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Abstract The present paper reports an investigation of the statistical properties of pressure fluctuations in
the near field of subsonic compressible jets. The data-base analyzed has been obtained numerically by DNS
and LES of two single-stream circular jets, having diameter-based Reynolds numbers of 3125 and 100,000
and Mach number 0.9, respectively, initially laminar and highly disturbed. Pressure fluctuations are extracted
from several virtual probes positioned in the near field of the jets and covering a region from 0 to 20 diameters
in the axial direction and from 0.5 to 3 diameters in the radial. An azimuthal decomposition of the pressure
fluctuations is performed, and the statistical analysis is applied to the axisymmetric 0-mode component and
compared to the results obtained from the full original signals. The intermittent behavior is investigated by
the estimation of standard statistical indicators, such as probability distribution functions and flatness factor,
as well as through conditional statistics based on the application of the wavelet transform. It is shown that
downstream of the potential core, intermittency estimated through the traditional indicators is relevant even at
the lowest Re for the full signals, whereas it is apparently not significant for the 0-mode component. Thewavelet
analysis provides an estimation of intermittency scale-by-scale and allows for the calculation of a frequency-
dependent FF. This approach reveals that the 0-mode component has a relevant degree of intermittency around
the frequencies associated with the Kelvin–Helmholtz instability. The statistics of the intermittent events, in
terms of their temporal appearance and energy content, are shown to be weakly sensitive to the jet Reynolds
number and the universal behavior can be reproduced by simple stochastic models.

Keywords Jet noise · Intermittency · Stochastic modeling

1 Introduction

The first seminal studies performed to investigate subsonic jet noise go back to more than 60 years [1,2];
however, despite the large body of literature devoted to the subject since then, several questions still remain
unanswered and deserve further investigations. It is known that jet-noise properties at small and large observa-
tion angles to the flow are very different (see also [3,4]). At small observer angle, the low-frequency acoustic
component dominates, and the noise emission can be attributed to large turbulence structures that are spatially
coherent in the axial direction. These structures, named wavepackets, can be viewed as the growth and decay
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of linear instability waves (see [5,6]) originated by the Kelvin–Helmholtz instability of the shear layer and
convected downstream by themean flow (see the review provided by Jordan andColonius [7], and the reference
therein).

Seminal papers by Crow [8] and Crighton and Huerre [9] demonstrated the sound radiation superdirec-
tivity towards low axial angles (see also [10]) and its relationship with the axisymmetric structures of the
jets. This evidence supported the idea of using linear models to predict the radiated noise, but this approach
led to satisfactory results only in supersonic conditions [11,12]. The main feature that was missing in the
subsonic case was the random nature of the hydrodynamic events responsible for the noise generation. Indeed,
at high Reynolds numbers (Re), the dynamics of those structures is non-deterministic since turbulence signif-
icantly affects their generation, evolution and topology. Recent papers highlighted the relevant contribution of
turbulence-induced intermittency and nonlinearities to the generation of noise [13–15]. Actually, the role of
intermittency in the noise generationmechanism has been recognized since the seminal experiment undertaken
in [16] and by successive studies [17–22] that confirmed the existence and dominant role played by intermittent
noise producing events.

In the framework of jet noise models based on the wavepacket concepts, it is argued that those large scale
structures emerge from the stochastic turbulent flow (see the seminal paper by Crighton and Gaster [23,24]).
Indeed, the paper by Cavalieri et al. [25], for the first time demonstrated that the simplified wavepacket model
is able to predict correct noise levels only if the so-called jittering mechanism is included in the source model
(see also the review in [26]). Recent papers have shown that a manifestation of jitter in the frequency domain
is given by the decay of the two-point coherence in the velocity and near pressure fields [27–31]. Indeed, the
stochastic, intermittent nature of the flow causes a desynchronization of flow fluctuations separated in space
and thus directly affects the coherence decay. Two-point coherence values extracted directly from a subsonic jet
have been used to feed a wavepacket model for sound radiation at low frequencies and polar angles, providing
a good agreement with acoustic data [13]. The advantage of this approach is its direct correlation with the
acoustic efficiency of sound sources according to the concept of acoustic matching related to the content of
energy falling within the radiating region of the spectrum [27,29].

The complex nature of the jet noise sources can be taken into account by considering its multipole nature.
A quadrupole type of noise source combined with a proper correlation model has been shown to be an efficient
approach to provide predictions in good agreement with experimental data (see, e.g., [32,33]). With respect
to the wavepacket modeling, in this approach the time scales the modeled sources correspond to those of
small-scale eddies instead of those of instability waves. Also, this model is capable of tackling the stochastic
properties of the noise source and confirmed that the bursting of turbulent small-scale eddies contributes a
significant part to the generated noise.

