variable strength. A wavelet-based event tracking procedure has been applied providing a statistical characterization of the time delay between successive events and of their energy level. On this basis,
two stochastic models are proposed and validated against the experimental data in the different ﬂow
conditions
© 2017 Elsevier Inc. All rights reserved.

1. Introduction
Many studies on jet noise carried out in the last 50 years
demonstrated that large-scale vortices formed in the shear layer
close to the jet exit contribute to the generation of sound in the radiation to aft angles (see e.g. the seminal papers by Bishop, FfowcsWilliams and Smith, 1971, and Fuchs, 1972a, Fuchs (1972b Jul 1)).
This evidence motivated the search for topologically simple ﬂow
structures as sources of jet noise with the scope of setting up
reduced-order models able to predict the far-ﬁeld noise using a
limited number of parameters and beneﬁcial for noise control (see
e.g. Noack et al., 2011). Although an extensive literature exists on
this subject, we still suffer from a lack of knowledge about the precise role of the large-scale structures and the inﬂuence of their dynamics in the generation of acoustic waves. Indeed, even though
low-order modelling is of relevant interest for practical applications, it becomes challenging for realistic high Reynolds number
(Re) jets, where the dynamics of the large-scale structures is complex and their statistics non-periodic and non-Gaussian. As outlined by Karney-Fisher et al. (2013) and Karney-Fisher (2015) the
non-determinism of the large-scale structures at high Re increases
the number of parameters that inﬂuences jet noise and thus prevents the possibility to build up reliable low-order theoretical
models. The complex dynamics at high Re is mainly related to the
intermittent appearance of the ﬂow structures (e.g. Karney-Fisher,
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2015) and the space-time jitter affecting their topological properties (e.g. Cavalieri et al., 2011b). It must be pointed out that the
intermittent nature of the noise sources is a well-known property
that has been recognized since many years as a fundamental ingredient to be taken into account far accurate jet noise modeling
(see e.g. the seminal paper by Juve et al., 1980).
From the topological viewpoint, many researchers have recognized that ﬂow structures associated with the jet mixing noise are
localized wave-packets convected downstream at a quasi-constant
velocity and originated by the jet column axisymmetric mode (see
the recent review by Jordan and Colonius 2013, and the reference
therein for the details). Wave-packets are known to be related to
the jet Kelvin–Helmholtz instability, and exhibit growth, saturation
and decay with speciﬁc topological parameters (see Reba et al.,
2010). However, as shown in several recent papers (Hileman et al.,
20 05; Kastner et al., 20 06; Suponitsky, Sandham & Morfey 2010;
Cavalieri et al., 2011a), intermittency at high Re affects the dynamics of the wave-packets and governs the statistics of their physical
properties. Due to the multiscale and strongly unsteady nature of
turbulence, a clear picture of the wave-packets statistics at high
Re is still far to be reached and the main objective of the present
work is to shed light on this aspect.
Insights into the wave-packet dynamics at high Re can be
retrieved by analyzing the near-ﬁeld hydrodynamic pressure measured or computed nearby the jet exit. Indeed, as shown in the
seminal experiment by Laufer and Yen (1983) on a forced jet,
the near-ﬁeld pressure has a wave-packet shape resulting as a
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combination of oscillations at the frequency of the principal instability modes and a Gaussian envelope. The near ﬁeld pressure has
