
International Journal of Heat and Fluid Flow 64 (2017) 1–9 

Contents lists available at ScienceDirect 

International Journal of Heat and Fluid Flow 

journal homepage: www.elsevier.com/locate/ijhff 

Statistical analysis of the hydrodynamic pressure in the near field of 

compressible jets 

R. Camussi a , A. Di Marco 

a , ∗, T. Castelain 

b 

a Università degli Studi Roma TRE, Rome 00146, Italy 
b École Centrale de Lyon, Lyon 69134 Ecully Cedex, France 

a r t i c l e i n f o 

Article history: 

Received 26 September 2016 

Revised 18 January 2017 

Accepted 21 January 2017 

Available online 8 February 2017 

a b s t r a c t 

This paper is devoted to the statistical characterization of the pressure fluctuations measured in the near 

field of a compressible jet at two subsonic Mach numbers, 0.6 and 0.9. The analysis is focused on the 

hydrodynamic pressure measured at different distances from the jet exit and analyzed at the typical 

frequency associated to the Kelvin–Helmholtz instability. Statistical properties are retrieved by the appli- 

cation of the wavelet transform to the experimental data and the computation of the wavelet scalogram 

around that frequency. This procedure highlights traces of events that appear intermittently in time and 

have variable strength. A wavelet-based event tracking procedure has been applied providing a statisti- 

cal characterization of the time delay between successive events and of their energy level. On this basis, 

two stochastic models are proposed and validated against the experimental data in the different flow 

conditions 

© 2017 Elsevier Inc. All rights reserved. 
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. Introduction 

Many studies on jet noise carried out in the last 50 years

emonstrated that large-scale vortices formed in the shear layer

lose to the jet exit contribute to the generation of sound in the ra-

iation to aft angles (see e.g. the seminal papers by Bishop, Ffowcs-

illiams and Smith, 1971 , and Fuchs, 1972a , Fuchs (1972b Jul 1 )).

his evidence motivated the search for topologically simple flow

tructures as sources of jet noise with the scope of setting up

educed-order models able to predict the far-field noise using a

imited number of parameters and beneficial for noise control (see

.g. Noack et al., 2011 ). Although an extensive literature exists on

his subject, we still suffer from a lack of knowledge about the pre-

ise role of the large-scale structures and the influence of their dy-

amics in the generation of acoustic waves. Indeed, even though

ow-order modelling is of relevant interest for practical applica-

ions, it becomes challenging for realistic high Reynolds number

 Re ) jets, where the dynamics of the large-scale structures is com-

lex and their statistics non-periodic and non-Gaussian. As out-

ined by Karney-Fisher et al. (2013) and Karney-Fisher (2015) the

on-determinism of the large-scale structures at high Re increases

he number of parameters that influences jet noise and thus pre-

ents the possibility to build up reliable low-order theoretical

odels. The complex dynamics at high Re is mainly related to the

ntermittent appearance of the flow structures (e.g. Karney-Fisher,
∗ Corresponding author. 
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015 ) and the space-time jitter affecting their topological proper-

ies (e.g. Cavalieri et al., 2011b ). It must be pointed out that the

ntermittent nature of the noise sources is a well-known property

hat has been recognized since many years as a fundamental in-

redient to be taken into account far accurate jet noise modeling

see e.g. the seminal paper by Juve et al., 1980 ). 

From the topological viewpoint, many researchers have recog-

ized that flow structures associated with the jet mixing noise are

ocalized wave-packets convected downstream at a quasi-constant

elocity and originated by the jet column axisymmetric mode (see

he recent review by Jordan and Colonius 2013 , and the reference

herein for the details). Wave-packets are known to be related to

he jet Kelvin–Helmholtz instability, and exhibit growth, saturation

nd decay with specific topological parameters (see Reba et al.,

010 ). However, as shown in several recent papers ( Hileman et al.,

0 05; Kastner et al., 20 06; Suponitsky, Sandham & Morfey 2010;

avalieri et al., 2011a ), intermittency at high Re affects the dynam-

cs of the wave-packets and governs the statistics of their physical

roperties. Due to the multiscale and strongly unsteady nature of

urbulence, a clear picture of the wave-packets statistics at high

e is still far to be reached and the main objective of the present

ork is to shed light on this aspect. 