The awareness that the stochastic nature of jet noise needs to be better understood motivated a series of
studies devoted to the investigation andmodeling of the intermittent statistics by selecting the events directly in
the physical space using appropriate indicators applied to near-field pressure data (see, e.g., [34,35]). Recently,
Camussi et al. [36,37] used wavelet transform to select events related to wavepackets and proposed stochastics
models to reproduce their relevant statistics. This approach provides a more direct measure of the degree of
intermittency contained in the pressure field and allows for the extraction of local features that are partially
lost through the Fourier-based approach. Indeed, the main target was to retrieve the properties of the stochastic
field that can be used for the noise source description and modeling. The present paper moves within this path
and concurs to clarify the stochastic behavior underlying the dynamics of the noise producing events.

The present investigation is based on the analysis of a numerical database reproducing two jets at Mach
number (Ma) 0.9 and at significantly different Reynolds numbers (Re) [38]. As will be better clarified below,
the relevant number of “virtual probes” located in the jet flow (more than 24,000) renders this numerical
database incomparable with respect to any possible experimental test. Furthermore, the numerical approach
allows for two significantly different Re (3125 and 100,000) to be investigated using the same nozzle geometry
and at the same Ma. The signals are decomposed azimuthally, and the analysis is carried out on the 0-mode
component as well. The purpose is to correlate more directly the achieved results with the noise generation
mechanisms.

The main scope of the paper is to evaluate the degree of intermittency of the pressure field in the vicinity of
the jet with particular focus on the lowest Rewhere the flow appearsmore coherent and quasi-laminar. Similarly
to the approach developed in [36,37], wavelet analysis is applied to extract energetic intermittent events and
to retrieve their statistical properties. With respect to those previous studies, a wavelet-based indicator more
directly related to intermittency is introduced and used to select events and compute conditional statistics. The
achieved results are useful to explore the statistics of the near-field pressure and, as a major novelty, to clarify
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Fig. 1 Normalized axial velocity rms as a function of x/R (where R is the jet radius). The black curves correspond to the high
Re case, whereas red curves to low Re. The plot on the left corresponds to a radial location r = 0, the plot on the right to r = R

the dynamics underlying the 0-mode pressure fluctuations and to highlight the effect of the Reynolds number
on the intermittent statistics. The procedure adopted for the statistical investigation is described in detail in
Sect. 2. This section provides also a brief description of the numerical simulation originating the data analyzed
therein. Results are presented in Sect. 3, whereas Sect. 4 reports the main conclusions.

2 Numerical setup and post-processing procedures

The analyzed numerical database was built for the two isothermal round jets at a Mach number M = 0.9 and
Reynolds numbers Re = UD/ν of 100,000 and 3125, where U, D and ν are the flow velocity at the jet exit,
the jet diameter and the kinematic molecular viscosity, considered in a recent work [38]. Both jets originate
from a pipe nozzle of length D into a medium at ambient temperature and pressure 293 K and 10e5 Pa. At
the nozzle exit, the mean velocity profiles correspond to Blasius laminar boundary-layer profiles of thickness
0.075D for the high Re case and 0.21D for the low Re case. Peak axial turbulence intensities of 9.14% and of
0.99% are prescribed by forcing the boundary layer in the pipe [25]. Therefore, the two jets are initially highly
disturbed and laminar, respectively. The potential core length is equal to 7.3D for both jets.

In order to better clarify the transitional nature of the jet flow at the two Re analyzed, we report in Fig. 1
the profiles of rms axial velocities computed on the jet axis (r = 0) and in the shear layer (r = R where
R = D/2) for the two jets considered. The profiles obtained at r = R show in particular that for the high Re
case the jet shear layers are transitional between x = 0 and x ≈ 3R and turbulent farther downstream. On
the other hand, for the low Re case, they are laminar between x = 0 and x ≈ 6R, then transitional down to
x = 18R and turbulent farther downstream. In the latter case, there is a strong peak of turbulence levels due
to the laminar-turbulent transition, occurring approximately at the location of the pairings of the first vortical
structures formed after the shear layer rolling up.