been used by Chrighton and Huerre (1990) to examine the farﬁeld acoustic super-directivity of wave-packets, a concept recently
recovered by Cavalieri et al. (2012). In the Fourier domain, the low
frequency region of the near-ﬁeld pressure spectra is dominated by
the hydrodynamic pressure component whereas high frequencies
are associated to acoustic pressure waves (see e.g. Arndt et al.,
1997, Grizzi and Camussi, 2012). The hydrodynamic part of the
spectrum is directly inﬂuenced by the wave-packets and typically
exhibits a bump around the Kelvin–Helmholtz frequency, that corresponds to a Strouhal number around 0.3 (see e.g. Cavalieri et al.,
2013). Intermittency is reﬂected into the non-peaked Fourier spectrum of the hydrodynamic pressure around the Kelvin–Helmholtz
frequency.
As outlined above, the hydrodynamic events that radiate noise
at aft angles are intermittent bursts appearing randomly in time
and space as opposed to regions of relatively quiet background
(Karney-Fisher, 2015). Due to their localized nature, the use of
wavelet transform rather than Fourier analysis is straightforward
for their identiﬁcation. The success of the wavelet analysis for the
extraction of pressure events has been demonstrated in several
previous works (e.g. Koenig et al., 2013, Grizzi and Camussi, 2012,
Lewalle et al., 2012, Mancinelli et al., 2016). Of speciﬁc interest for
the present paper is the work by Cavalieri et al. (2011a) who analyzed the wavelet transform of the azimuthal zero-order mode
of the acoustic pressure and the recent paper by Kearney-Fisher
(2015) who applied the wavelet transform to the far ﬁeld pressure to retrieve the statistics of the intermittent events. Their results conﬁrmed the capability of the wavelet decomposition to isolate localized events important for the production of sound. The
present paper extends their approach to the near ﬁeld pressure. To
this aim, near ﬁeld pressure data measured close to a compressible single stream jet at subsonic Mach numbers, are analyzed using the wavelet transform. The present approach focalizes onto the
statistics of low frequency intermittent events that are known to
be associated to hydrodynamic pressure ﬂuctuations (Arndt et al.,
1997). Therefore, a separation between hydrodynamic and acoustic
pressure is not required for their characterization. The square of
the wavelet coeﬃcients is extracted around the Kelvin–Helmholtz
frequency and used to retrieve statistical properties and stochastic
models of relevant features of the ﬂow structures.
A more detailed description of the procedure adopted for the
data analysis is given in the next section. Results are presented in
Section 3 where a parametric study in terms of Mach number and
distance from the jet exit is presented. The main conclusions are
given in Section 4.
2. Experimental data-base and post-processing procedure
The database analyzed have been obtained in an experimental
campaign carried out at the anechoic wind tunnel of the Laboratoire de Mecanique des Fluides et d’ Acoustique of the Ecole Centrale de Lyon. The data refer to measurements of the near-ﬁeld
pressure of a single-stream round jet having diameter D = 50 mm.
The near-ﬁeld pressure was measured at two Mach numbers, 0.6
and 0.9, using a linear array of 14 microphones placed at a radial distance 1.2D from the jet axis measured at the nozzle exit.
The array was aligned to the jet spreading angle, inclined of 11°
with respect to the jet axis and the microphones position spanned
an axial distance from x/D = 2 to x/D = 8.7, x = 0 being the nozzle exhaust. Pressure data were acquired at a sampling frequency
equal to 51.2 kHz and for an acquisition time of 10 s. More details
about the experimental set up can be found in Mancinelli et al.
(2016) where a comprehensive aerodynamic and aeroacoustic jet
ﬂow qualiﬁcation is also presented.

