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ABSTRACT
An analytical theory is developed that allows to calculate acoustic streaming outside and inside a fluid (or gas) particle immersed in another 
fluid (or gas) and undergoing arbitrary axisymmetric oscillations, which can include shape modes of any order. The internal and external 
fluids are assumed immiscible, viscous, and compressible. No restrictions are imposed on the ratio of the particle radius to the viscous 
penetration depth and the acoustic wavelength both outside and inside the particle. To illustrate the capabilities of the developed theory, 
numerical examples are provided. The results show that in the case of an air bubble in water, the gas motion inside the bubble affects the 
external acoustic streaming when the relative thickness of the viscous boundary layer at the bubble surface is small, a situation that occurs 
for large bubbles and/or high driving frequencies. In the case of a water droplet in air, more complicated steaming patterns are observed for 
bigger droplets. In particular, strong external near-wall vortices can develop with increasing droplet size. The results for a glycerin droplet 
in water also show that the streaming pattern changes noticeably with the droplet size. In particular, the direction of the main external 
streaming, as well as the position and the direction of rotation of near-wall vortices, can change.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0315990

I. INTRODUCTION
Interest in acoustic streaming produced by oscillating gas bub

bles and liquid drops is motivated by numerous biomedical, micro
fluidic, and technological applications.1–10 Acoustic streaming arises 
from nonlinear effect, and, as such, its mathematical description is 
quite a complicated problem. In order to obtain analytical solutions of 
this second-order mean flow, one has to solve the Navier–Stokes 
equations up to second-order terms in the oscillation amplitude.11,12

The first theoretical studies on acoustic streaming around a rigid 
sphere were performed by Lane,13 Wang,14 Riley,15 and Gopinath.16,17 

The case of a bubble undergoing translational oscillations was first 
considered by Davidson and Riley,18 and then by Wu and Du19 and 
Longuet-Higgins20 who included radial pulsations in the analysis. It is 
interesting to note that the acoustic streaming around a translating 
rigid sphere is different from that around a translating bubble even if 
the bubble does not undergo the radial pulsation. This difference 
results from the different boundary conditions at the surface of the 
rigid sphere (zero velocity at the interface) or at a gas bubble (zero 

stress at the interface). As a result, the direction of the streaming 
around the rigid sphere and the bubble is opposite.14,20 Acoustic 
streaming produced by a bubble undergoing arbitrary axisymmetric 
oscillations was theoretically investigated by Maksimov,21 Spelman 
and Lauga,22 Doinikov et al.,23,24 and Inserra et al.,25,26 All these 
approaches disregard the gas motion inside the bubble and use the 
boundary condition of slippage at the bubble surface. Neglecting the 
motion of the gas inside the bubble can produce a significant change 
in the fluid velocities, particularly when the gas volume is large, i.e., 
for large bubbles, or when the thickness of the viscous boundary layer 
at the bubble surface is small, i.e., for high driving frequencies. While 
few experimental studies allowed the observation of the localized 
flows surrounding ultrasound contrast agents driven in MHz ultra
sound fields,27 several authors have focused on the flow surrounding 
bubbles with equilibrium radii of hundreds of micrometers2,28,29 

driven at relatively low frequencies (typically around 30 kHz). Only 
the flow outside the bubble was assessed, and disagreement was 
noticed on the values of the measured velocities with the existing 
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theoretical predictions.30 The influence of the gas motion inside an 
encapsulated (contrast agent) bubble was investigated by Liu and 
Wu.31 The overall streaming velocity was shown to be larger than that 
for a similar unencapsulated bubble for which the internal gas motion 
was neglected under the same ultrasound excitation, and to depend 
on the mechanical properties of the bubble shell and the gas. 
However, their analysis is limited to the case of encapsulated bubbles 
undergoing radial and translational oscillations. Later, Doinikov and 
Bouakaz32 considered the problem of acoustic microstreaming 
around a gas bubble assuming the liquid outside the bubble and the 
gas inside to be viscous and heat-conducting. In their analysis, all 
modes of the bubble motion are allowed, including radial, transla
tional, and nonspherical oscillations. However, the modal amplitudes 
are obtained by the approach of plane wave decomposition, meaning 
that these amplitudes are deduced from the applied acoustic pressure 
of the uniform incident wave. Such an assumption does not allow the 
consideration of parametric nonspherical oscillations, a situation that 
is usually encountered experimentally.29,30,33

There is an extensive literature on experimental observations 
of flow fields inside and outside liquid droplets. The investigation 
of acoustic streaming inside droplets is of considerable interest as it 
allows the contactless actuation of vorticity and fluid mixing 
through the action of an external source of ultrasound. When the 
droplets are located on a substrate, the excitation of sound waves 
inside a droplet by surface acoustic waves allows the mixing of the 
inner fluid,34 the droplet displacement35 and splitting,36 and even 
the jetting37 and atomization38 of the inner fluid. Acoustic stream
ing inside a droplet can also be triggered in the case of levitated 
droplets trapped in a standing-wave ultrasound field. Trinh et al.39 

observed four counter-rotating vortices inside a droplet oscillating 
on mode 2 and on mode 3. Similar signatures for the streaming pat
tern were obtained for levitating droplets undergoing arbitrary sec
torial oscillations.40 Under microgravity conditions, the effect of 
the viscosity of the inner fluid on the flow arrangement was demon
strated by Yamamoto et al.41 In any cases, the direct measurement 
of the internal fluid flows is difficult due to the small size of the 
droplets, the three-dimensional structure of the flow, and experi
mental limitations (illumination, size of the tracers and light focus
ing). Therefore, most studies focus on the numerical or theoretical 
prediction of the internal and external flows of ultrasound-driven 
levitated droplets.

Theoretical studies on acoustic streaming outside and inside a 
liquid drop undergoing translational and radial oscillations were per
formed by Zapryanov and Stoyanova,42 Zhao et al.,43 Rednikov 
et al.,44 and Baasch et al.45 Yarin46 has considered acoustic streaming 
generated by axisymmetric shape oscillations of a droplet immersed 
in a host immiscible liquid. In his derivation, he considered the vis
cosities of both liquids to be low and uses the method of successive 
approximations,47 which is based on the assumption that the thick
ness of the viscous boundary layers (Stokes layers) on both sides of 
the droplet interface is small compared to the droplet radius. 
Assuming a small viscous penetration depth in comparison to the 
bubble radius allows earlier theoretical works to introduce a matching 
approximation between the solution within the inner boundary layer 
and the one in the outer boundary. This approximation reduces the 
applicability of the theoretical results to the case of large bubbles in 
low-viscosity media. The matching approximation of the inner/outer 

solutions was recently removed23 by calculating exactly the second- 
order mean flow induced by all possible interactions between axisym
metric shape oscillations. To the best of our knowledge, the general 
case of acoustic microstreaming inside and outside an oscillating 
droplet in an arbitrary viscous, compressible fluid, with no limitation 
on the ratio of the droplet radius to the viscous penetration depth and 
to the acoustic wavelength, both outside and inside the droplet, is still 
unsolved.

In the present paper, we develop an analytical theory that uni
tes the cases of a gas bubble and a liquid drop, considering a fluid 
particle immersed in another fluid and undergoing arbitrary axi
symmetric oscillations. This model allows one to consider radial 
pulsation, translation, and shape modes of any order. Our deriva
tion is restricted to axisymmetric oscillations because a mathemati
cal approach that would allow one to consider the case of 
asymmetric oscillations is currently unknown. The internal and 
external fluids are assumed immiscible, viscous, and compressible. 
With the present theory, acoustic microstreaming can be calculated 
both outside and inside the particle. No restrictions are imposed on 
the ratio of the particle radius to the viscous penetration depth and 
to the acoustic wavelength, both outside and inside the particle. 
This means that, in contrast to most earlier models, we do not 
assume the thickness of the outer and inner viscous boundary layer 
to be small compared to the particle radius and account for the 
compressibility of both internal and external fluids.

II. THEORY
A fluid particle, spherical at rest, immersed in another fluid, is 

considered. The situation applies to a gas bubble surrounded by a liq
uid and to a liquid drop surrounded by a gas or another liquid. The 
particle, which is spherical at rest, can undergo arbitrary axisymmetric 
oscillation modes, such as radial oscillation, translation, and shape 
modes of any order. Solutions to the fluid motion inside and outside 
the particle are expressed in the spherical coordinates ðr; h; eÞ, where 
h is the polar angle, e is the azimuthal angle, the origin of the coordi
nates is at the equilibrium center of the particle, and the z axis (h ¼ 0) 
is the axis of axial symmetry (see Fig. 1).

FIG. 1. Non-spherically oscillating fluid particle and illustration of the coordinate 
system used in calculations.
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A. Basic equations
We assume the fluid motion inside and outside the particle to 

obey the equations of motion of a viscous compressible fluid,48 

@q

@t
þ $ � ðqvÞ ¼ 0; (1) 

q
@v
@t
þ ðv � $Þv

� �

¼ −$pþ gDvþ nþ
g

3

� �

$ð$ � vÞ; (2) 

where q is the fluid density, v is the fluid velocity, p is the fluid pressure, 
g is the dynamic fluid viscosity, and n is the volume fluid viscosity.

Equations (1) and (2) are supplemented with the barotropic 
relationship, 

p − p0 ¼ c2ðq − q0Þ; (3) 

where c is the speed of sound and p0 and q0 are, respectively, the equi
librium fluid pressure and density.

We assume that the particle undergoes N axisymmetric oscilla
tion modes of order M1, M2,…, MN . Then, the radial coordinate of 
the disturbed particle surface rs can be represented by 

rs ¼ R0 þ e−ixt
XMN

m¼M1

smPmðlÞ; (4) 

where R0 is the equilibrium radius of the particle, x is the angular 
oscillation frequency, sm is the complex amplitude of the mth mode, 
Pm is the Legendre polynomial of degree m, and l ¼ cos h.