The simulation of the high Re jet is a well-resolved LES. As detailed in a previous grid-sensitivity study
[39], the mesh grid contains 2085, 512 and 1024 points in the axial (x), radial (r ) and azimuthal (ϕ) directions
and extends, excluding the sponge zones, up to 20D axially and 7.5D radially. The maximal mesh spacing in
the jet near field is equal to 0.037D, leading to a Strouhal number of StD = f D/U = 5.9 for an acoustic
wave discretized by five points per wavelength, where f is the frequency. The simulation of the low Re jet is
a direct numerical simulation. In this case, the mesh grid is made of 2458, 427 and 512 points and extends up
to 37.5D and 12.5D in the axial and radial directions. The maximal mesh spacing is doubled compared to the
high Re case (Fig. 2).

The simulation times after the transient periods are equal to 1000D/U for the high Re jet and to 1500D/U
for the low Re jet. Density, velocities and pressure obtained for the azimuthal angles of 0◦, 45◦, 90◦, 135◦,
180◦, 225◦, 270◦, 315◦ for the low Re jet and of 0◦, 90◦, 180◦ and 270◦ for the high Re jet are recorded at a
sampling frequency allowing spectra to be computed up to StD = 6.4.

More information about the numerical setup and the jet initial conditions can be found in [38–41].
The original pressure signals consist of time series p(x, r, ϕ, t) that are represented in terms of their

azimuthal components through the azimuthal decomposition of the Fourier modes. This approach has been
extensively used in the past to extract relevant features connected with the jet noise generation. The azimuthal
decomposition provided the identification of the relevant acoustic mode dominating the pressure and the
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Fig. 2 A simplified scheme representing the flow domain and the virtual probes location. U denotes the mean velocity at the jet
exit; x is the axial coordinate and r the radial coordinate.1024 probes are displaced along each bold line parallel to the x-axis and
regularly separated by r/D = 0.5 in the radial direction

velocity field in the mixing region in low and high M number subsonic jets (see, e.g., [31] and ref. [41–45]).
In the present analysis, the azimuthal mode spectra were determined using the classical theory of Michalke
and Fuchs [42] which uses the orthogonality property of a Fourier cosine series. In the compact exponential
form, the decomposition is provided by the following simple expression:

p(x, r, ϕ, t) =
∞∑

m=−∞
p̂m (x, r, t) eimϕ

where p̂m is the complex-valued pressure Fourier transformofmode orderm. The Fourier coefficients are stored
for the first nine azimuthal modes even though the analysis presented therein is limited to the axisymmetric
case m = 0, that is known to dominate the sound field for low polar angles [9,10]. This property has been
checked to characterize also the sound directivity of the two jets presently analyzed (results are not reported
for the sake of brevity).

To the purposes of the present analysis, a set of virtual probes are extracted with the scope of investigating
in great details the statistics of the near field pressure fluctuations. The region analyzed spans from x/D = 0 to
20 and from r/D = 0.5 to 3. The probes are distributed along 6 straight lines aligned with the jet axis. Along
each line, 1024 probes are displaced with a constant separation and pressure time series are extracted from
each one. The scheme is repeated for each azimuthal angle to the scope of increasing the number of realizations
and improve the statistical convergence, being the random pressure field statistically axisymmetric. The total
number of virtual probes is of about 24,000, and a pressure time signal is extracted from each one. A simplified
sketch of the probe displacement is reported in Fig. 2.

The numerical data are analyzed using standard procedures, including Fourier transform and probability
density functions (PDFS). The latter quantities are always referred to normalized variables obtained by sub-
tracting to the random variable its mean value and dividing it by the standard deviation. In order to evaluate
the degree of intermittency, the flatness factor (FF) of the pressure time series p(t) is computed according to
the following standard definition:

FF = 〈p′4〉
〈p′2〉2

where p′ denotes the fluctuating (zero mean) component of the pressure signal and the symbol 〈. . .〉 denotes
averaging.

It should be noted that, due to the intrinsic limitation of the numerical approach, the maximum number of
samples per each virtual probe is limited (of the order of 7×104) and thus, statistical moments of order higher
than the fourth could not be computed accurately.

The conditional statistics is retrieved through the analysis of the pointwise pressure time series in the
wavelet domain. The wavelet transform is obtained by the convolution of the pressure signal p(t) with the
dilated (by the factor s) and translated (by the factor τ ) complex conjugate counterpart of a so-called mother
wavelet �(t), according to the following formalism:

w (s, t) = 1√
s

+∞∫

−∞
�∗

(
τ − t

s

)
p(τ )dτ
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where the factor 1/
√
s ensures that the scaled mother wavelet has the same energy for all scales s [46], the

parameter s being proportional to the Fourier frequency (see [47] for the details). In the present approach, the
wavelet transform uses the Morlet kernel that is well suited for ensuring the energy conservation [47]. The
wavelet analysis is carried out in the Matlab framework using the “Time-Frequency Toolbox” developed by
Auger et al. [48] and available freely.