Insights into the wave-packet dynamics at high Re can be

etrieved by analyzing the near-field hydrodynamic pressure mea-

ured or computed nearby the jet exit. Indeed, as shown in the

eminal experiment by Laufer and Yen (1983) on a forced jet,

he near-field pressure has a wave-packet shape resulting as a

http://dx.doi.org/10.1016/j.ijheatfluidflow.2017.01.007
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijhff
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatfluidflow.2017.01.007&domain=pdf
http://dx.doi.org/10.1016/j.ijheatfluidflow.2017.01.007
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combination of oscillations at the frequency of the principal insta-

bility modes and a Gaussian envelope. The near field pressure has

been used by Chrighton and Huerre (1990) to examine the far-

field acoustic super-directivity of wave-packets, a concept recently

recovered by Cavalieri et al. (2012) . In the Fourier domain, the low

frequency region of the near-field pressure spectra is dominated by

the hydrodynamic pressure component whereas high frequencies

are associated to acoustic pressure waves (see e.g. Arndt et al.,

1997, Grizzi and Camussi, 2012 ). The hydrodynamic part of the

spectrum is directly influenced by the wave-packets and typically

exhibits a bump around the Kelvin–Helmholtz frequency, that cor-

responds to a Strouhal number around 0.3 (see e.g. Cavalieri et al.,

2013 ). Intermittency is reflected into the non-peaked Fourier spec-

trum of the hydrodynamic pressure around the Kelvin–Helmholtz

frequency. 

As outlined above, the hydrodynamic events that radiate noise

at aft angles are intermittent bursts appearing randomly in time

and space as opposed to regions of relatively quiet background

( Karney-Fisher, 2015 ). Due to their localized nature, the use of

wavelet transform rather than Fourier analysis is straightforward

for their identification. The success of the wavelet analysis for the

extraction of pressure events has been demonstrated in several

previous works (e.g. Koenig et al., 2013, Grizzi and Camussi, 2012,

Lewalle et al., 2012, Mancinelli et al., 2016 ). Of specific interest for

the present paper is the work by Cavalieri et al. (2011a) who an-

alyzed the wavelet transform of the azimuthal zero-order mode

of the acoustic pressure and the recent paper by Kearney-Fisher

(2015) who applied the wavelet transform to the far field pres-

sure to retrieve the statistics of the intermittent events. Their re-

sults confirmed the capability of the wavelet decomposition to iso-

late localized events important for the production of sound. The

present paper extends their approach to the near field pressure. To

this aim, near field pressure data measured close to a compress-

ible single stream jet at subsonic Mach numbers, are analyzed us-

ing the wavelet transform. The present approach focalizes onto the

statistics of low frequency intermittent events that are known to

be associated to hydrodynamic pressure fluctuations ( Arndt et al.,

1997 ). Therefore, a separation between hydrodynamic and acoustic

pressure is not required for their characterization. The square of

the wavelet coefficients is extracted around the Kelvin–Helmholtz

frequency and used to retrieve statistical properties and stochastic

models of relevant features of the flow structures. 

A more detailed description of the procedure adopted for the

data analysis is given in the next section. Results are presented in

Section 3 where a parametric study in terms of Mach number and

distance from the jet exit is presented. The main conclusions are

given in Section 4 . 

2. Experimental data-base and post-processing procedure 

The database analyzed have been obtained in an experimental

campaign carried out at the anechoic wind tunnel of the Labora-

toire de Mecanique des Fluides et d’ Acoustique of the Ecole Cen-

trale de Lyon. The data refer to measurements of the near-field

pressure of a single-stream round jet having diameter D = 50 mm.

The near-field pressure was measured at two Mach numbers, 0.6

and 0.9, using a linear array of 14 microphones placed at a ra-

dial distance 1.2 D from the jet axis measured at the nozzle exit.

The array was aligned to the jet spreading angle, inclined of 11 °
with respect to the jet axis and the microphones position spanned

an axial distance from x/D = 2 to x/D = 8.7, x = 0 being the noz-

zle exhaust. Pressure data were acquired at a sampling frequency

equal to 51.2 kHz and for an acquisition time of 10 s. More details

about the experimental set up can be found in Mancinelli et al.

(2016) where a comprehensive aerodynamic and aeroacoustic jet

flow qualification is also presented. 
In addition to standard data processing procedures based on the

ourier decomposition, the present approach includes the use of

he wavelet transform that has been applied to the pressure data

o retrieve the energy scalogram, a 2D representation of the energy

ontained by the signal. More specifically, the wavelet decomposi-

ion of a signal p(t) at the resolution time scale s is given by the

ollowing expression. 