In addition to standard data processing procedures based on the
Fourier decomposition, the present approach includes the use of
the wavelet transform that has been applied to the pressure data
to retrieve the energy scalogram, a 2D representation of the energy
contained by the signal. More speciﬁcally, the wavelet decomposition of a signal p(t) at the resolution time scale s is given by the
following expression.

1 +∞
w(s, t ) = √ ∫  ∗
s −∞

τ − t 
s

p(t )dτ

where the integral represents a convolution between p(t) and the
dilated and translated complex conjugate counterpart of  (t). The
wavelet scalogram is given by the square of the wavelet coeﬃcients and it provides a decomposition of the energy onto the (s,t)
plane. As reported in Farge (1992), the scalogram provides a localized counterpart of the standard Fourier spectrum that can be
recovered by a simple time integration. A sketch of this concept is
given in Fig. 1 where it is clariﬁed that the analysis of the scalogram at a ﬁxed s provides the evolution in time of the Fourier
mode corresponding to the frequency 1/s.
An example of the Fourier spectrum recovered from the wavelet
scalogram plotted against the standard Power spectrum is reported
in Fig. 2 showing a very good agreement.
Several wavelet types have been tested and the continuous
transform using a Morlet kernel has been selected since it provides the best accuracy in reproducing the Fourier spectrum. It has
been checked that the results do not depend on the choice of the
wavelet kernel neither on the continuous or discrete nature of the
wavelet type adopted.
The wavelet scalogram is the key quantity analyzed in the
present work since its amplitude, at a given s, is used to select
events through a simple search-of-maxima algorithm. More details
on this procedure are given in the following section.
3. Results
As reported in Arndt et al., (1997) in the near ﬁeld region of the
jet, the low frequency region of the spectra is associated to the hydrodynamic pressure and it is dominated by the energy contained
around the frequency associated to the Kelvin–Helmholtz instability, hereafter denoted as fkh . The example reported in Fig. 2, corresponding to a pressure signal acquired at x/D = 2 and Mj = 0.6,
indeed exhibits a bump around 1500 Hz corresponding to St ≈ 0.2,
where St denotes the Strouhal number computed using the jet diameter D and the jet exit velocity.
Scalograms corresponding to a segment of the signal measured
at x/D = 2 for the two Mach numbers analyzed therein are reported
in Fig. 3. It is evident that also the wavelet decomposition highlights that most of the energy is contained at the frequency fkh . The
most interesting feature is that the temporal evolution of the energy at that frequency is strongly intermittent since bursts of high
energy are alternated to relatively low energy intervals.
This behavior is further highlighted through a band-pass digital ﬁltering around fkh . The analysis of the ﬁltered signals permits to verify that the energy bumps evidenced in the wavelet
scalogram correspond to variations of the amplitude modulation of
wave-packets. This is shown in Fig. 4 where a segment of a ﬁltered
pressure signal is reported as well as the corresponding scalogram.
This plot demonstrates the capability of the scalogram to enhance
localized amplitude ﬂuctuations modulating the oscillations at the
frequency fkh . Similar results are obtained in the other microphone
positions and Mach number and are not reported in the following
for the sake of brevity.
This property is used to extract the temporal location of the
events. The burst tracking is indeed performed by a simple search
of maxima of the scalogram at the frequency fkh , each relative
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Fig. 1. A sketch clarifying the physical meaning of the wavelet scalogram. The symbol <..>t denotes a time average. The mean value of the squared wavelet coeﬃcients
corresponds to the amplitude of the Fourier modes.
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Fig. 2. Example of wavelet spectrum (blue line) compared with a standard Fourier spectrum (black line). The wavelet transform has been obtained using the Morlet kernel
and the measurement parameters are x/D = 2 and Mj = 0.6. The arrow points toward the frequency fkh where the spectra reach the maximum. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

maximum providing the temporal location of the event and of its
energy content. It must be pointed out that events are collected
on the basis of their energy content in the wavelet domain, with
no a-priori assumptions on their physical nature. The relationship
between the selected events and ﬂow structures of speciﬁc topology is based on the consolidated idea that most of the energy con-

tained at the Kelvin–Helmholtz frequency is associated to wavepackets appearing intermittently in time and space (see e.g. Jordan
and Colonius 2013).
The time of appearance is sequentially collected in a set from
which the time delay t between two successive events can be
easily computed. Kearney-Fischer et al., (2013) denoted this pa-
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Fig. 3. Example of a scalogram computed from a segment of a signal measured at x/D = 2 for Mj = 0.6 (a) and Mj = 0.9 (b). The white lines enclose the frequency range of
the bump centered on fkh . (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

rameter as intermittence, since its statistics provides a direct estimation of the intermittent degree of the phenomenon causing the
selected events. The normalized Probability Distribution Functions
(PDF) of this random variable are reported in Figs. 5 and 6 for
Mj = 0.6 and 0.9 respectively and for different distances from the
jet exit. The PDFs are plotted in normalized variables, that is by
subtracting the mean value of the signal and dividing by its standard deviation.
It is shown that the shape of the PDFs does not change signiﬁcantly either for different distances from the jet or for the different
Mach numbers. Among various possibilities, it has been checked
that the best approximation of the PDFs, except for small t, can
be achieved by using a log-normal representation and a reference
curve is reported in Figs. 5 and 6 for comparison. It should be
stressed that Kearney-Fischer et al., (2013) adopted a gamma function to approximate the t distribution but in their case the events
where extracted in the far ﬁeld.
A log-normal distribution is characterized by two parameters,
m and v (see Feller, 1950), representing the so-called PDF location