A key quantity that will be analyzed in the following is the local (in terms of time and frequency) energy
of the given signal. This energy map is retrieved by the wavelet scalogram, obtained by the time-frequency
distribution of the square of the wavelet coefficients: w2 (s, t).

As pointed out in [36], the scalogram may be interpreted as a projection in the time domain of the Fourier
modes and the standard Fourier spectrum can be retrieved by its integration in time (see [46,49]).

In a statistical sense, intermittency is intended as a sequence of quiescent phases interrupted by active
events inducing a non-homogeneous distribution of energy in time. According to [46,50], a wavelet-based
quantity able to identify intermittent events is the so-called local intermittency measure (LIM), a normalized
version of the wavelet scalogram. The formal definition of LIM is the following:

LIM(s, t) = w2(s, t)

〈w2(s, t)〉t
where the symbol 〈. . .〉t denotes averaging in time. The condition LIM> 1 identifies regions where the energy
is larger than the mean and thus permits the localization of relevant, in terms of energy content, events in time
and scale. To the purpose of identifying events related to intermittency, Meneveau [51] suggested that a more
suited indicator is the LIM squared, LIM2 (hereafter denoted as LIM2)

LIM2 (s, t) = w4 (s, t)

〈w2(s, t)〉2t
Indeed, LIM2 can be interpreted as a time-scale (or time-frequency) dependent measure of the FF of the input
signal.

The LIM2 can be averaged in time in order to retrieve a depiction of the FF as a function of frequency.
This quantity is defined as WFF:

WFF (s) = 〈LIM2(s, t)〉t = 〈w4(s, t)〉t
〈w2(s, t)〉2t

it provides an efficient way to discover which is the most intermittent frequency contained by a signal.
To the extent of the conditional statistics, LIM2 represents a convenient tool to extract those features

contributing to the deviation from Gaussianity. Indeed, LIM2 is equal to 3 if the probability distribution is
Gaussian, consequently the condition LIM2> 3 identifies only those events contributing to the departure from
aGaussian distribution of the wavelet coefficients. The events tracking identification technique adopted therein
is based on this concept and is formalized as follows:

{
s̃, t̃

} : LIM2 (s, t) = w4 (s, t)

〈w2(s, t)〉2t
> 3

{
s̃, t̃

}
denotes the set of scales (or frequency) and temporal locations of the identified events.

Three indicators are extracted from the selected events:

(i) The delay between consecutive events. This quantity is computed from the set t̃ , and it is denoted as:

�t (i) = t̃ (i + 1) − t̃ (i)

(ii) The mean frequency of the events. It is obtained by averaging s̃ and is made non-dimensional usingU and
D. It is denoted as mean intermittent frequency (MIF)

(iii) The energy of the events, determined by the square of the corresponding (at the same scale and time of the
selected events) wavelet coefficients, i.e., w2

(
s̃, t̃

)

The statistical properties of those indicators are analyzed in detail in the following section along with the
global statistics. As pointed out above, an azimuthal decomposition of the pressure signals is performed and
the statistical analysis is extended to the pressure signals reconstructed from the mode zero (denoted as 0-mode
pressure). According to [36,37], stochastic models of the conditional statistics are proposed in order to provide
reliable predictions of the effects of the governing parameters, namely x/D, r/D and Re.
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3 Results

3.1 Overall statistics

The statistical properties of the pressure fluctuations are influenced significantly by the presence of the jet flow
and by the vortical structures generated in the shear layer and convected downstream by themean stream. In the
region very close to the jet, pressure is dominated by hydrodynamic fluctuations (usually called pseudo-sound,
see, e.g., [52]) induced by the vorticity field, whereas for increasing distances, the hydrodynamic contribution
decays very fast according to an exponential decay law [52,53] and only the acoustic component survives in
the far field.

As shown, e.g., by Arndt et al. [43], the impact of the hydrodynamic pressure fluctuations in the near field
of the jet is revealed by a low frequency bump in the pressure power spectral density (PSD). The frequency
corresponding to the PSD maxima is associated with the Kelvin–Helmholtz mode and will be denoted as fKH
[36,37]. It corresponds to a Strouhal number (StKH) that ranges from 0.1 to 0.5 (see also [4,7]). Examples
are reported in Fig. 3 for the two Reynolds numbers analyzed therein. The presence of a bump is evident, and
the fKH (and thus StKH ) can be definitely determined from the corresponding frequency. Similar results were
reported in [38] for larger r/D.