The values of sm can be taken from experimental measurements 
or, if parametric excitation is absent, they can be calculated analyti
cally in terms of the amplitude of the driving acoustic pressure. They 
can also be computed numerically using a modeling of the bubble or 
drop dynamics. If a parametric excitation is investigated for instance, 
the system of equations ruling the modal dynamics of any shape 
mode can be numerically solved. Once the steady-state regime has 
been reached, the modal amplitudes can be replaced into the present 
modeling as input data.

B. First-order solutions
Keeping up to first-order terms in Eqs. (1)–(3), one obtains 

@q1
@t
þ q0$ � v1 ¼ 0; (5) 

q0
@v1

@t
¼ −$p1 þ gDv1 þ nþ

g

3

� �

$ð$ � v1Þ; (6) 

p1 ¼ c2q1; (7) 

where the subscript 1 means that the respective quantities are of the 
first order.

A solution to Eqs. (5)–(7) is sought as 
v1 ¼ $u1 þ $� w1; (8) 

where u1 and w1 are the first-order scalar and vector potentials, 
respectively.

On substitution of Eq. (8) into Eqs. (5)–(7), considering that the 
time dependence is expð−ixtÞ, one obtains that u1 and w1 should 
obey the following equations, 

Du1 þ k2
au1 ¼ 0; (9) 

Dw1 þ k2
vw1 ¼ 0; (10) 

where the acoustic wavenumber ka and the viscous wavenumber kv 
are given by 

ka ¼
x

c
1 −

ix
q0c2 nþ

4g

3

� �" #−1
2

; (11) 

kv ¼
1þ i

d
; d ¼

ffiffiffiffiffi
2�
x

r

; (12) 

where � ¼ g=q0 is the kinematic fluid viscosity and d is called the vis
cous penetration depth.

It also follows from Eqs. (5), (7), and (9) that 

p1 ¼
iq0c2k2

a
x

u1: (13) 

In view of the axial symmetry of the problem under study, solu
tions to Eqs. (9) and (10) in the external fluid (outside the particle) 
are given by 

u
ðexÞ
1 ðr; h; tÞ ¼ e−ixt

X1

n¼0
aðexÞ

n hð1Þn ðk
ðexÞ
a rÞPnðlÞ; (14) 

w
ðexÞ
1 ðr; h; tÞ ¼ e−ixtee

X1

n¼1
bðexÞ

n hð1Þn ðk
ðexÞ
v rÞP1

nðlÞ; (15) 

where hð1Þn is the spherical Hankel function of the first kind, ee is the 
unit azimuth vector, P1

n is the associated Legendre polynomial of the 
first order and degree n, aðexÞ

n and bðexÞ
n are the constants called linear 

scattering coefficients, and kðexÞ
a and kðexÞ

v are calculated by Eqs. (11) 
and (12) using the physical parameters of the external fluid.

On substitution of Eqs. (14) and (15) into Eq. (8), one obtains 
the radial and tangential components of the first-order external fluid 
velocity, 

vðexÞ
1r ðr; h; tÞ ¼

e−ixt

r

X1

n¼0

h
aðexÞ

n kðexÞ
a rhð1Þ=n ðk

ðexÞ
a rÞ

− bðexÞ
n nðnþ 1Þhð1Þn ðk

ðexÞ
v rÞ

i
PnðlÞ; (16) 

vðexÞ
1h ðr; h; tÞ ¼

e−ixt

r

X1

n¼1

n
aðexÞ

n hð1Þn ðk
ðexÞ
a rÞ − bðexÞ

n

h
hð1Þn ðk

ðexÞ
v rÞ

þ kðexÞ
v rhð1Þ=n ðk

ðexÞ
v rÞ

io
P1

nðlÞ; (17) 

where the prime denotes the derivative with respect to the argument 
in brackets.

According to Eq. (13), the first-order pressure in the external 
fluid is 

pðexÞ
1 ¼

iqðexÞ
0 cðexÞ2kðexÞ2

a

x
u
ðexÞ
1 ; (18) 

where the superscript (ex) means that the respective parameters are 
the parameters of the external fluid.

Solutions to Eqs. (9) and (10) in the internal fluid (inside the par
ticle), which should be finite at r ¼ 0, are given by 

u
ðinÞ
1 ðr; h; tÞ ¼ e−ixt

X1

n¼0
aðinÞn jnðkðinÞa rÞPnðlÞ; (19) 

Phys. Fluids 38, 043107 (2026); doi: 10.1063/5.0315990                                                                                                                                                                  38, 043107-3 
Published under an exclusive license by AIP Publishing

Physics of Fluids                                                                                             ARTICLE pubs.aip.org/aip/pof 

 
1
7
 
A
p
r
i
l
 
2
0
2
6
 
0
9
:
3
2
:
5
5



w
ðinÞ
1 ðr; h; tÞ ¼ e−ixtee

X1

n¼1
bðinÞn jnðkðinÞv rÞP1

nðlÞ; (20) 

where jn is the spherical Bessel function, aðinÞn and bðinÞn are constants, 
and kðinÞa and kðinÞv are calculated by Eqs. (11) and (12) using the physi
cal parameters of the internal fluid.

On substitution of Eqs. (19) and (20) into Eq. (8), one obtains 
the components of the first-order internal fluid velocity, 

vðinÞ1r ðr; h; tÞ ¼
e−ixt

r

X1

n¼0

h
aðinÞn kðinÞa rj=nðk

ðinÞ
a rÞ

− bðinÞn nðnþ 1ÞjnðkðinÞv rÞ
i

PnðlÞ; (21) 

vðinÞ1h ðr; h; tÞ ¼
e−ixt

r

X1

n¼1

n
aðinÞn jnðkðinÞa rÞ

− bðinÞn jnðkðinÞv rÞ þ kðinÞv rj=nðk
ðinÞ
v rÞ

h io
P1

nðlÞ: (22) 

According to Eq. (13), the first-order pressure in the internal 
fluid is calculated by 

pðinÞ1 ¼
iqðinÞ0 cðinÞ2kðinÞ2a

x
u
ðinÞ
1 ; (23) 

where the superscript (in) means that the respective parameters are 
the parameters of the internal fluid.

Note that the equilibrium internal pressure is calculated by 
pðinÞ0 ¼ pðexÞ

0 þ 2r=R0, where pðexÞ
0 is the equilibrium external pressure 

(hydrostatic pressure) and r is the surface tension at the particle inter
face. In the case of a gas bubble, the equilibrium gas density inside the 
bubble is calculated by qðinÞ0 ¼ qApðinÞ0 =pA, where pA ¼ 101:3 kPa is 
the atmospheric pressure and qA is the gas density at the atmospheric 
pressure. In the case of a liquid drop, the equilibrium internal density 
q
ðinÞ
0 corresponding to the pressure pðinÞ0 can be found in reference 

books. It should be noted that in the case of a liquid drop, the term 
2r=R0 can be neglected setting r ¼ 0 since a noticeable change in the 
liquid density requires a considerable change in the pressure, whereas 
the contribution of the surface tension pression, compared to the 
hydrostatic pressure, is negligible.

The linear scattering coefficients aðexÞ
n , bðexÞ

n , aðinÞn , and bðinÞn are 
calculated in Appendix A by applying the boundary conditions at the 
particle surface given by Eqs. (A1)–(A5).

C. Equations of acoustic streaming
Keeping up to second-order terms in Eqs. (1) and (2) and aver

aging over time, one obtains the equations of acoustic streaming,11 

$ � hq1v1i þ q0$ � hv2i ¼ 0; (24) 

q1
@v1

@t
þ q0 v1 � $ð Þv1

� �

¼ −$hp2i þ gDhv2i

þ nþ
g

3

� �

$ $ � hv2ið Þ; (25) 

where h i means the time average, the subscript 2 denotes the quanti
ties of the second order, and hv2i is referred to as the Eulerian velocity 
of acoustic streaming. Note that the time average of the time deriva
tive of a quantity is zero, so such terms involving second-order quan
tities vanish in Eqs. (24) and (25).

hv2i is sought as 

hv2i ¼ $Uþ $�W; (26) 

where, in view of axial symmetry, U ¼ Uðr; hÞ and W ¼ Wðr; hÞee.
Substitution of Eq. (26) into Eq. (24) yields an equation for U, 

DU ¼ −
1
q0

$ � hq1v1i ¼ −
1

2q0
Re $ � q1v�1

� �� �
; (27) 

where Re means “the real part of” and the asterisk denotes the com
plex conjugate.

With the help of Eqs. (5), (8), and (9), Eq. (27) is transformed to 

DU ¼ −
1

2x
Re $ � ik2

au1v�1
� �� �

: (28) 

Substituting Eq. (26) into Eq. (25), calculating the curl of the 
resulting equation, and using Eq. (5), one obtains an equation for W, 

D2W ¼ −
1
�

$� hv1$ � v1 þ v1 � $v1i: (29) 

D. Acoustic streaming produced by modes n and m
In the case where the particle oscillation can be solely decom

posed over two modes, of order n and m, then Eq. (4) reduces to 

rs ¼ R0 þ e−ixt snPnðlÞ þ smPmðlÞ½ �: (30) 

Correspondingly, the first-order velocity is given by 

v1 ¼ v1n þ v1m; (31) 

where 

v1n ¼ $u1n þ $� w1n; (32) 
u1n ¼ e−ixtanznðkarÞPnðlÞ; (33) 

w1n ¼ e−ixteebnznðkvrÞP1
nðlÞ: (34) 

Here, zn is hð1Þn for the external fluid and jn for the internal fluid. For 
v1m, n should be replaced by m in Eqs. (32)–(34).