and shape respectively. For each test case presently analyzed, the
two parameters have been computed through a maximum likelihood estimation and the results achieved at Mj = 0.6 and Mj = 0.9
are reported in Fig. 7, as functions of the distance from the jet.
For the Mj = 0.6 case, distances overcoming x/D = 6 are not reported because data appeared not to have statistically converged.
The reason is because at low velocity and large distances from the
nozzle exit the number of selected events tend to diminish. The
mean value t and the standard deviation of t, denoted as σ t ,
are presented as well in the same ﬁgures. It is observed that the
amplitude of the parameters, including the mean value t, increases monotonically and almost linearly with x/D, even though
the slope of curves is very small. This means that the variation of
the parameters is not relevant but, whenever required, it can be
approximated through a simple analytical linear function. It is also
noticed that the lower the Mach number the larger the amplitude
of all the parameters, even though, also from the view point of the
Mach number effects, the variations are small.
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Fig. 4. Example of a segment of a signal at x/D = 2 for Mj = 0.6 and ﬁltered around fkh (a) and its corresponding scalogram (b).

Fig. 5. PDF of the time delay between events for different distances at Mj = 0.6. The solid black line represents a reference log-normal distribution based on the averaged
values of the log-normal parameters reported in Table 1. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)

The mean value of the parameters, averaged over the whole set
of test cases analyzed, together with the corresponding standard
deviations, are reported in Table 1. The values of the parameters
are averaged over the whole distances x/D and were used to plot
the reference PDFs in Figs. 5 and 6.

The numerical values reported in Table 1 conﬁrm that the amplitude of the parameters does not change signiﬁcantly for the different ﬂow conditions. Therefore, a log-normal PDF with the parameters reported in Table 1, represents a reliable stochastic model
of the variable t and can be used to predict with a reasonable accuracy its statistical properties.
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Fig. 6. Same as previous plot but for Mj = 0.9.

Fig. 7. Comparison of the log-normal PDF parameters at Mj = 0.6 and Mj = 0.9 for the microphone positions considered. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)

Table 1
Parameters characterizing the log-normal PDF of the intermittence variable t.
Mach number

Parameters

Uncertainty (standard
deviation))

Mj = 0.6

<t >
m
v

0.0059
−5.0831
0.3727

0.0038
0.5084
0.0343

Mj = 0.9

<t >
m
v

0.0047
−5.2624
0.3585

0.0034
0.5836
0.0178

It can be noted that the uncertainty associated to t is relatively very large. However, it should be stressed that the relatively
large amplitude of the standard deviation is not related to a lack
of statistical convergence but rather to the shape of the PDF that
is strongly skewed and has a very pronounced tail towards positive values. This renders in this case the standard deviation a nonmeaningful estimator of the data uncertainty.
An analogous approach has been adopted for the stochastic
modelling of the amplitude of the events, denoted as A. As outlined
above, the amplitude is retrieved from a simple search of maxima
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Fig. 8. PDF of the events amplitude for different distances at Mj = 0.6. The solid black line represents a reference gamma distribution based on the averaged values of the
gamma parameters reported in Table 2. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 9. Same as previous plot but for Mj = 0.9.

of the scalogram at fkh , each maximum providing the energy content of the selected events. As pointed out above, this quantity has
a very important physical meaning since it represents the instantaneous value of the most energetic Fourier mode, i.e. the one corresponding to the frequency associated to the Kelvin–Helmholtz instability. PDFs of the variable A are reported in Figs. 8 and 9 for Mj
= 0.6 and 0.9 respectively.
In the case of the random variable A, the reference analytical
approximation is given by a Gamma distribution, again characterized by two quantities, l and ξ , that are named the shape and
the scale respectively (see Feller, 1950, and Kearney-Fischer et al.,
2013). The parameters as functions of the distance from the jet exit
are reported in Fig. 10 for Mj = 0.6 and 0.9 and their averaged values are summarized in Table 2. Fig. 10 shows that, except for the
shape l, the parameters increase almost linearly with x/D but, con-