Due to the intrinsic limitations of the Fourier decomposition, the spectral analysis does not clarify the
dynamics of the pressure fluctuations. The hydrodynamic pressure fluctuations, being induced by the flow
structures, are expected to be governed by a non-Gaussian statistic and to be characterized by the presence of
intermittent pressure drops induced by the random vorticity. This is a well-known behavior (see, e.g., [54–56]
) and can be qualitatively inferred from Fig. 4 where a segment of two pressure time series taken at the two Re
considered and close to the end of the potential core are reported. In both cases, the presence of high-intensity
pressure drops is evident. Even though qualitatively, the two pressure time series seem to exhibit a very similar
statistic.

This outcome can be quantitatively substantiated by the analysis of the probability distribution functions
(PDFs) of the pressure fluctuations. The presence of intermittent pressure drops on the overall statistics of the
pressure fluctuations is expected to be revealed by an increase in the negative tails of the PDFs as well as by an
increase in their flatness factor (FF) caused by the relevant weight of those rare, but very intense, events. Both
effects are indeed confirmed by the analysis that follows. The pressure PDFs computed at a reference distance
from the jet nozzle (x/D = 6) and for two distinct radial positions (r/D = 1 and 3) are presented in semi-log
scale in Fig. 5 for the low and high Re. The selected location is close to the end of the potential core in both
cases, and the effect of intermittency is highlighted by the comparison against a reference Gaussian curve. It is
clearly observed that for small r/D, the PDF is non-Gaussian and it is characterized by a predominant negative
tail representing the statistical signature of the pressure drops. On the other hand, the pressure fluctuations at
large r/D have Gaussian statistics as an effect of the disappearance of the hydrodynamic effects.

The overall dependence of the pressure PDFs upon the relevant non-dimensional parameters, i.e., x/D, r/D
and Re, is presented in the form of 3D plots in Figs. 6 and 7 for the lowest and highest Re, respectively. The
curves are again reported in semi-log scale and a reference Gaussian PDF is included for comparison.

The plots show that for increasing r/D, the region where the negative tails are relevant moves towards
larger x/D due to the jet flow spreading. It is confirmed that at r/D = 3, the statistics are close to Gaussian
independently from x/D and Re as an indication of the rapid decay of the hydrodynamic pressure with respect
to the Gaussian acoustic fluctuations. On the other hand, the influence of pseudo-sound is more and more
relevant as r/D decreases.

The overall behavior is reflected in the evolution of the flatness factor (FF) reported in Fig. 8 for both the
two considered Re. The FF is presented as a function of x/D and r/D and the light color enhances intermittent
regions identified where the FF is much larger than 3. It can be observed that for both Re, at x/D similar to or
larger than the potential core length, the FF becomes much larger than 3 as a trace of the intermittent statistics.
The largest peaks are observed close to the shear layer in correspondence of the jet lip line and remains relevant
(larger than 3) inside the flow. It is confirmed that intermittency is not observed very close to the jet exit where
hydrodynamic pulsations are relevant, but their statistics are not intermittent. The most interesting result is that
such a behavior is independent of Re, the only relevant difference being the lower bound of the region where
intermittency becomes relevant, about x/D = 4 at the highest Re and x/D = 6 at the lowest.
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Fig. 5 PDF of the pressure fluctuations for the low (top) and high (bottom) Re numbers. PDFs are computed at x/D = 6 and
for r/D = 1 (circles) and r/D = 3 (asterisks). The solid line is the PDF of a reference Gaussian signal obtained by a random
numbers generator

3.2 Intermittency of the 0-mode pressure fluctuations

The global statistics of the 0-mode pressure is analyzed in details, and the results are compared to those obtained
from the original pressure signals. Examples of pressure PDFs are reported in Fig. 9 along with the Gaussian
reference curves for comparison. It can be observed that, in this case, intermittency is no longer observed and
the statistics is very close to the Gaussian one except for small deviations of the tails at large x/D. This is
confirmed by the spatial distribution of the FF reported in Fig. 10. The amplitude is close to 3, or even lower,
everywhere and no peaks are observed. Hence, it appears surprisingly that, as opposed to the statistics of the
original signals, the 0-mode pressure statistics is weakly influenced by the jet transition to turbulence and thus
that the turbulence-induced intermittency seems not to influence significantly the 0-mode pressure fluctuations,
its dynamics playing a relevant role in the noise generation mechanism. This behavior can be due to the fact
that the short-term negative pressure drops responsible for the deviation from Gaussianity may be associated
with the passage of local vortex structures having a small correlation length in the azimuthal direction and
thus inducing an effect in the azimuthal harmonics that is not statistically relevant when estimated through the
traditional indicators. This interpretation has been verified by the estimation of the FF for higher-order modes
that results to be close to 3 as well (results are not reported for brevity). Nonetheless, we shall see that the
wavelet decomposition will be able to reveal that an intermittent content indeed exists also for the 0-mode but
only at certain frequencies.
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r/D=0.5 r/D=1

r/D=1.5 r/D=2

r/D=2.5 r/D=3

Fig. 6 PDF of pressure fluctuations computed at the different r/D and at high Re. In order to better highlight the variation of the
negative tails, the values of the abscissa are reversed