Equation (31) suggests that hv2i can be split into three parts, 

hv2i ¼ hv2i
ðnmÞ
þ hv2i

ðnnÞ
þ hv2i

ðmmÞ
; (35) 

where hv2i
ðnmÞ is produced by the interaction of modes n and m, 

hv2i
ðnnÞ is produced by mode n alone, and hv2i

ðmmÞ is produced by 
mode m alone. Correspondingly, we have 

hv2i
ðnmÞ
¼ $UðnmÞ þ $�WðnmÞ;

hv2i
ðnnÞ
¼ $UðnnÞ þ $�WðnnÞ;

hv2i
ðmmÞ
¼ $UðmmÞ þ $�WðmmÞ:

(36) 

Substitution of Eq. (31) into Eqs. (28) and (29) shows that UðnmÞ

and WðnmÞ should obey the following equations: 

DUðnmÞ ¼ −
1

2ð1þ dnmÞx
Re $ � ik2

a u1nv�1m þ u1mv�1n
� �h in o

; (37) 

D2WðnmÞ ¼ −
1

ð1þ dnmÞ�
$hv1n$ � v1m þ v1m$ � v1n

þ v1m � $v1n þ v1n � $v1mi: (38) 
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Equations (37) and (38) are valid for both n 6¼ m and n ¼ m, so 
they allow one to calculate all the three parts of hv2i. The derivation 
of the scalar UðnmÞ and vector WðnmÞ potentials is provided in 
Appendix B. As a result, one obtains the components of the Eulerian 
streaming velocity vðnmÞ

E ¼ hv2i
ðnmÞ, 

vðnmÞ
Er ðr; hÞ ¼ hv2ri

ðnmÞ
¼
Xnþm

k¼1
U
ðnmÞ=
k ðrÞ −

kðkþ 1Þ
r

W
ðnmÞ
k ðrÞ

� �

PkðlÞ;

(39) 

vðnmÞ
Eh
ðr; hÞ ¼ hv2hi

ðnmÞ

¼
Xnþm

k¼1

U
ðnmÞ
k ðrÞ − W

ðnmÞ
k ðrÞ

r
− W

ðnmÞ=
k ðrÞ

" #

P1
kðlÞ; (40) 

where the functions UðnmÞ, WðnmÞ and their derivatives are given by 
Eqs. (B11), (B33), (B41), and (B42), respectively.

A complete description of acoustic streaming requires the 
knowledge of the Lagrangian streaming velocity, which is defined by 

vðnmÞ
L ¼ vðnmÞ

E þ vðnmÞ
S ; (41) 

where vðnmÞ
S is the Stokes drift velocity.20 The latter is calculated in 

Appendix C. To complete the derivation of the Lagrangian streaming 
velocity, it is necessary to determine all the unknown coefficients 
appearing in the formulation of the Eulerian velocity field. This 
requires to apply the appropriate boundary conditions on the 
Lagrangian streaming field inside the fluid particle and at its interface. 
This step is performed in Appendix D. To sum up, the Eulerian 
streaming velocity and the Stokes drift velocity are calculated by Eqs. 
(39), (40), (C6), and (C7). Summation of both terms gives the 
Lagrangian streaming velocity. The above equations are applied to 
both the external and the internal fluids using quantities that corre
spond to, respectively, the external or the internal fluid. In the most 
general case, where the interface deformation is decomposed over an 
arbitrary number of modes, all interactions are considered separately, 
and summed together to obtain the overall field.

E. Shear stress in the external fluid
According to Eq. (D14), the acoustic streaming generated by the 

interaction of modes n and m produces shear stress in the external 
fluid that is given by 

r
ðnmÞðexÞ
Lrh ¼ gðexÞ

Xnþm

k¼1
P1

kðlÞ

(

2ðk − 1Þrk−2CðnmÞðexÞ
2k ðrÞ −

2ðkþ 2Þ
rkþ3

�
1kðnmÞðexÞ
C ðrÞ − 2ðk2 − 1Þ

"
CðnmÞðexÞ

3k ðrÞ
rkþ1 þ rk−2

� CðnmÞðexÞ
5k ðrÞ

#

− 2kðkþ 2Þ

"
CðnmÞðexÞ

4k ðrÞ
rkþ3 þ rk

� CðnmÞðexÞ
6k ðrÞ

#

þ UðnmÞðexÞ=
Sk ðrÞ

þ
VðnmÞðexÞ

Sk ðrÞ − UðnmÞðexÞ
Sk ðrÞ

r

)

; (42) 

where the functions C nmð Þ exð Þ
ik ðrÞ are given by Eqs. (B12–B13) and 

(B35–B38), and the functions U nmð Þ exð Þ
Sk rð Þ; V nmð Þ exð Þ

Sk ðrÞ, and 
U nmð Þ exð Þ0

Sk ðrÞ by Eqs. (C8), (C9), and (D23). We provide this equation 
because the calculation of the shear stress is of interest for a number 
of biomedical and technological applications.

III. NUMERICAL EXAMPLES
Numerical simulations have been performed in parallel using 

Mathematica and Python. The corresponding Python code is pro
vided as supplementary material. For all the investigated cases of 
bubble-induced or droplet-induced streaming, qualitative compari
sons with the literature will be performed when possible. Indeed, only 
scarce experiments are available with the simultaneous measurement 
of both the bubble dynamics at the acoustic timescale (allowing for 
the determination of the modal amplitudes of the bubble oscillations) 
and the microstreaming pattern. It is therefore impossible to quantita
tively compare the streaming velocities predicted by our modeling 
with existing data, particularly inside a bubble (or inside a droplet) in 
which really rare observations of the internal flows exist.

A. Case of a gas bubble in water
Figures 2 and 3 illustrate the case of an air bubble in water. The 

following parameters were used: qðexÞ
0 ¼ 1000 kg/m3, cðexÞ ¼ 1500 m/s, 

gðexÞ ¼ 0:001 Pa s, nðexÞ ¼ 0, pðexÞ
0 ¼ 101:3 kPa,r ¼ 0:0727 N/m, qA 

¼ 1:204 kg/m3, cðinÞ ¼ 343 m/s, gðinÞ ¼ 18:25 lPa s, and nðinÞ ¼ 0. 
The calculations were made for a bubble with radius R0 ¼ 10 lm at 
three values of the driving frequency: f ¼ 30 kHz, 300 kHz, and 1 MHz.

The results presented in Fig. 2 were obtained for modes 0 and 1, 
assuming s0 ¼ s1 ¼ 1 lm, i.e., oscillating in phase. This choice of the 
mode amplitudes, which we will also follow in other examples, is con
venient because for modes of amplitudes a lm and b lm, the results 
are simply scaled by a factor ab. Figure 2 compares the characteristics 
of the streaming when the gas motion inside the bubble is considered 
or not. Our calculations reveal that both cases are identical if the gas 
viscosity tends to zero, gðinÞ ! 0. However, if the gas viscosity is non
zero, differences appear as the driving frequency increases. A similar 
effect is also observed if the bubble radius is increased for a fixed fre
quency. These findings suggest that the gas motion inside the bubble 
begins to affect the acoustic streaming in the liquid as the ratio d=R0 
decreases, i.e., when the relative thickness of the viscous boundary 
layer at the bubble surface becomes small.

For all three frequencies considered, the streaming pattern in the 
liquid corresponds to the dipole flow as expected for a bubble under
going the radial and translational oscillations.20,23 The acoustic micro
streaming inside the bubble consists of two counter-rotating vortices 
with velocities considerably greater than those outside the bubble.

Figure 3 shows acoustic streaming produced by the interaction 
of modes 0 and 2, assuming s0 ¼ s2 ¼ 1 lm. Again, the difference 
between the no-gas-inside case and the gas-inside case increases with 
increasing frequency. For all three frequencies used, the streaming 
pattern in the liquid corresponds to the quadrupole flow as predicted 
for a bubble undergoing the combination of the radial oscillation and 
the oblate/prolate deformation.22,23 The streaming inside the bubble 
consists of four counter-rotating vortices. In contrast to the no-gas- 
inside case shown in Figs. 3(g)–3(i), where the spatial structure 
of the streaming pattern remains unchanged with increasing fre
quency, the streaming lobes when considering the gas inside, shown 
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in Figs. 3(j)–3(l), shrink with increasing frequency, leading to an 
almost cross-like shape at f ¼ 1 MHz.

Figure 4 compares the components of the Lagrangian streaming 
velocity for bubbles with different gas content: air, carbon dioxide 

(gðinÞ ¼ 14:7 lPa s, qA ¼ 1:98 kg/m3, cðinÞ ¼ 267 m/s), which is pre
sent in ecological-marine and chemical processes,49 SF6 (gðinÞ ¼ 15 
lPa s, qA ¼ 6:04 kg/m3, cðinÞ ¼ 126 m/s), which is used in microbub
ble ultrasound contrast agents,50 and xenon (gðinÞ ¼ 22:8 lPa s, qA 

FIG. 2. Comparison of results when the gas motion inside the bubble is ignored and when the gas motion is considered. Acoustic streaming is produced by the interaction 
of modes 0 and 1. The gas inside the bubble is air. R0 ¼ 10 lm, s0 ¼ s1 ¼ 1 lm. The first, second, and third columns represent results obtained at three values of the 
driving frequency: f ¼ 30 kHz, 300 kHz, and 1 MHz. (a)–(c) The radial component of the Lagrangian streaming velocity vs r at h ¼ p=4. (d)–(f) The tangential component of 
the Lagrangian streaming velocity vs r at h ¼ p=4. (g)–(i) Streamlines when the gas motion is ignored. (j), (k), (l) Streamlines when the gas motion is taken into account.
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¼ 5:9 kg/m3, cðinÞ ¼ 178 m/s), which is a noble gas used in experi
ments on sonoluminescence.51 The calculations were made for a bub
ble with R0 ¼ 10 lm, excited at 300 kHz in water, for the cases that 
acoustic streaming is produced by the interaction of modes 0 and 1 

with s0 ¼ s1 ¼ 1 lm and modes 0 and 2 with s0 ¼ s2 ¼ 1 lm. As 
one can see, the biggest difference from the no-gas-inside case is pre
dicted for the xenon bubble, particularly when the bubble undergoes 
the radial and translational oscillations [Fig. 4(a)]. This means that 

