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Abstract  An experimental study of the turbulent wake of 
a self-propelled body in a wind tunnel is reported. A significant 
difference is formed between the turbulent kinetic energy 
balance in a wake with drag and in the wake of a self-propelled 
body: the production term is very small in comparison with the 
other terms of the turbulent kinetic energy balance, and this 
result seems to be typical of self-propulsion. The axial evo- 
lution of the wake radius and turbulent kinetic energy profiles 
are described. Sufficiently far downstream from the body, 
a self-similar profile is found. Particular attention is devoted 
to the turbulent kinetic energy balance; all the terms in the 
energy balance are evaluated experimentally. 

List of symbols 
D diameter of the body 
L axial length scale 
l radial length scale 
R radius of the body 
r radial coordinate 
r* radius of the wake 
U mean axial velocity scale 
0 defect velocity 
U~ freestream velocity 
u fluctuating velocity scale 
x axial coordinate 
e dissipation rate 
rl = r lr  ~ radial relative direction 
0 azimuthal coordinate 
v kinematic viscosity 
p density 

1 
Introduction 
Although wakes that spread behind different kinds of bodies 
have been studied many times (Carmody 1965, Chevray 1968), 
the development of a turbulent wake behind a self-propelled 
body is the subject of few publications. In this configuration, 
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the drag of the body is cancelled by a thrust, so that the 
momentum integral, which expresses the difference between 
thrust and drag, is equal to zero and a self-propelled wake is 
a momentumless one. 

Two-dimensional self-propelled wakes have been studied 
experimentally by Cimbala and Park (1990) and Park and 
Cimbala (1991) where a momentumless configuration was 
obtained using jet injection. These authors found self-sim- 
ilarity of the axial and transverse turbulence intensities. The 
behaviour of turbulence was quite different from that of plane 
wakes with drag or jets but rather similar to grid turbulence. 
The type of injection (central or peripheral jet) was found to be 
an important parameter for the rate of decay of mean velocity 
and for spreading, however it had no influence on axial 
turbulence intensity. 

Axisymmetric momentumless wakes were first investigated 
by Schooley and Stewart (1963) in a stratified medium; they 
observed slower entrainment in the vertical than in the hor- 
izontal direction but did not give data for the velocity field 
inside the wake. The benchmark experimentation for a self- 
propelled body is that of Naudascher (1965): a circular disk 
with a coaxial jet at its centre was placed in a wind tunnel at 
a Reynolds number based on the diameter of the disk of 
RED----5.5 • 10 4. He pointed out that, whereas the self-similar 
profiles for simple jets and wakes require only a single am- 
plitude and width scaling, those for the momentumless wake 
depend on a number of additional normalising scales. The 
measurement of some of the terms of the turbulent kinetic 
energy balance led to the conclusion that the production term 
was very small in comparison with the convection term. 

The problem was examined in a more theoretical way by 
Finson (1975). He used Naudascher's results to show that the 
far wake behaviour does not become independent of the initial 
conditions and that there is no natural length scale with which 
to characterise this region. 

A comparison between a propeller-driven slender body and 
a peripheral-jet model was carried out by Swanson et al. (1974), 
Chieng et al. (1974) and Schetz and Jakubowski (1975). The 
Reynolds number was ReD = 6 • 105 and they observed that the 
wake development of a blunt body driven by a central jet to 
yield a zero momentum wake was different from the wake of 
a body driven by a peripheral jet. 

Another noteworthy experiment is the investigation in the 
momentumless wake of an axisymmetric jet-propelled body, 
by Higuchi and Kubota (1990). They tested the influence of 
injection and showed that the relaxation zone depended on the 
turbulence in the initial wake. 



The near region of the wake of a momentumless, propeller- 
driven body was compared with the wake generated by a body 
with a rotating hub without blades by Hyun and Patel (1992). 
The Reynolds number was Reo = 1.53 x l0 s. They processed the 
velocity measurements in phase with the propeller rotation and 
observed structures induced by each blade in a region that 
extended to two diameters downstream of the body. 

We now turn our attention to theoretical approaches to 
the self-propelled wake flow problem. Tennekes and Lumley 
(1972) discussed the solution analytically far downstream for 
a two-dimensional momentumless wake. A similar approach 
was used by Ferry and Piquet (1987) in the axisymmetric case 
for a propeller-driven body. The problem is more complex 
than for the jet-driven body because of a tangential mean 
velocity component that appears in the turbulent kinetic 
energy equation. 