The above results suggest that contributions to intermittency from all frequencies are mixed in the flatness
factor standard estimation. Low frequencies that possess significant energy content downstream of the end of
the potential coremight not necessarily be those that display significant intermittency. Thewavelet analysis can
overcome this limitation by providing an estimation of intermittency scale-by-scale. The idea to be exploited
is that intermittency is contained to a certain range of frequencies associated with the Kelvin–Helmholtz
instability, and the use of the wavelet transform allows for the identification of this behavior through the
calculation of a frequency dependent FF, denoted asWFF and defined in Sect. 2. The representation ofWFF as



238 R. Camussi , C. Bogey

r/D=0.5 r/D=1

r/D=1.5 r/D=2

r/D=2.5 r/D=3

Fig. 7 Same as previous figure but for the low Re case

a function of St is an efficient way to highlight the statistical content of a signal when intermittency is confined
at a specific frequency. This is the case of the signals analyzed therein taken in the near-field region of the jet.
Examples are reported in Fig. 11 where the WFF is computed at r/D = 1 and x/D = 2, an axial position
where, according to the previous analysis no intermittency is present. It can be observed that in all cases (low
and high Re, original and 0-mode signals) the WFF peaks at St around 0.4 that is close to the StKH determined
from the PSD. It is also observed that the 0-mode pressure exhibits a significant degree of intermittency as
opposed to the global results discussed above. Furthermore, the cases at low Re are characterized by a larger
amplitude of WFF with respect to the high Re as a trace of a larger local intermittency. As stated above,
“global” intermittency refers to statistical moments and PDFs that contain mixed information about all the
frequencies, whereas the WWF is analyzed in “localised” frequencies.

An overall representation of the 0-mode intermittent content is given in Fig. 12 whereWFF as a function of
St is reported for different x/D position. This plot highlights the regions where local intermittency is relevant.
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Fig. 8 Flatness Factor distribution at high Re (top) and low Re (bottom). The light regions indicate amplitudes much larger than
3 and thus a high degree of intermittency

Fig. 9 PDF of the mode-0 pressure fluctuations at the low (top) and high (bottom) Re computed at r/D = 1 for different axial
positions. The solid line is the PDF of a reference Gaussian signal obtained by a random numbers generator
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Fig. 10 Flatness Factor distribution at high Re (top) and low Re (bottom) computed from the mode-0 pressure signals
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Fig. 11 WFF computed at x/D = 2 and r/D = 1

In the low Reynolds number case, a very high local intermittent degree is observed close to the jet exit in the
potential core region. The peaks are concentrated around the Kelvin–Helmholtz frequency and decay rapidly
for x/D larger than about 7. The behavior observed at higher Re is somewhat smoother. The local intermittent
degree remains large even outside of the potential core even though the largest levels are reached at x/D lower
than 5. It is also interesting to note that the frequency where the maximumWFF is reached is more dependent
upon x/D this behavior being in agreement with the evolution of the energy bump observed from the power
spectra (see Fig. 3a). Similar results are obtained in other radial positions and are not reported here for brevity.

The intermittent behavior can be qualitatively verified by the evolution in time of the FF, retrieved by the
LIM2. Segments of LIM2 extracted from the same signals analyzed previously are given in Fig. 13. It can be
clearly observed that in all cases, the largest intermittent events are concentrated around the Kelvin–Helmholtz
mode. It is notably to observe that also for the 0-mode the evolution of LIM2 clearly exhibits large peaks
(even larger than 150) with an amplitude that is even larger than that obtained in the original signals. Again,
we underline that this behavior was completely missed by the analysis of the global intermittency indicators
shown above.
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Fig. 12 WFF as a function of St computed for the 0-mode pressure signals: a low Reynolds number at r/D = 1; b high Reynolds
number at r/D = 1. The amplitude scale is the same adopted in Fig. 11