FIG. 3. Comparison of results when the gas motion inside the bubble is ignored and when the gas motion is considered. Acoustic streaming is produced by the interaction 
of modes 0 and 2. The gas inside the bubble is air. R0 ¼ 10 lm, s0 ¼ s2 ¼ 1 lm. The first, second, and third columns represent results obtained at three values of the 
driving frequency: f ¼ 30 kHz, 300 kHz, and 1 MHz. (a)–(c) The radial component of the Lagrangian streaming velocity vs r at h ¼ p=4. (d)–(f) The tangential component of 
the Lagrangian streaming velocity vs r at h ¼ p=4. (g)–(i) Streamlines when the gas motion is ignored. (j)–(l) Streamlines when the gas motion is taken into account.
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FIG. 4. The components of the Lagrangian streaming velocity for bubbles with different gas content. The external fluid is water, R0 ¼ 10 lm, f ¼ 300 kHz, h ¼ p=4. The 
acoustic streaming is produced by the interaction of (a), (c) modes 0 and 1 with s0 ¼ s1 ¼ 1 lm and (b), (d) modes 0 and 2 with s0 ¼ s2 ¼ 1 lm.

FIG. 5. Streamlines for a water droplet in air at f ¼ 50 kHz for three values of R0. (a)–(c) Streamlines produced by mode 1 with s1 ¼ 1 lm. (d)–(f) Streamlines produced 
by mode 2 with s2 ¼ 1 lm.
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the intensity of the acoustic streaming depends on the gas content of 
the bubble and that a more vigorous streaming is generated by bub
bles when the gas viscosity is considered.

B. Case of a fluid droplet surrounding by another fluid
Figure 5 illustrates the case of a water droplet in air. It shows 

streamlines for three values of the droplet radius (5, 15, and 50 lm) at 
f ¼ 50 kHz. In Figs. 5(a)–5(c), streamlines produced by mode 1 are 
presented, i.e., streamlines produced by the interaction of mode 1 
with itself. The acoustic streaming outside the droplet corresponds to 
the quadrupole flow, with four counter-rotating vortices whose spatial 
extension relatively to the droplet radius decreases when the droplet 
size increases. When the size of the droplet increases, strong external 
near-wall vortices appear [Fig. 5(c)]. Inside the bubble, the self- 
interaction of the translational oscillation induces four vortices, in 
agreement with the results of Baasch et al.45 for a water droplet in oil 
trapped in a 1 MHz standing wave field. Agreement on the signature 
of the flow is obtained when the droplet is located near the velocity 
antinode, where the predominant contribution to the acoustic stream
ing results from the 1–1 interaction [Fig. 7(a) of Ref. 45].

In Figs. 5(d)–5(f), streamlines produced by mode 2 alone are 
presented. For small droplets, the streaming outside is constituted of 
eight vortices, similarly to the case of the acoustic microstreaming 

induced by a self-interacting mode on the interface of a gas bubble.25 

There is a strong dependence of the streaming outside the droplet on 
the droplet radius, because the eight-lobes pattern transforms into a 
cross-like pattern for a bigger droplet radius. The flow inside the 
droplet presents the fourfold symmetry, as observed in Shen et al.40 in 
the case of sectorial n ¼ 2 oscillations. It is worth mentioning that 
sectorial oscillations are asymmetric, but the sectorial n ¼ 2 mode 
resembles an axisymmetric oblate/prolate deformation in the equato
rial plane of the drop [see Fig. 4(a) of Ref. 40].

Figure 6 illustrates the case of a liquid droplet suspended in 
another liquid. The internal liquid is glycerin with gðinÞ ¼ 1:48 Pa s, 
qA ¼ 1260 kg/m3, and cðinÞ ¼ 1920 m/s. The external liquid is water. 
Like Fig. 5, Fig. 6 shows streamlines produced by mode 1, Figs. 6(a)– 
6(c), by mode 2, Figs. 6(d)–6(f), at f ¼ 50 kHz for three different 
equilibrium radii. As one can see, the streaming pattern changes 
noticeably with the droplet size. For mode 1, comparison of Figs. 6(a) 
and 6(c) reveals that the external streaming can change direction for 
different equilibrium radii: in Fig. 6(a), at R0 ¼ 5 lm, the flow is 
directed to the droplet surface along the z axis, whereas in Fig. 6(c), at 
R0 ¼ 50 lm, the flow is directed away from the droplet surface along 
the z axis. For mode 2, the comparison of Figs. 6(e) and 6(f) shows 
that both the position and the direction of rotation of the near-wall 
vortices are changed for different equilibrium radii: in Fig. 6(e), at 

FIG. 6. Streamlines for a glycerin droplet in water at f ¼ 50 kHz for three values of R0. (a)–(c) Streamlines produced by mode 1 with s1 ¼ 1 lm. (d)–(f) Streamlines pro
duced by mode 2 with s2 ¼ 1 lm. For comparison of the influence of the bubble radius on the streaming pattern, the velocity range is similar for all subfigures.
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R0 ¼ 15 lm, the near-wall vortices are located along the z axis and 
rotate toward the droplet surface along this axis, whereas in Fig. 6(f), 
at R0 ¼ 50 lm, they are located along the x axis and rotate away from 
the droplet surface along this axis.

Figure 7 shows streamlines for a glycerin droplet in water for 
three values of the driving frequency, keeping the droplet radius con
stant. It gives an idea of how the streamline pattern changes with 
increasing frequency, i.e., with varying thickness of the viscous 
boundary layer. As one can see, for mode 1, the near-wall vortices 
become thinner as the frequency increases and the magnitude of the 
streaming velocity drastically increases when the driving frequency is 
increased. For mode 2, the near-wall vortices also become thinner. In 
addition, the comparison of Figs. 7(e) and 7(f) shows that additional 
near-wall vortices, located along the x axis, develop. When the driving 
frequency increases, the external streaming takes a cross-like shape 
with two small recirculation zones in the vicinity of the droplet inter
face, each of them being composed of two vortices.

IV. CONCLUSIONS
An analytical theory has been developed that allows one to cal

culate acoustic streaming outside and inside a fluid particle 
immersed in another fluid and undergoing arbitrary axisymmetric 

oscillations. The developed theory unites the cases of a gas bubble 
in a liquid and a liquid drop in a gas or another liquid. The internal 
and external fluids were assumed immiscible, viscous, and com
pressible. No restrictions were imposed on the ratio of the particle 
radius to the viscous penetration depth and to the acoustic wave
length both outside and inside the particle. This means that, in con
trast to most previous approaches, the thickness of the outer and 
inner viscous boundary layer is not assumed to be small compared 
to the particle radius and the compressibility of both internal and 
external fluids is not ignored.

To illustrate the capabilities of the developed analytical theory, 
numerical examples were provided for the cases of a gas bubble in 
water, a water droplet in air, and a glycerin droplet in water. The 
results for a gas bubble in water show that the gas motion inside the 
bubble begins to affect the external acoustic streaming as the ratio 
d=R0 decreases, i.e., when the relative thickness of the viscous bound
ary layer at the bubble surface becomes small. The results for a water 
droplet in air show that more complicated steaming patterns are 
observed for bigger droplets. In particular, strong external near-wall 
vortices can develop with increasing droplet size. The results for a 
glycerin droplet in water also show that the streaming pattern changes 
noticeably with the droplet size. In particular, the direction of the 

FIG. 7. Streamlines for a glycerin droplet in water at R0 ¼ 15 lm for three values of the driving frequency. (a)–(c) Streamlines produced by mode 1 with s1 ¼ 1 lm. (d)–(f) 
Streamlines produced by mode 2 with s2 ¼ 1 lm. For comparison of the influence of the driving frequency on the streaming pattern, the velocity range is similar for all sub
figures (using a power-law dynamical range).
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main external streaming, as well as the position and the direction of 
rotation of near-wall vortices, can change.

SUPPLEMENTARY MATERIAL
See the supplementary material for a Python code that allows the 

calculation and display of acoustic microstreaming inside and outside 
a fluid particle.
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APPENDIX A: CALCULATION OF LINEAR SCATTERING 
COEFFICIENTS

To calculate aðexÞ
n , bðexÞ

n , aðinÞn , and bðinÞn , we apply the boundary 
conditions at the particle surface, 

vðexÞ
1r ¼

@rs

@t
at r ¼ R0; (A1) 

vðinÞ1r ¼
@rs

@t
at r ¼ R0; (A2) 

vðexÞ
1h ¼ vðinÞ1h at r ¼ R0; (A3) 

r
ðexÞ
rh ¼ r

ðinÞ
rh at r ¼ R0; (A4) 

where rðex;inÞ
rh is the tangential stress in the external and internal flu

ids, respectively, which is given by48 

r
ðex;inÞ
rh ¼ gðex;inÞ 1

r
@vðex;inÞ

1r
@h

þ
@vðex;inÞ

1h

@r
−

vðex;inÞ
1h

r

 !

: (A5) 

Note that, since the mode amplitudes sn are assumed to be 
known, there is no need in the boundary condition for the normal 
stress.