Table 2
Parameters characterizing the gamma PDF of the amplitude A.
Mach number

Parameters

Mj = 0.6

<A >
l

Mj = 0.9

<A >
l

ξ
ξ

Uncertainty (standard
deviation))
0.0595
1.4324
0.0464
0.1559
1.4253
0.1242

0.0523
0.0632
0.0099
0.1354
0.0723
0.0283

trary to the previous case, they are larger for larger M. This behavior can be ascribed to the higher energy contained by the ﬂow
structures at higher velocities. At the higher M, the energy variations increase and also induce larger ﬂuctuations (see Fig. 10b).
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Fig. 10. Comparison of the gamma PDF parameters at Mj = 0.6 and Mj = 0.9 for the microphone positions considered. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)

As for the previous case, it is observed that the amplitude variation of the parameters with x/D is relatively small. Therefore, the
averaged parameters reported in Table 2 can be used for setting
up a reliable stochastic model of the events amplitude A for each
Mach number. As for the previous case, the model takes into account only the increase of the scale parameter with the Mach
number but not their dependence upon x/D. The mean values of
the parameters of Table 2 are used to plot the reference PDFs in
Figs. 7 and 8 and the reliability of these results conﬁrm the validity of this approach.
Figs. 7 and 10 suggest that it is possible to improve the stochastic modeling of t and A by taking into account the dependence
of the parameters of the PDFs upon the position and the ﬂow
velocity. However, this generalization would increase considerably
the degree of complexity of the models without improving significantly their predictive ability. Nonetheless, if a higher degree of
accuracy is required, the dependence upon x/D can be determined
whereas the functional dependence of the PDFs parameters upon
M cannot be driven from the present data set. To this purpose, further data taken at different ﬂow conditions are surely needed.
4. Conclusions
In the present study the near ﬁeld pressure ﬂuctuations measured in the vicinity of a single stream jet at Mj = 0.6 and 0.9 are
analyzed using Fourier transform and wavelet decompositions. The
study is targeted to characterize the Fourier mode at the frequency
where the energy is maximum that is the frequency associated to
the Kelvin–Helmholtz instability process. The temporal evolution
of the energy is achieved by the computation of the wavelet scalogram, providing a 2D representation of the energy contained by
the signal and computed by the time-frequency distribution of the
squared wavelet coeﬃcients. It is observed that the near-ﬁeld pressure around the Fourier energy bump is characterized by localized
intermittent events that are traces of wave-packets appearing ran-

domly in time. The statistics of these structures have been characterized by selecting energetic events from the wavelet scalogram
at the frequency of maximum energy. The selected events are used
to retrieve two important random variables, the time interval between two successive events, t, and the amplitude of their energy content, A. The statistics of these random variables provide
statistical properties that are useful to build up stochastic models
able to reproduce and predict the wave-packet dynamics.
The analysis of t shows that the PDF does not depend significantly on the distance from the jet and upon the Mach number.
The best ﬁt of the normalized PDF is provided by a log-normal distribution whose parameters, the so-called location and shape, are
determined by a maximum likelihood estimation and an average
over the different ﬂow conditions. The parameter A is analyzed in
a very similar manner. Also in this case the shape of the PDF is
weakly dependent upon the position and the Mach number but
the best approximation is achieved by a Gamma distribution. The
maximum likelihood estimation and the average over the whole
set of ﬂow conditions provides the parameters of the distribution,
i.e. the shape and the scale.
The analysis of the PDFs parameters have shown that a more
accurate and general modeling can be achieved by taking into account the effects of the distance x/D and of the Mach number.
Speciﬁcally, for both variables, t and A, a close to linear dependence of the parameters upon the distance from the jet exit is
observed. On the other hand, due to the limited number of cases
studied, a clear deﬁnition of the dependence upon the Mach number has not been achieved and this remains a task for future studies.
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