 ( s, t ) = 

1 √ 

s 

+ ∞ 

∫ 
−∞ 

�∗
(
τ − t 

s 

)
p ( t ) dτ

here the integral represents a convolution between p (t) and the

ilated and translated complex conjugate counterpart of �(t) . The

avelet scalogram is given by the square of the wavelet coeffi-

ients and it provides a decomposition of the energy onto the ( s,t )

lane. As reported in Farge (1992) , the scalogram provides a lo-

alized counterpart of the standard Fourier spectrum that can be

ecovered by a simple time integration. A sketch of this concept is

iven in Fig. 1 where it is clarified that the analysis of the scalo-

ram at a fixed s provides the evolution in time of the Fourier

ode corresponding to the frequency 1/s . 

An example of the Fourier spectrum recovered from the wavelet

calogram plotted against the standard Power spectrum is reported

n Fig. 2 showing a very good agreement. 

Several wavelet types have been tested and the continuous

ransform using a Morlet kernel has been selected since it pro-

ides the best accuracy in reproducing the Fourier spectrum. It has

een checked that the results do not depend on the choice of the

avelet kernel neither on the continuous or discrete nature of the

avelet type adopted. 

The wavelet scalogram is the key quantity analyzed in the

resent work since its amplitude, at a given s , is used to select

vents through a simple search-of-maxima algorithm. More details

n this procedure are given in the following section. 

. Results 

As reported in Arndt et al., (1997) in the near field region of the

et, the low frequency region of the spectra is associated to the hy-

rodynamic pressure and it is dominated by the energy contained

round the frequency associated to the Kelvin–Helmholtz instabil-

ty, hereafter denoted as f kh . The example reported in Fig. 2 , cor-

esponding to a pressure signal acquired at x/D = 2 and M j = 0.6,

ndeed exhibits a bump around 1500 Hz corresponding to St ≈ 0.2,

here St denotes the Strouhal number computed using the jet di-

meter D and the jet exit velocity. 

Scalograms corresponding to a segment of the signal measured

t x/D = 2 for the two Mach numbers analyzed therein are reported

n Fig. 3 . It is evident that also the wavelet decomposition high-

ights that most of the energy is contained at the frequency f kh . The

ost interesting feature is that the temporal evolution of the en-

rgy at that frequency is strongly intermittent since bursts of high

nergy are alternated to relatively low energy intervals. 

This behavior is further highlighted through a band-pass dig-

tal filtering around f kh . The analysis of the filtered signals per-

its to verify that the energy bumps evidenced in the wavelet

calogram correspond to variations of the amplitude modulation of

ave-packets. This is shown in Fig. 4 where a segment of a filtered

ressure signal is reported as well as the corresponding scalogram.

his plot demonstrates the capability of the scalogram to enhance

ocalized amplitude fluctuations modulating the oscillations at the

requency f kh . Similar results are obtained in the other microphone

ositions and Mach number and are not reported in the following

or the sake of brevity. 

This property is used to extract the temporal location of the

vents. The burst tracking is indeed performed by a simple search

f maxima of the scalogram at the frequency f , each relative
kh 
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Fig. 1. A sketch clarifying the physical meaning of the wavelet scalogram. The symbol < .. > t denotes a time average. The mean value of the squared wavelet coefficients 

corresponds to the amplitude of the Fourier modes. 

10
1

10
2

10
3

10
4

10
5

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

f [Hz]

P
S

D
 [

P
a2 /

H
z]

Fig. 2. Example of wavelet spectrum (blue line) compared with a standard Fourier spectrum (black line). The wavelet transform has been obtained using the Morlet kernel 

and the measurement parameters are x/D = 2 and M j = 0.6. The arrow points toward the frequency f kh where the spectra reach the maximum. (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version of this article.) 
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aximum providing the temporal location of the event and of its

nergy content. It must be pointed out that events are collected

n the basis of their energy content in the wavelet domain, with

o a-priori assumptions on their physical nature. The relationship

etween the selected events and flow structures of specific topol-

gy is based on the consolidated idea that most of the energy con-
ained at the Kelvin–Helmholtz frequency is associated to wave-

ackets appearing intermittently in time and space (see e.g. Jordan

nd Colonius 2013 ). 

The time of appearance is sequentially collected in a set from

hich the time delay �t between two successive events can be

asily computed. Kearney-Fischer et al., (2013) denoted this pa-
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Fig. 3. Example of a scalogram computed from a segment of a signal measured at x/D = 2 for M j = 0.6 (a) and M j = 0.9 (b). The white lines enclose the frequency range of 

the bump centered on f kh . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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M

rameter as intermittence, since its statistics provides a direct esti-

mation of the intermittent degree of the phenomenon causing the

selected events. The normalized Probability Distribution Functions

(PDF) of this random variable are reported in Figs. 5 and 6 for

M j = 0.6 and 0.9 respectively and for different distances from the

jet exit. The PDFs are plotted in normalized variables, that is by

subtracting the mean value of the signal and dividing by its stan-

dard deviation. 