Substituting all the necessary quantities into the boundary 
conditions at the particle surface, i.e., Eqs. (A1)–(A4), one obtains 
for n ¼ 0, 

aðexÞ
0 ¼

ixR0s0

xðexÞ
a0 hð1Þ1 ðx

ðexÞ
a0 Þ

XMN

m¼M1

d0m; (A6) 

aðinÞ0 ¼
ixR0s0

xðinÞa0 j1ðx
ðinÞ
a0 Þ

XMN

m¼M1

d0m; (A7) 

and for n � 1 

aðexÞ
n xðexÞ

a0 hð1Þ=n ðx
ðexÞ
a0 Þ − bðexÞ

n nðnþ 1Þhð1Þn ðx
ðexÞ
v0 Þ ¼ −ixR0sn

XMN

m¼M1

dnm;

(A8) 

aðinÞn xðinÞa0 j=nðx
ðinÞ
a0 Þ− bðinÞn nðnþ1Þjnðx

ðinÞ
v0 Þ¼−ixR0sn

XMN

m¼M1

dnm; (A9) 

aðexÞ
n hð1Þn ðx

ðexÞ
a0 Þ − bðexÞ

n hð1Þn ðx
ðexÞ
v0 Þ þ xðexÞ

v0 hð1Þ=n ðx
ðexÞ
v0 Þ

h i

¼ aðinÞn jnðx
ðinÞ
a0 Þ − bðinÞn jnðx

ðinÞ
v0 Þ þ xðinÞv0 j=nðx

ðinÞ
v0 Þ

h i

; (A10) 

gðexÞ
�

2aðexÞ
n xðexÞ

a0 hð1Þ=n ðx
ðexÞ
a0 Þ − hð1Þn ðx

ðexÞ
a0 Þ

h i

þ bðexÞ
n ð2 − n2 − nÞhð1Þn ðx

ðexÞ
v0 Þ − xðexÞ2

v0 hð1Þ==n ðxðexÞ
v0 Þ

h i�

¼ gðinÞ
�

2aðinÞn xðinÞa0 j=nðx
ðinÞ
a0 Þ − jnðx

ðinÞ
a0 Þ

h i

þ bðinÞn ð2 − n2 − nÞjnðx
ðinÞ
v0 Þ − xðinÞ2v0 j==n ðx

ðinÞ
v0 Þ

h i�

; (A11) 

where xðex;inÞ
a0 ¼ kðex;inÞ

a R0, xðex;inÞ
v0 ¼ kðex;inÞ

v R0, and dnm is the 
Kronecker delta.

From Eqs. (A8)–(A11), one finds the scattering coefficients 
outside and inside the particle with n � 1, 

aðexÞ
n ¼ aðexÞ

n − bðexÞ
n

gðinÞ

gðexÞ
a
ðinÞ
n

bðinÞn

" #−1(
xðexÞ2

v0 hð1Þ==n ðxðexÞ
v0 Þ

hð1Þn ðxðexÞ
v0 Þ

þ ðn2 þ n − 2Þ

� 1 −
gðinÞ

gðexÞ

 !

þ
gðinÞ

gðexÞ
a
ðinÞ
n

bðinÞn

"
xðinÞv0 j=nðx

ðinÞ
v0 Þ

jnðx
ðinÞ
v0 Þ

−
xðexÞ

v0 hð1Þ=n ðx
ðexÞ
v0 Þ

hð1Þn ðx
ðexÞ
v0 Þ

#

−
gðinÞ

gðexÞ
xðinÞ2v0 j==n ðxðinÞv0 Þ

jnðx
ðinÞ
v0 Þ

)

ixR0sn
XMN

m¼M1

dnm; (A12) 

bðexÞ
n ¼

1
nðnþ1Þhð1Þn ðx

ðexÞ
v0 Þ

aðexÞ
n xðexÞ

a0 hð1Þ=n ðx
ðexÞ
a0 Þþ ixR0sn

XMN

m¼M1

dnm

2

4

3

5;

(A13) 
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aðinÞn ¼
1

bðinÞn

(

aðexÞ
n bðexÞ

n þ
xðinÞv0 j=nðx

ðinÞ
v0 Þ

jnðx
ðinÞ
v0 Þ

−
xðexÞ

v0 hð1Þ=n ðx
ðexÞ
v0 Þ

hð1Þn ðx
ðexÞ
v0 Þ

" #

� ixR0sn
XMN

m¼M1

dnm

)

; (A14) 

bðinÞn ¼
1

nðnþ 1Þjnðx
ðinÞ
v0 Þ

aðinÞn xðinÞa0 j=nðx
ðinÞ
a0 Þ þ ixR0sn

XMN

m¼M1

dnm

2

4

3

5;

(A15) 

where 

aðexÞ
n ¼ ðn2 þ nþ 2ÞxðexÞ

a0 hð1Þ=n ðx
ðexÞ
a0 Þ − 2nðnþ 1Þhð1Þn ðx

ðexÞ
a0 Þ

−
xðexÞ

a0 xðexÞ2
v0 hð1Þ=n ðxðexÞ

a0 Þh
ð1Þ==
n ðxðexÞ

v0 Þ

hð1Þn ðxðexÞ
v0 Þ

; (A16) 

aðinÞn ¼ ðn2 þ nþ 2ÞxðinÞa0 j=nðx
ðinÞ
a0 Þ − 2nðnþ 1Þjnðx

ðinÞ
a0 Þ

−
xðinÞa0 xðinÞ2v0 j=nðx

ðinÞ
a0 Þj

==
n ðx

ðinÞ
v0 Þ

jnðx
ðinÞ
v0 Þ

; (A17) 

bðexÞ
n ¼ nðnþ 1Þhð1Þn ðx

ðexÞ
a0 Þ − xðexÞ

a0 hð1Þ=n ðx
ðexÞ
a0 Þ 1þ

xðexÞ
v0 hð1Þ=n ðx

ðexÞ
v0 Þ

hð1Þn ðxðexÞ
v0 Þ

" #

;

(A18) 

bðinÞn ¼ nðnþ 1Þjnðx
ðinÞ
a0 Þ − xðinÞa0 j=nðx

ðinÞ
a0 Þ 1þ

xðinÞv0 j=nðx
ðinÞ
v0 Þ

jnðx
ðinÞ
v0 Þ

" #

: (A19) 

APPENDIX B: SOLUTIONS FOR THE SCALAR AND 
VECTOR POTENTIALS UðnmÞ AND WðnmÞ

The scalar UðnmÞ and vector WðnmÞ potentials should obey the 
following equations 

DUðnmÞ ¼ −
1

2ð1þ dnmÞx
Re $ � ik2

a u1nv�1m þ u1mv�1n
� �h in o

; (B1) 

D2WðnmÞ ¼ −
1

ð1þ dnmÞ�
$hv1n$ � v1m þ v1m$ � v1n

þ v1m � $v1n þ v1n � $v1mi: (B2) 

Let us first consider Eq. (B1). Calculating the divergence on 
the right-hand side and using Eq. (9), one obtains 

DUðnmÞ ¼−
1

2ð1þdnmÞx
Re ik2

a v�1m �$u1nþv�1n �$u1m
� �n o

: (B3) 

Substitution of Eqs. (32)–(34) into Eq. (B3) yields 

DUðnmÞ ¼ AnmðrÞ þ AmnðrÞ½ �PnðlÞPmðlÞ

þ BnmðrÞ þ BmnðrÞ½ �P1
nðlÞP

1
mðlÞ; (B4) 

where 

AnmðrÞ ¼ −
1

2xð1þ dnmÞ
Re

(

ik3
aan

z=nðkarÞ
r

�

amkarz=mðkarÞ

−bmmðmþ 1ÞzmðkvrÞ
��
)

; (B5) 

BnmðrÞ ¼ −
1

2xð1þ dnmÞ
Re
�

ik2
aan

znðkarÞ
r2

n
amzmðkarÞ

− bm zmðkvrÞ þ kvrz=mðkvrÞ
h io�

�

: (B6) 

With the help of Eqs. (E6) and (E10)–(E12), Eq. (B4) is trans
formed to 

DUðnmÞ ¼
Xnþm

k¼0
FðnmÞ

k ðrÞPkðlÞ; (B7) 

where 

FðnmÞ
k ðrÞ ¼ AnmðrÞ þ AmnðrÞ½ �

Xnþm

j¼jn−mj
Cj0

n0m0

h i2
dkj þ ½BnmðrÞ

þ BmnðrÞ�
mðmþ 1Þ

2mþ 1
ð1 − dn0Þ

Xðnþ1Þ=2½ �

j¼1
ð2n − 4jþ 3Þ

�

(
Xmþn−2j

s¼jm−nþ2j−2j
Cs0
ðm−1Þ0ðn−2jþ1Þ0

h i2
dks

−
Xmþn−2jþ2

s¼jm−nþ2jj
Cs0
ðmþ1Þ0ðn−2jþ1Þ0

h i2
dks

)

: (B8) 

Cn3m3
n1m1n2m2

¼ hn1m1n2m2jn3m3i are the Clebsch–Gordan coeffi
cients,52 and [] in the upper bound of the sum means the integer 
part of an expression inside the brackets.

Equation (B7) suggests that UðnmÞ should be sought as 

UðnmÞ ¼
Xnþm

k¼0
U
ðnmÞ
k ðrÞPkðlÞ: (B9) 

Substitution of Eq. (B9) into Eq. (B7) yields 

U
ðnmÞ==
k ðrÞ þ

2
r
U
ðnmÞ=
k ðrÞ −

kðkþ 1Þ
r2 U

ðnmÞ
k ðrÞ ¼ FðnmÞ

k ðrÞ: (B10) 

Equation (B10) is solved by the method of variation of con
stants.35 According to this method, a solution to Eq. (B10) is 
written by 

U
ðnmÞ
k ðrÞ ¼

CðnmÞ
1k ðrÞ
rkþ1 þ rkCðnmÞ

2k ðrÞ; (B11) 

where CðnmÞ
1k ðrÞ and CðnmÞ

2k ðrÞ are calculated by 

CðnmÞ
1k ðrÞ ¼ CðnmÞ

1k0 −
1

2kþ 1

ðr

R0

skþ2FðnmÞ
k ðsÞds; (B12) 

CðnmÞ
2k ðrÞ ¼ CðnmÞ

2k0 þ
1

2kþ 1

ðr

R0

s1−kFðnmÞ
k ðsÞds; (B13) 

and CðnmÞ
1k0 and CðnmÞ

2k0 are the constants to be determined by bound
ary conditions.