Fig. 13 LIM2 computed from segments of pressure signals taken at x/D = 2 and r/D = 1. For each plot, the gray scale ranges
from 0 to 150. From upper right to lower left plot: Low Reynolds, High Reynolds, Low Reynolds 0-mode, High-Reynolds 0-mode
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Fig. 14 MIF computed at r/D = 1 for the original (filled symbols) and the 0-mode pressure signals (empty symbols)

The results obtained so far are in agreement with the two points coherence measurements by Jaunet et
al. [30]. Their coherence lengths educed from the 0-th modes of the velocity field are shown to be much higher
than those of the full signal in a broad frequency range. This confirms that axisymmetric events associated with
the Kelvin–Helmholtz instability do present a significant degree of intermittency and most of the difference
between the intermittency of the full signal and that of the 0-th mode is contained in frequencies associated
with the Kelvin–Helmholtz instability.

The conditional statistics is retrieved by the application of the procedure outlined in Sect. 2 based on the
selection of events from the maxima of the LIM2. On the basis of the previous analyses, it makes sense to
apply the same procedure to the mode 0 signals and to analyze the conditional statistics also for those cases
comparing them with the statistics of the original signals.

An interesting indicator that can be retrieved is the mean frequency of the intermittent event (denoted
as MIF in Sect. 2) that can be retrieved by averaging the wavelet scale s̃ of the set of coefficients selected
by the conditional procedure. This quantity is compared with the frequency of the Kelvin–Helmholtz mode.
Figure 14 shows an example of the MIF variation as functions of x/D for a selected case (r/D = 1) at low
and high Re. The result obtained from the 0-mode pressure signals is also included. It is shown that the MIF
value decays for increasing x/D and remains similar to that of the Kelvin–Helmholtz frequency retrieved from
the maxima of the power spectra (see Fig. 3). The amplitudes are similar in the different cases even though
the MIF corresponding to the 0-mode are slightly larger than those retrieved from the original signals. These
results have been confirmed at the other radial positions and are not reported here for brevity.

Once the set
{
s̃, t̃

}
of scale and time of the selected events is available, it is possible to compute the PDF

of the two main quantities outlined in Sect. 2, i.e.:

• Events energy: PDF[w (
s̃, t̃

)2]
• Events time delay: PDF[�t]
These quantities are computed for both the original and the mode-0 pressure signals and descriptive results
are reported in the following in the standard normalized form.

The PDFs of the events’ energy are presented in Figs. 15, 16 and 17 for r/D = 1, 2 and 3, respectively,
and both Re. In each plot, the results obtained at reference x/D positions are presented. The notation w2∗

(and �t∗ in the successive figures) indicates the use of normalized variables obtained by subtracting the mean
value and then dividing by the standard deviation.

According to [36,37], the PDFs exhibit a clear exponential positive tail that can be approximated by a pure
exponential function. At the largest r/D, events with a lower level of energy become statistically relevant and
a quasi-Gaussian decay of the negative tail is observed [36]. To the extent of the most energetic events (larger
than the mean), the shape of the PDF remains basically the same for the whole set of x/D and r/D considered.
In addition, the mode-0 PDFs look very similar and the effect of Re is weak. The observed differences have
to be attributed to a lack of statistical convergence that occurs at low Re and for the 0-mode cases as an effect
of the lower number of events selected. However, from the physical viewpoint, the achieved results seem
universal. For r/D>1, the selected events include low energy amplitudes and the PDFs are more similar to the
log-normal shapes reported in [37].
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Fig. 15 PDF of the square of wavelet coefficients selected in the conditioning procedure. The cases reported correspond to high
(left) and low (right) Re at r/D = 1
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Fig. 16 Same as previous plot at r/D = 2

Similar outcomes are obtained in the analysis of the time delay �t . The PDFs for r/D = 1, 2 and 3
and both Re are presented in Figs. 18, 19 and 20. Again, a few reference x/D positions are selected and
results are compared to each other. Also in this case, the positive tail can be approximated by an exponential
decay law event though at the lowest Re and small r/D the statistical convergence is poor and the exponential
approximation applies only qualitatively. In the other cases, the pure exponential approximation applies well
and, as for the events energy amplitude presented above, the dependence upon the governing parameters
(x/D, r/D and Re) is weak for both the original and the 0-mode signals.

The universal behavior outlined above justifies the search for a stochastic model based on proper analytical
approximations of the measured PDFs of both the energy and the waiting time. Relatively complex functional
forms have been proposed by Camussi et al. [36,37] where results very similar to the present ones have been
obtained. However, to the purpose of providing a model as simple as possible, we have observed that a pure
exponentially decaying function can provide a reasonably good approximation for all the analyzed cases.