It is shown that the shape of the PDFs does not change signifi-

cantly either for different distances from the jet or for the different

Mach numbers. Among various possibilities, it has been checked

that the best approximation of the PDFs, except for small �t , can

be achieved by using a log-normal representation and a reference

curve is reported in Figs. 5 and 6 for comparison. It should be

stressed that Kearney-Fischer et al., (2013) adopted a gamma func-

tion to approximate the �t distribution but in their case the events

where extracted in the far field. 

A log-normal distribution is characterized by two parameters,

m and v (see Feller, 1950 ), representing the so-called PDF location
nd shape respectively. For each test case presently analyzed, the

wo parameters have been computed through a maximum likeli-

ood estimation and the results achieved at M j = 0.6 and M j = 0.9

re reported in Fig. 7 , as functions of the distance from the jet.

or the M j = 0.6 case, distances overcoming x/D = 6 are not re-

orted because data appeared not to have statistically converged.

he reason is because at low velocity and large distances from the

ozzle exit the number of selected events tend to diminish. The

ean value 〈 �t 〉 and the standard deviation of �t , denoted as σ�t ,

re presented as well in the same figures. It is observed that the

mplitude of the parameters, including the mean value 〈 �t 〉 , in-

reases monotonically and almost linearly with x/D , even though

he slope of curves is very small. This means that the variation of

he parameters is not relevant but, whenever required, it can be

pproximated through a simple analytical linear function. It is also

oticed that the lower the Mach number the larger the amplitude

f all the parameters, even though, also from the view point of the

ach number effects, the variations are small. 



R. Camussi et al. / International Journal of Heat and Fluid Flow 64 (2017) 1–9 5 

Fig. 4. Example of a segment of a signal at x/D = 2 for M j =0.6 and filtered around f kh (a) and its corresponding scalogram (b). 

Fig. 5. PDF of the time delay between events for different distances at M j =0.6. The solid black line represents a reference log-normal distribution based on the averaged 

values of the log-normal parameters reported in Table 1 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 

article.) 
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The mean value of the parameters, averaged over the whole set

f test cases analyzed, together with the corresponding standard

eviations, are reported in Table 1 . The values of the parameters

re averaged over the whole distances x/D and were used to plot

he reference PDFs in Figs. 5 and 6 . 
c

The numerical values reported in Table 1 confirm that the am-

litude of the parameters does not change significantly for the dif-

erent flow conditions. Therefore, a log-normal PDF with the pa-

ameters reported in Table 1 , represents a reliable stochastic model

f the variable �t and can be used to predict with a reasonable ac-

uracy its statistical properties. 
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Fig. 6. Same as previous plot but for M j =0.9. 

Fig. 7. Comparison of the log-normal PDF parameters at M j =0.6 and M j =0.9 for the microphone positions considered. (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 

Table 1 

Parameters characterizing the log-normal PDF of the intermittence variable �t . 

Mach number Parameters Uncertainty (standard 

deviation)) 

M j = 0.6 < �t > 0 .0059 0 .0038 

m −5 .0831 0 .5084 

v 0 .3727 0 .0343 

M j = 0.9 < �t > 0 .0047 0 .0034 

m −5 .2624 0 .5836 

v 0 .3585 0 .0178 

 

t  
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o  

i  

t  

m

 

m  

a  
It can be noted that the uncertainty associated to �t is rela-

ively very large. However, it should be stressed that the relatively

arge amplitude of the standard deviation is not related to a lack

f statistical convergence but rather to the shape of the PDF that

s strongly skewed and has a very pronounced tail towards posi-

ive values. This renders in this case the standard deviation a non-

eaningful estimator of the data uncertainty. 

An analogous approach has been adopted for the stochastic

odelling of the amplitude of the events, denoted as A . As outlined

bove, the amplitude is retrieved from a simple search of maxima
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Fig. 8. PDF of the events amplitude for different distances at M j =0.6. The solid black line represents a reference gamma distribution based on the averaged values of the 

gamma parameters reported in Table 2 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 9. Same as previous plot but for M j =0.9. 
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Table 2 

Parameters characterizing the gamma PDF of the amplitude A . 