Let us now consider Eq. (B2). Substituting Eq. (51) into Eq. 
(B2) and using the identities, 
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ða �$Þbþðb �$Þa¼$ða �bÞ− a�ð$�bÞ− b�ð$�aÞ; (B14) 
$� ð$� aÞ ¼ $ð$ � aÞ − Da; (B15) 
$� ðcaÞ ¼ c$� aþ ð$cÞ � a; (B16) 

$� ða� bÞ ¼ ðb � $Þa − ða � $Þbþ að$ � bÞ − bð$ � aÞ; (B17) 

and the fact that $ � w1 ¼ 0, one obtains 

D2WðnmÞ ¼
1

ð1þ dnmÞ�
h2ðDu1mÞDw1n þ 2ðDu1nÞDw1m

− ð$Du1mÞ � v1n − ð$Du1nÞ � v1m

− ðDw1m � $Þv1n − ðDw1n � $Þv1m

þ ðv1n � $ÞDw1m þ ðv1m � $ÞDw1ni: (B18) 

With the help of Eqs. (9) and (10), Eq. (B18) is transformed to 

D2WðnmÞ ¼
1

2ð1þ dnmÞ�
Re
n

2k2
ak2�

v u1nw
�
1m þ u1mw�1n

� �

þ k2
a ð$u1nÞ � v�1m þ ð$u1mÞ � v�1n
� �

þ k2�
v
�
ðw�1n � $Þv1m þ ðw

�
1m � $Þv1n

− ðv1n � $Þw
�
1m − ðv1m � $Þw

�
1n
�o
: (B19) 

Substitution of Eqs. (32)–(34) into Eq. (B19) yields 

D2WðnmÞ ¼
ee

2ð1þ dnmÞ�
Re
n

DnmðrÞPnðlÞP1
mðlÞ þ DmnðrÞPmðlÞ

� P1
nðlÞ þ EnmðrÞP1

nðlÞ cot hP1
mðlÞ þ sin hP1=

m ðlÞ

h i

þ EmnP1
mðlÞ cot hP1

nðlÞ þ sin hP1=
n ðlÞ

h io
; (B20) 

where 

DnmðrÞ ¼ k2
aan 2k2�

v b�mznðkarÞz�mðkvrÞ þ kaz=nðkarÞU�mðrÞ
h i

þ
VnðrÞ

r
k2

vbm zmðkvrÞ − kvrz=mðkvrÞ
h i

− k2
aamzmðkarÞ

n o�
;

(B21) 

EnmðrÞ ¼
UnðrÞ

r
bmk2

vzmðkvrÞ
� ��

; (B22) 

VnðrÞ ¼ ankaz=nðkarÞ − bnnðnþ 1Þ
znðkvrÞ

r
; (B23) 

UnðrÞ ¼ an
znðkarÞ

r
− bn

znðkvrÞ
r
þ kvz=nðkvrÞ

� �

: (B24) 

With the help of Eqs. (E7) and (E13), Eq. (B19) is 
transformed to 

D2WðnmÞ ¼ ee

Xnþm

k¼1
GðnmÞ

k ðrÞP1
kðlÞ; (B25) 

where 

GðnmÞ
k ðrÞ ¼ HknmðrÞ þ HkmnðrÞ þ IknmðrÞ þ IkmnðrÞ; (B26) 

HknmðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ 1Þ

p

2�ð1þ dnmÞ
Re DnmðrÞ þ nðn − 1ÞEmnðrÞ
� �

�
Xnþm

j¼jmin

Cj0
n0m0Cj1

n0m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þ

p dkj; (B27) 

IknmðrÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ 1Þ

p

�ð1þ dnmÞ
Re EmnðrÞ
� �

ð1 − dn0 − dn1Þ

�
Xn=2½ �

j¼1
ð2n − 4jþ 1Þ

Xnþm−2j

s¼jn−m−2jj
Snmjsdks; (B28) 

jmin ¼
jn − mj for n 6¼ m;

1 for n ¼ m;

(

(B29) 

Snmjs ¼

0 for s ¼ 0;
Cs0
ðn−2jÞ0m0Cs1

ðn−2jÞ0m1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðsþ 1Þ

p for s 6¼ 0:

8
>><

>>:

(B30) 

Equation (B25) suggests that WðnmÞ should be sought as 

WðnmÞ ¼ ee

Xnþm

k¼1
W
ðnmÞ
k ðrÞP1

kðlÞ: (B31) 

Substitution of Eq. (B31) into Eq. (B25) yields 

W
ðnmÞIV
k ðrÞ þ

4
r
W
ðnmÞ===
k ðrÞ −

2kðkþ 1Þ
r2 W

ðnmÞ==
k ðrÞ

þ
kðk − 1Þðkþ 1Þðkþ 2Þ

r4 W
ðnmÞ
k ðrÞ ¼ GðnmÞ

k ðrÞ: (B32) 

According to the method of variation of constants,53 a solution to 
Eq. (B32) is written by 

W
ðnmÞ
k ðrÞ¼

CðnmÞ
3k ðrÞ
rk−1 þ

CðnmÞ
4k ðrÞ
rkþ1 þ rkCðnmÞ

5k ðrÞþ rkþ2CðnmÞ
6k ðrÞ; (B33) 

where the functions CðnmÞ
3k ðrÞ – CðnmÞ

6k ðrÞ obey the following equations: 

r−ðk−1ÞCðnmÞ=
3k þ r−ðkþ1ÞCðnmÞ=

4k þ rkCðnmÞ=
5k þ rkþ2CðnmÞ=

6k ¼ 0;
ðk − 1Þr−kCðnmÞ=

3k þ ðkþ 1Þr−ðkþ2ÞCðnmÞ=
4k

− krk−1CðnmÞ=
5k − ðkþ 2Þrkþ1CðnmÞ=

6k ¼ 0;
kðk − 1Þr−ðkþ1ÞCðnmÞ=

3k þ ðkþ 1Þðkþ 2Þr−ðkþ3ÞCðnmÞ=
4k

þ kðk − 1Þrk−2CðnmÞ=
5k þ ðkþ 1Þðkþ 2ÞrkCðnmÞ=

6k ¼ 0;
kðk2 − 1Þr−ðkþ2ÞCðnmÞ=

3k þ ðkþ 1Þðkþ 2Þðkþ 3Þr−ðkþ4Þ

� CðnmÞ=
4k − kðk − 1Þðk − 2Þrk−3CðnmÞ=

5k

− kðkþ 1Þðkþ 2Þrk−1CðnmÞ=
6k ¼ − GðnmÞ

k ðrÞ:

(B34) 

It follows from system (B34) that 

CðnmÞ
3k ðrÞ ¼ CðnmÞ

3k0 þ
1

2ð2k − 1Þð2kþ 1Þ

ðr

R0

skþ2GðnmÞ
k ðsÞds; (B35) 

CðnmÞ
4k ðrÞ ¼ CðnmÞ

4k0 −
1

2ð2kþ 1Þð2kþ 3Þ

ðr

R0

skþ4GðnmÞ
k ðsÞds; (B36) 

CðnmÞ
5k ðrÞ ¼ CðnmÞ

5k0 −
1

2ð2k − 1Þð2kþ 1Þ

ðr

R0

s3−kGðnmÞ
k ðsÞds; (B37) 

CðnmÞ
6k ðrÞ ¼ CðnmÞ

6k0 þ
1

2ð2kþ 1Þð2kþ 3Þ

ðr

R0

s1−kGðnmÞ
k ðsÞds; (B38) 
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where CðnmÞ
3k0 – CðnmÞ

6k0 are the constants to be determined by bound
ary conditions.

Substituting Eqs. (B9) and (B31) into Eq. (36), one obtains the 
components of the Eulerian streaming velocity vðnmÞ

E ¼ hv2i
ðnmÞ, 

vðnmÞ
Er ðr; hÞ ¼ hv2ri

ðnmÞ
¼
Xnþm

k¼1
U
ðnmÞ=
k ðrÞ −

kðkþ 1Þ
r

W
ðnmÞ
k ðrÞ

� �

PkðlÞ;

(B39) 

vðnmÞ
Eh ðr; hÞ ¼ hv2hi

ðnmÞ

¼
Xnþm

k¼1

U
ðnmÞ
k ðrÞ − W

ðnmÞ
k ðrÞ

r
− W

ðnmÞ=
k ðrÞ

" #

P1
kðlÞ; (B40) 

where, as follows from Eqs. (B11)–(B13) and (B33)–(B38), 
U
ðnmÞ=
k ðrÞ and WðnmÞ=

k ðrÞ are calculated by 

U
ðnmÞ=
k ðrÞ ¼ −

ðkþ 1ÞCðnmÞ
1k ðrÞ

rkþ2 þ krk−1CðnmÞ
2k ðrÞ; (B41) 

W
ðnmÞ=
k ðrÞ ¼ −

ðk − 1ÞCðnmÞ
3k ðrÞ

rk −
ðkþ 1ÞCðnmÞ

4k ðrÞ
rkþ2

þ krk−1CðnmÞ
5k ðrÞ þ ðkþ 2Þrkþ1CðnmÞ

6k ðrÞ: (B42) 

APPENDIX C: STOKES DRIFT VELOCITY PRODUCED BY 
MODES N AND M

The Stokes drift velocity is defined by20 

vS ¼

ð

v1dt � $
� �

v1

� �

¼
1

2x
Re iv1 � $v�1
� �

: (C1) 

Substitution of Eq. (31) into Eq. (C1) yields 

vðnmÞ
S ¼

1
2xð1þ dnmÞ

Re i v1n � $v�1m þ v1m � $v�1n
� �� �

: (C2) 