Turbulent kinetic energy balances are available for jets and 
simple wakes. Wygnanski and Fiedler (1969) experimentally 
determined all the terms of the balance for an axisymmetric jet. 
Dissipation was evaluated using a semi-isotropic formulation 
and pressure transfer was deduced from the balance. Recently, 
balances of turbulent kinetic energy and Reynolds stresses 
were produced in axisyrnmetric jets (Panchapakesan and 
Lumley 1993, Hussein et al. 1994). A two-dimensional cylinder 
wake was studied by Browne et al. (1987); they measured all the 
terms of the balance (except the pressure transfer term) and 
paid great attention to the dissipation. The nine major terms 
that make up the total dissipation were measured in the 
self-preserving region and compared with an isotropic dissipa- 
tion formulation: the result indicated that the isotropic relation 
underpredicted the total dissipation by about 30%. These 
authors found self-similarity for every transport term in the far 
wake region. 

The objective of the present investigation is to provide ex- 
perimental data for a momentumless, propeller-driven, axi- 
symmetric wake. An experiment was carried out in a wind 
tunnel and a complete characterisation from the near to the far 
region obtained. An analysis of the turbulent kinetic energy 
balance is carried out and we observe that the production term 
is an order of magnitude smaller than the other terms. In the 
self-similar zone, all the terms of the turbulent kinetic energy 
balance are evaluated. 

2 
A n a l y s i s  
We consider the wake that develops far downstream from the 
body. The classical definition of this zone is based on a small 
velocity defect criterion. Let 0 be the characteristic defect 
velocity, that is the maximum difference between the free- 
stream velocity Ue and the axial mean velocity. The small defect 
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This definition of the far wake is difficult to quantify experi- 
mentally because we do not know, a priori, how small the 
above velocity ratio should be. A more useful working def- 
inition of the far region is where there is self-similarity of 
velocity profiles. 

We now turn our attention to the behaviour of turbulence in 
this self-similar region. The average turbulent kinetic energy is 
defined as 

(u~+u~+uo)/2 q2 = 2 2 2 

which satisfies the following equation in cylindrical coordi- 
nates for an axisymmetric mean flow with weak swirl: 
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Vr 
- - U x U r  Dr ~r r 

dG vo 
- - U r U  0 W - ~ -  UrldO --1. 

Oq2u x Oq2u, qEu r 

?x 3r r 

1 ~P-~x 1 ~pur pur 
p ~x p ?r pr 

2_-i 2~-i - -  

+v ~--~-x2 + ~ - +  r 8r j - e  (1) 

A simplified form can be obtained using the boundary layer 
approximation, which is based on an analysis of the order of 
magnitude of each term of the above equation (Corrsin 1963). 
Characteristic length and velocity scales are chosen and order 
of magnitude relations between these scales deduced from the 
continuity and momentum equations. In our problem, all 
terms in the equations of motion can be estimated using four 
independent scales: 

- L the axial length scale (~x)  
- I the radial length scale (~  r*, the wake width) 
- U the mean axial velocity scale ( ~ Ue) 
-- U the fluctuating velocity scale 

In the far wake, we have l/L<< 1 and u/U<< 1 with both these 
ratios going to zero as x tends to infinity. This leads to the 
following dominant terms in the turbulent kinetic energy 
equation: 

1 
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The order of magnitude of each term retained in the balance 
is noted in equation (2). Since, a priori,  the relative magnitudes 
of the small quantities l/L << 1 and u/U<< 1 are unknown, those 
terms which contains factors of their ratio, 

u L  
K = - -  - (3 )  

U I  

have been retained. For a drag wake, it is known that K tends to 
a constant value in the far wake. For a momentumless wake, we 
can argue that K ought also to tend towards a constant value as 
x tends to infinity, by appeal to the principle of the least de- 
generacy from the theory of asymptoties. Of course, this is not 
an argument that can be proved because the latter principle is 
only a rule of thumb. Nonetheless, a constant value of K is 
formed experimentally in the far wake. If we accept this, then 
all terms in (2) would appear to be necessary. In fact, we shall 
see, the numerical value of  K turns out to be small and the term 
on the left of (2) dominates over the first two terms on the 
right. 