Mach number Parameters Uncertainty (standard 

deviation)) 

M j = 0.6 < A > 0 .0595 0 .0523 

l 1 .4324 0 .0632 

ξ 0 .0464 0 .0099 

M j = 0.9 < A > 0 .1559 0 .1354 

l 1 .4253 0 .0723 

ξ 0 .1242 0 .0283 

t  

h  

s  
f the scalogram at f kh , each maximum providing the energy con-

ent of the selected events. As pointed out above, this quantity has

 very important physical meaning since it represents the instanta-

eous value of the most energetic Fourier mode, i.e. the one corre-

ponding to the frequency associated to the Kelvin–Helmholtz in-

tability. PDFs of the variable A are reported in Figs. 8 and 9 for M j 

= 0.6 and 0.9 respectively. 

In the case of the random variable A , the reference analytical

pproximation is given by a Gamma distribution, again character-

zed by two quantities, l and ξ , that are named the shape and

he scale respectively (see Feller, 1950 , and Kearney-Fischer et al.,

013 ). The parameters as functions of the distance from the jet exit

re reported in Fig. 10 for M j = 0.6 and 0.9 and their averaged val-

es are summarized in Table 2 . Fig. 10 shows that, except for the

hape l , the parameters increase almost linearly with x/D but, con-
 t
rary to the previous case, they are larger for larger M . This be-

avior can be ascribed to the higher energy contained by the flow

tructures at higher velocities. At the higher M , the energy varia-

ions increase and also induce larger fluctuations (see Fig. 10 b). 
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Fig. 10. Comparison of the gamma PDF parameters at M j =0.6 and M j =0.9 for the microphone positions considered. (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 
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As for the previous case, it is observed that the amplitude vari-

ation of the parameters with x/D is relatively small. Therefore, the

averaged parameters reported in Table 2 can be used for setting

up a reliable stochastic model of the events amplitude A for each

Mach number. As for the previous case, the model takes into ac-

count only the increase of the scale parameter with the Mach

number but not their dependence upon x/D . The mean values of

the parameters of Table 2 are used to plot the reference PDFs in

Figs. 7 and 8 and the reliability of these results confirm the valid-

ity of this approach. 

Figs. 7 and 10 suggest that it is possible to improve the stochas-

tic modeling of �t and A by taking into account the dependence

of the parameters of the PDFs upon the position and the flow

velocity. However, this generalization would increase considerably

the degree of complexity of the models without improving signif-

icantly their predictive ability. Nonetheless, if a higher degree of

accuracy is required, the dependence upon x/D can be determined

whereas the functional dependence of the PDFs parameters upon

M cannot be driven from the present data set. To this purpose, fur-

ther data taken at different flow conditions are surely needed. 

4. Conclusions 

In the present study the near field pressure fluctuations mea-

sured in the vicinity of a single stream jet at M j = 0.6 and 0.9 are

analyzed using Fourier transform and wavelet decompositions. The

study is targeted to characterize the Fourier mode at the frequency

where the energy is maximum that is the frequency associated to

the Kelvin–Helmholtz instability process. The temporal evolution

of the energy is achieved by the computation of the wavelet scalo-

gram, providing a 2D representation of the energy contained by

the signal and computed by the time-frequency distribution of the

squared wavelet coefficients. It is observed that the near-field pres-

sure around the Fourier energy bump is characterized by localized

intermittent events that are traces of wave-packets appearing ran-
omly in time. The statistics of these structures have been charac-

erized by selecting energetic events from the wavelet scalogram

t the frequency of maximum energy. The selected events are used

o retrieve two important random variables, the time interval be-

ween two successive events, �t , and the amplitude of their en-

rgy content, A . The statistics of these random variables provide

tatistical properties that are useful to build up stochastic models

ble to reproduce and predict the wave-packet dynamics. 

The analysis of �t shows that the PDF does not depend signif-

cantly on the distance from the jet and upon the Mach number.

he best fit of the normalized PDF is provided by a log-normal dis-

ribution whose parameters, the so-called location and shape, are

etermined by a maximum likelihood estimation and an average

ver the different flow conditions. The parameter A is analyzed in

 very similar manner. Also in this case the shape of the PDF is

eakly dependent upon the position and the Mach number but

he best approximation is achieved by a Gamma distribution. The

aximum likelihood estimation and the average over the whole

et of flow conditions provides the parameters of the distribution,

.e. the shape and the scale. 

The analysis of the PDFs parameters have shown that a more

ccurate and general modeling can be achieved by taking into ac-

ount the effects of the distance x/D and of the Mach number.

pecifically, for both variables, �t and A, a close to linear depen-

ence of the parameters upon the distance from the jet exit is

bserved. On the other hand, due to the limited number of cases

tudied, a clear definition of the dependence upon the Mach num-

er has not been achieved and this remains a task for future stud-

es. 
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