Equation (C2) is valid for both n 6¼ m and n ¼ m.
Equation (C2) is transformed to 

vðnmÞ
S ¼

1
2xð1þ dnmÞ

Re

(

ier

�

v1nr
@v�1mr
@r
þ

v1nh

r
@v�1mr
@h
þ v1mr

@v�1nr
@r

þ
v1mh

r
@v�1nr
@h

�

þ ieh

�

v1nr
@v�1mh

@r
þ

v1nh

r
@v�1mh

@h
þ

v1nhv�1mr
r

þ v1mr
@v�1nh

@r
þ

v1mh

r
@v�1nh

@h
þ

v1mhv�1nr
r

�)

: (C3) 

Substitution of Eqs. (51)–(53) into Eq. (C3) yields 

vðnmÞ
Sr ¼

1
2xð1þ dnmÞ

Re
�

i VnðrÞV=�
m ðrÞ þ VmðrÞV=�

n ðrÞ
h i

PnðlÞ

� PmðlÞ þ i
UnðrÞV�mðrÞ þ UmðrÞV�nðrÞ

r
P1

nðlÞP
1
mðlÞ;

�

(C4) 

vðnmÞ
Sh ¼

1
2xð1þ dnmÞ

Re
�

i VnðrÞU=�
m ðrÞ þ

UmðrÞV�nðrÞ
r

� �

PnðlÞ

� P1
mðlÞ þ i VmðrÞU=�

n ðrÞ þ
UnðrÞV�mðrÞ

r

� �

PmðlÞP1
nðlÞ

− i
UmðrÞU�nðrÞ

r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p
P1=

n ðlÞP
1
mðlÞ − i

UnðrÞU�mðrÞ
r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p
P1=

m ðlÞP
1
nðlÞ

�

; (C5) 

where VnðrÞ and UnðrÞ are calculated by Eqs. (B23) and (B24).
With the help of Eqs. (E6), (E8), and (E10)–(E13), Eqs. (C4) 

and (C5) are transformed to 

vðnmÞ
Sr ðr; hÞ ¼

Xnþm

k¼1
VðnmÞ

Sk ðrÞPkðlÞ; (C6) 

vðnmÞ
Sh ðr; hÞ ¼

Xnþm

k¼1
UðnmÞ

Sk ðrÞP
1
kðlÞ; (C7) 

where 

VðnmÞ
Sk ðrÞ ¼

1
2xð1þ dnmÞ

Re

(

i VnðrÞV=�
m ðrÞ þ VmðrÞV=�

n ðrÞ
h iXnþm

j¼jmin

� Cj0
n0m0

h i2
dkj þ i

mðmþ 1Þ
2mþ 1

UnðrÞV�mðrÞ þ UmðrÞV�nðrÞ
r

� ð1 − dn0Þ
Xðnþ1Þ=2½ �

j¼1
ð2n − 4jþ 3Þ

�

"
Xmþn−2j

s¼jm−nþ2j−2j
Cs0
ðm−1Þ0ðn−2jþ1Þ0

h i2
dks

−
Xmþn−2jþ2

s¼jm−nþ2jj
Cs0
ðmþ1Þ0ðn−2jþ1Þ0

h i2
dks

#)

; (C8) 

UðnmÞ
Sk ðrÞ ¼WknmðrÞ þWkmnðrÞ; (C9) 

WknmðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ 1Þ

p

2xð1þ dnmÞ
Re

(

i
�

VnðrÞU=�
m ðrÞ þ

UmðrÞ
r

� V�nðrÞ − n2U�nðrÞ
� �

�
Xnþm

j¼jmin

Cj0
n0m0Cj1

n0m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þ

p dkj

þ i
UmðrÞU�nðrÞ

r
ð1 − dn0 − dn1Þ

�
Xn=2½ �

j¼1
ð2n − 4jþ 1Þ

Xnþm−2j

s¼jn−m−2jj
Snmjsdks

)

; (C10) 

V=
nðrÞ ¼ ank2

az==n ðkarÞ þ bn
nðnþ 1Þ

r2 znðkvrÞ − kvrz=nðkvrÞ
h i

; (C11) 

U=
nðrÞ ¼

an

r2 karz=nðkarÞ − znðkarÞ
h i

þ
bn

r2 znðkvrÞ − kvrz=nðkvrÞ − ðkvrÞ2z==n ðkvrÞ
h i

: (C12) 
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APPENDIX D: CALCULATION OF THE UNKNOWN 
COEFFICIENTS APPEARING IN THE EULERIAN 
VELOCITY FIELD

Here we describe how the unknown coefficients CðnmÞ
1k0 – CðnmÞ

6k0 
appearing in the formulation of the Eulerian velocity field are 
calculated.

From the condition that vðnmÞ
E ! 0 for r!1 in the external 

fluid, using Eqs. (B13), (B38), and (B39), one obtains the constants 
CðnmÞ

2k0 , CðnmÞ
5k0 , and CðnmÞ

6k0 for the external fluid, 

CðnmÞðexÞ
2k0 ¼ −

1
2kþ 1

ð1

R0

s1−kFðnmÞðexÞ
k ðsÞds; (D1) 

CðnmÞðexÞ
5k0 ¼

1
2ð2k − 1Þð2kþ 1Þ

ð1

R0

s3−kGðnmÞðexÞ
k ðsÞds; (D2) 

CðnmÞðexÞ
6k0 ¼ −

1
2ð2kþ 1Þð2kþ 3Þ

ð1

R0

s1−kGðnmÞðexÞ
k ðsÞds: (D3) 

The superscript (ex) means that the quantity should be calculated 
using the parameters of the external fluid.

From the condition that vðnmÞ
E should be finite for r! 0 in the 

internal fluid, using Eqs. (B12), (B35), and (B36), one obtains the 
constants CðnmÞ

1k0 , CðnmÞ
3k0 , and CðnmÞ

4k0 for the internal fluid, 

CðnmÞðinÞ
1k0 ¼

1
2kþ 1

ð0

R0

skþ2FðnmÞðinÞ
k ðsÞds; (D4) 

CðnmÞðinÞ
3k0 ¼ −

1
2ð2k − 1Þð2kþ 1Þ

ð0

R0

skþ2GðnmÞðinÞ
k ðsÞds; (D5) 

CðnmÞðinÞ
4k0 ¼

1
2ð2kþ 1Þð2kþ 3Þ

ð0

R0

skþ4GðnmÞðinÞ
k ðsÞds: (D6) 

The superscript (in) means that the quantity should be calculated 
using the parameters of the internal fluid.

In view of the identities 

$� eeP1
kðlÞr

−ðkþ1Þ
h i

¼ −k$ PkðlÞr−ðkþ1Þ
h i

; (D7) 

$� eeP1
kðlÞr

k
h i

¼ −ðkþ 1Þ$ PkðlÞrk
� �

; (D8) 

the terms CðnmÞ
1k0 r−ðkþ1Þ and CðnmÞ

2k0 rk in Eq. (B11) for UðnmÞ
k give the 

same contribution to the velocity field as the terms CðnmÞ
4k0 r−ðkþ1Þ

and CðnmÞ
5k0 rk in Eq. (B33) for WðnmÞ

k . In view of this fact, we can set 
one of the constants CðnmÞ

1k0 and CðnmÞ
4k0 and one of the constants 

CðnmÞ
2k0 and CðnmÞ

5k0 to zero. Since some of these constants are already 
determined by Eqs. (D1)–(D6), we set 

CðnmÞðexÞ
1k0 ¼ CðnmÞðinÞ

2k0 ¼ 0: (D9) 

In order to calculate the other constants, boundary conditions for 
acoustic streaming at the particle surface are applied, which are given 
by 

vðnmÞðexÞ
Lr ¼ 0 at r ¼ R0; (D10) 

vðnmÞðinÞ
Lr ¼ 0 at r ¼ R0; (D11) 

vðnmÞðexÞ
Lh ¼ vðnmÞðinÞ

Lh at r ¼ R0; (D12) 

r
ðnmÞðexÞ
Lrh ¼ r

ðnmÞðinÞ
Lrh at r ¼ R0; (D13) 

where vðnmÞðex;inÞ
Lr and vðnmÞðex;inÞ

Lh are the components of the 
Lagrangian streaming velocity in the external and internal fluids, 
respectively, and rðnmÞðex;inÞ

Lrh is the tangential stress produced by the 
Lagrangian streaming in the external and internal fluids, respec
tively, which is given by 

r
ðnmÞðex;inÞ
Lrh ¼ gðex;inÞ 1

r
@vðnmÞðex;inÞ

Lr
@h

þ
@vðnmÞðex;inÞ

Lh

@r
−

vðnmÞðex;inÞ
Lh

r

 !