The following analytical expression can therefore be assumed:

PDF (X) = 0.5 e−X

where X is the random variable (energy or time delay).
It has to be pointed out that the exponential PDF typically governs Poisson stochastic processes charac-

terized by a lack of memory and frequently governs the waiting time statistics. Indeed, as pointed out by
Feller [57], for a phenomenon characterized by a complete lack of memory (or aging), the probability dis-
tribution of the duration must be geometric or exponential. The memoryless property associated with the
exponential distribution is expected for the waiting time statistics, but it is less trivial to be interpreted for the
energy. It appears that the flow structures underlying the selected events are convected by the flow and remain
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Fig. 17 Same as previous plot at r/D = 3

-2 0 2 4 6 8 10
 t

10-4

10-3

10-2

10-1

100

101

PD
F(

 t)

x/D=2
x/D=4
x/D=6
x/D=8
0.5 exp(-  t)
M0 x/D=4

-2 0 2 4 6 8 10
t

10-4

10-3

10-2

10-1

100

101

PD
F(

 t)

x/D=2
x/D=4
x/D=6
x/D=8
0.5 exp(-  t)
M0 x/D=4

**
Fig. 18 PDF of the time delay between successive events (�t). The cases reported correspond to high (left) and low (right) Re
at r/D = 1
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Fig. 19 Same as previous plot at r/D = 2
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Fig. 20 Same as previous plot at r/D = 3

statistically independent in terms of their dynamics even though their typical length-scale is large (as is the case
of the wavepackets, see, e.g., [58,59]). A definite clarification of this aspect can be achieved by determining
the topology and physical nature of the selected events, an issue that can be addressed by conditional analyses
of kinematic quantities (3D velocity fields or vorticity, see, e.g., the recent papers [60–62]), a challenging task
that is left for future studies.

4 Conclusions and final remarks

The pressure fluctuations in the near field of two compressible jets at M = 0.9 and quite different Re are
analyzed in detail to highlight intermittency through the estimation of proper statistical indicators. The data
are obtained numerically in a region spanning 20 diameters in the axial and 3 diameters in the radial direction.
The pressure data are decomposed azimuthally, and the statistical properties of the 0-mode component are
analyzed in details in order to highlight properties that can be directly correlated with the generation of noise.
The mode-0 analysis represents the main step forward with respect to the state of the art along with the
evaluation of the Reynolds number effects and the corresponding stochastic modeling.

The analysis of intermittency is carried out using two approaches: global and local. The global intermittency
analysis is based on the computation of standard statistical quantities (the PDFs and the flatness factor) of either
the original or the reconstructed 0-more pressure signals. It is observed that pressure exhibits a relevant (global)
intermittent non-Gaussian statistics in the region downstream of the potential core and across the shear layer.
The spatial distribution of the intermittent statistics seems to suggest that the deviation from Gaussianity is
relevant outside the potential core, this behavior being weakly affected by the Reynolds number.

Interesting features are achieved when the 0-mode pressure components are analyzed. In this case, the
intermittent content is revealed through the local intermittency analysis that is carried out by the application of
the wavelet transform, this procedure allowing for a localized counterpart of the flatness factor to be retrieved.
The analysis is focalized upon the statistical properties of the pressure fluctuations at the typical Kelvin–
Helmholtz frequency. Conditional statistics are recovered by selecting intermittent events on the basis of a
wavelet-based local flatness factor (called LIM2) and by extracting their energy and time of appearance. In the
local framework, the degree of intermittency of the 0-mode case is relevant and it is significant also within those
regions of space where the global intermittency of either the original and the 0-mode signals was negligible.

The conditional PDFs of both the energy and the waiting time between successive intermittent events are
very similar to each other even though they appear to be affected by the statistical convergence of the data
selected on the basis of the LIM2 criterion and further investigations are needed to verify this outcome. To
this extent, a larger number of samples (for example delivered from a dedicated experiment) would provide a
definite assessment of the proposed model. Even though qualitatively, it is anyway observed that the PDFs are
weakly affected by the flow parameters and can be modeled by a pure exponential distribution.

The achieved results seem to suggest that the dynamics of the noise emitting structures is intrinsically
correlatedwith their evolution governed by theKelvin–Helmholtz instabilitymechanismand by the intermittent
statistics associated with it. In this “local” sense, intermittency plays a relevant role from the viewpoint of the
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generation of noise. The connection between local and global intermittency with noise emission is a key issue
that surely deserves further investigations and remains a task for future studies.
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