:

(D14) 

From Eqs. (D10)–(D13), one obtains 

kðkþ 1ÞR2
0CðnmÞðexÞ

3k0 þ kðkþ 1ÞCðnmÞðexÞ
4k0 ¼ QðnmÞ

1k ; (D15) 

kðkþ 1ÞR2kþ1
0 CðnmÞðinÞ

5k0 þ kðkþ 1ÞR2kþ3
0 CðnmÞðinÞ

6k0 ¼ QðnmÞ
2k ; (D16) 

ðk − 2ÞR2
0CðnmÞðexÞ

3k0 þ kCðnmÞðexÞ
4k0 þ ðkþ 1ÞR2kþ1

0 CðnmÞðinÞ
5k0

þ ðkþ 3ÞR2kþ3
0 CðnmÞðinÞ

6k0 ¼ QðnmÞ
3k ; (D17) 

2gðexÞðk2 − 1ÞR2
0CðnmÞðexÞ

3k0 þ 2gðexÞkðkþ 2ÞCðnmÞðexÞ
4k0

− 2gðinÞðk2 − 1ÞR2kþ1
0 CðnmÞðinÞ

5k0

− 2gðinÞkðkþ 2ÞR2kþ3
0 CðnmÞðinÞ

6k0 ¼ QðnmÞ
4k ; (D18) 

where 

QðnmÞ
1k ¼ Rkþ2

0 VðnmÞðexÞ
Sk ðR0Þ þ kR2kþ1

0

h
CðnmÞðexÞ

2k0

− ðkþ 1ÞCðnmÞðexÞ
5k0 − ðkþ 1ÞR2

0CðnmÞðexÞ
6k0

i
; (D19) 

QðnmÞ
2k ¼ Rkþ2

0 VðnmÞðinÞ
Sk ðR0Þ − ðkþ 1Þ

h
CðnmÞðinÞ

1k0

þ kR2
0CðnmÞðinÞ

3k0 þ kCðnmÞðinÞ
4k0

i
; (D20) 

QðnmÞ
3k ¼ Rkþ2

0 UðnmÞðinÞ
Sk ðR0Þ − UðnmÞðexÞ

Sk ðR0Þ

h i

þ CðnmÞðinÞ
1k0 þ ðk − 2Þ

� R2
0CðnmÞðinÞ

3k0 þ kCðnmÞðinÞ
4k0 þ R2kþ1

0

h
ðkþ 1ÞCðnmÞðexÞ

5k0

þ ðkþ 3ÞR2
0CðnmÞðexÞ

6k0 − CðnmÞðexÞ
2k0

i
; (D21) 

QðnmÞ
4k ¼ gðexÞRkþ2

0

h
R0UðnmÞðexÞ=

Sk ðR0Þ þ VðnmÞðexÞ
Sk ðR0Þ − UðnmÞðexÞ

Sk ðR0Þ
i

− gðinÞRkþ2
0

h
R0UðnmÞðinÞ=

Sk ðR0ÞþVðnmÞðinÞ
Sk ðR0Þ− UðnmÞðinÞ

Sk ðR0Þ
i

þ 2gðinÞ
h
ðkþ 2ÞCðnmÞðinÞ

1k0 þ ðk2 − 1ÞR2
0CðnmÞðinÞ

3k0

þ kðkþ 2ÞCðnmÞðinÞ
4k0

i
þ 2gðexÞR2kþ1

0

h
ðk − 1ÞCðnmÞðexÞ

2k0

− ðk2 − 1ÞCðnmÞðexÞ
5k0 − kðkþ 2ÞR2

0CðnmÞðexÞ
6k0

i
; (D22) 

and UðnmÞ=
Sk ðrÞ is calculated by 
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UðnmÞ=
Sk ðrÞ ¼W=

knmðrÞ þW=

kmnðrÞ; (D23) 

where 

W=

knmðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ 1Þ

p

2xð1þ dnmÞ
Re

(

i

("
U=

mðrÞ
r

−
UmðrÞ

r2

#

� V�nðrÞ − n2U�nðrÞ
� �

þ
UmðrÞ

r
V=�

n ðrÞ − n2U=�
n ðrÞ

h i

þ VnðrÞU==�
m ðrÞ þ V=

nðrÞU
=�
m ðrÞg

Xnþm

j¼jmin

Cj0
n0m0Cj1

n0m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þ

p dkj

þ i
U=

mðrÞU�nðrÞ
r

þ UmðrÞ
U=�

n ðrÞ
r

−
U�nðrÞ

r2

" #( )

� ð1 − dn0 − dn1Þ
Xn=2½ �

j¼1
ð2n − 4jþ 1Þ

Xnþm−2j

s¼jn−m−2jj
Snmjsdksg;

(D24) 

U==
n ðrÞ ¼

an

r3 ðkarÞ2z==n ðkarÞ − 2karz=nðkarÞ þ 2znðkarÞ
h i

−
bn

r3

h
ðkvrÞ3z===n ðkvrÞ þ ðkvrÞ2z==n ðkvrÞ

− 2kvrz=nðkvrÞ þ 2znðkvrÞ
i
: (D25) 

Equations (D23)–(D25) are applied to both the external and the 
internal fluids by using quantities that correspond to, respectively, 
the external or the internal fluid.

From Eqs. (D15)–(D18), it follows that 

CðnmÞðexÞ
3k0 ¼

1
2kðkþ 1Þð2kþ 1ÞðgðexÞ þ gðinÞÞR2

0

�h
2ðkþ 2ÞgðexÞ

þ ð2kþ 1ÞgðinÞ
i

kQðnmÞ
1k þ gðinÞðkþ 1Þ

h
3QðnmÞ

2k

− kð2kþ 1ÞQðnmÞ
3k

i
− kðkþ 1ÞQðnmÞ

4k

�

; (D26) 

CðnmÞðexÞ
4k0 ¼ −

1
2kðkþ 1Þð2kþ 1ÞðgðexÞ þ gðinÞÞ

�h
2ðk2 − 1ÞgðexÞ

þ ðk − 2Þð2kþ 1ÞgðinÞ
i

QðnmÞ
1k þ gðinÞðkþ 1Þ

�
h

3QðnmÞ
2k − kð2kþ 1ÞQðnmÞ

3k

i
− kðkþ 1ÞQðnmÞ

4k

�

; (D27) 

CðnmÞðinÞ
5k0 ¼ −

1
2kðkþ 1Þð2kþ 1ÞðgðexÞ þ gðinÞÞR2kþ1

0

�

3kgðexÞQðnmÞ
1k

− ð2kþ 1Þðkþ 3ÞgðexÞ þ 2kðkþ 2ÞgðinÞ
h i

QðnmÞ
2k

þ kðkþ 1Þ ð2kþ 1ÞgðexÞQðnmÞ
3k − QðnmÞ

4k

h i�

; (D28) 

CðnmÞðinÞ
6k0 ¼

1
2kðkþ 1Þð2kþ 1ÞðgðexÞ þ gðinÞÞR2kþ3

0

�

3kgðexÞQðnmÞ
1k

− ð2kþ 1ÞgðexÞ þ 2ðk − 1ÞgðinÞ
h i

ðkþ 1ÞQðnmÞ
2k

þ kðkþ 1Þ ð2kþ 1ÞgðexÞQðnmÞ
3k − QðnmÞ

4k

h i�

: (D29) 

The calculation of the constants is completed and hence the 
calculation of the acoustic streaming is completed as well.

APPENDIX E: MATHEMATICAL IDENTITIES USED IN 
DERIVATION

We use the following formulas for PnðlÞ and P1
nðlÞ:

52 

P1
nðlÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p
P=nðlÞ; (E1) 

ð1 − l2ÞP=nðlÞ ¼
nðnþ 1Þ
2nþ 1

Pn−1ðlÞ − Pnþ1ðlÞ½ �; (E2) 

P=nðlÞ ¼
Xðnþ1Þ=2½ �

j¼1
ð2n − 4jþ 3ÞPn−2jþ1ðlÞ; (E3) 

lP=nðlÞ ¼ nPnðlÞ þ P=n−1ðlÞ; (E4) 
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p
P1=

n ðlÞ ¼ nðnþ 1ÞPnðlÞ − lP=nðlÞ; (E5) 

where [ ] in the upper bound of the sum means the integer part of 
an expression inside the brackets.

With the help of these formulas, the following identities are 
derived: 

P1
nðlÞP

1
mðlÞ ¼

mðmþ 1Þ
2mþ 1

Pm−1ðlÞ − Pmþ1ðlÞ½ �

�
Xðnþ1Þ=2½ �

j¼1
ð2n − 4jþ 3ÞPn−2jþ1ðlÞ; (E6) 

l
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p P1
nðlÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p
P1=

n ðlÞ

¼ nðn − 1ÞPnðlÞ − 2
Xn=2½ �

j¼1
ð2n − 4jþ 1ÞPn−2jðlÞ; (E7) 

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2

p
P1=

n ðlÞ ¼ n2PnðlÞ −
Xn=2½ �

j¼1
ð2n − 4jþ 1ÞPn−2jðlÞ: (E8) 

Equation (9) of § 5.6 of Ref. 54 gives the following identity: 

Pm1
n1
ðlÞPm2

n2
ðlÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn1 þm1Þ!ðn2 þm2Þ!

ðn1 − m1Þ!ðn2 − m2Þ!

s
Xn1þn2

j¼jn1−n2 j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj − m1 − m2Þ!

ðjþm1 þm2Þ!

s

� Cj0
n10n20Cjðm1þm2Þ

n1m1n2m2
Pm1þm2

j ðlÞ; (E9) 

where Cn3m3
n1m1n2m2

¼ hn1m1n2m2jn3m3i are the Clebsch–Gordan 
coefficients,52,55 which are zero unless the following conditions are 
satisfied: m3 ¼ m1 þm2, n1 þ n2 − n3 � 0, n1 − n2 þ n3 � 0, 
−n1 þ n2 þ n3 � 0, jm1j � n1, jm2j � n2, and jm3j � n3.

From Eq. (E9), one obtains 

PnðlÞPmðlÞ ¼
Xnþm

j¼jn−mj
Cj0

n0m0

h i2
PjðlÞ; (E10) 

Pm−1ðlÞPn−2jþ1ðlÞ ¼
Xmþn−2j

s¼jm−nþ2j−2j
Cs0
ðm−1Þ0ðn−2jþ1Þ0

h i2
PsðlÞ; (E11) 
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Pmþ1ðlÞPn−2jþ1ðlÞ ¼
Xmþn−2jþ2

s¼jm−nþ2jj
Cs0
ðmþ1Þ0ðn−2jþ1Þ0

h i2
PsðlÞ; (E12) 

PnðlÞP1
mðlÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ 1Þ

p Xnþm

j¼jn−mj

Cj0
n0m0Cj1

n0m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þ

p P1
j ðlÞ: (E13) 
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