For a drag wake, we can use conservation of momentum in 
the far wake to show that 

rUe(Ue---Ux) d r =  const  (4) 
0 

and this relation allows derivation of the overall properties 
of self-similarity. However, for the momentumless wake the 
constant is zero and Eq. (4) yields no useful result. To resolve 
this difficulty, a less obvious relation was established by 
Tennekes and Lumley (1974) in the plane case and by Ferry 
and Piquet (1987) for an axisymmetric flow. These authors use 
the equation for the axial mean velocity to show that 

?Ue(U~--Ox)  d r =  const  (5) 
0 

for a momentumless  far wake. The order of magnitude relation 
for mean velocity defect is 

0u2L 
u t (6) 

which follows from the order of magnitude analysis of the 
equations of motion mentioned before Eq. (2). Then, Eq. (5) 
leads to the relation: 

l 3 u2L = const  (7) 

which, with (3) gives 

u = const  x \ - ~ - ]  (8) 

and 

f L X~ 1/5 
1= const  • L U ~ )  (9) 

If we now use constancy of/( ,  U=  U~, L =x ,  and l =  r*, we have 

U ~ X  -4/5, r * ~ x  1Is O..~x -4/5 (10) 

These results are well known in the existing literature (Ten- 
nekes and Lumley 1974). 
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Fig. 1. Variation of the thrust-drag balance (dimensionless) with the 
freestream velocity 

3 
Experimental arrangements 
The wake is generated by an axisymmetric, streamlined body, 
mounted in the working section of a wind tunnel (500 mm x 
500 mm, 6 m long). The experimental freestream velocity 
can vary from 5 to 80 m/s with a uniformity of _+2% and a 
maximum turbulence intensity of 0.7%. The model has a 
diameter D--  8 cm and a length of 50 cm. It has an elliptical 
nose, a cylindrical middle section and a conical stern. The 
propulsion system consists of a three-blade marine type 
propeller with a diameter of 4 cm. The inside of the body is 
hollow and contains the motor (Minimotor SA BLD 568 type, 
15 000 rpm maximum speed) which drives the propeller. An 
electronic system is available to control the rotation speed. 
A support  having a symmetrical NACA 661012 profile with 
a chord of 10 cm and a maximum width of  1.2 cm was chosen 
to minimise aerodynamic perturbations around the body. 
Electrical wires for power supply and speed regulation are 
mounted inside this support. An alignment system allows the 
model to be oriented with the freestream flow. Once this ad- 
justment is made, the angle between the wake axis and the 
tunnel axis was found to be less than 0.3 ~ . 

For a self-propelled body, the drag generated by the model 
equals the thrust created by the propulsion system. To bring 
about this state a momentum balance was established for the 
model. To this effect, we have two parameters which can vary, 
the freestream velocity and the propeller rotation speed. The 
momentum balance need the measurement of velocity and 
pressure, and these quantities were determined with a five-hole 
pressure probe. Note in Fig. 1 that the thrust-drag balance is 
normalized by the upstream momentum flux. The propeller 
rotation was fixed at its maximum value and the freestream 
velocity was varied to make the drag equal to the thrust. 
Self-propulsion was realised with a freestream velocity of 
11 m/s. 

The measurements are made in a closed wind tunnel and 
wakes are easily influenced by pressure gradients. Neverthe- 
less, this pressure effect is small, as it is shown in Fig. 2; the 
momentum flux, plotted with the same scale as in Fig. 1 for 
comparison, is constant with axial distance. 

The flow is three-dimensional and turbulent; it is therefore 
necessary to use a directional probe that can measure both the 
mean and the fluctuating parts of the velocity. An automated 
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triple hot-film anemometry system was developed that gives all 
three components of instantaneous total velocity. The probe is 
a Dantec 55R91 type, with an active length of 0.8 mm. It has 
a nickel film deposited on a quartz cylinder, 70 ktm in diameter. 
The three film supports are orthogonal and inserted into 
a sphere of  2 mm diameter. Calibration of each sensor was 
performed in the unperturbed freestream. Periodic verification 
was carried out during the acquisition procedure: the probe 
was placed in the freestream from time to time and a calib- 
ration point obtained for each film. As part of the signal 
processing, such points were used to update the calibration 
curve. This procedure is used to avoid any change in the 
ambient temperature. 

The films were operated as constant temperature anemom- 
eters at an overheat ratio of 0.7. Output voltages from the 
anemometers were passed through offset and gain circuits, 
before low-pass filtering with a cut-off frequency of 2 kHz. 
They were then digitised at a sampling frequency of 4 kHz 
per channel using a 12 bit A-D converter. The data were 
stored on the hard disk of a 80 386 PC computer for later 
processing. Sample of at least 20 s was necessary to obtain 
convergence of the averages for third order moments of 
fluctuating velocity. 

A complete investigation in a plane perpendicular to the 
wake axis was performed for several axial distances from the 
near to the far wake. The Reynolds number based on the 
diameter of the body and the freestream velocity was ReD = 
5.8 X 104. 

4 
Exper imenta l  d e t e r m i n a t i o n  of  t h e  t u r b u l e n t  k inet i r  
energy  balance 
The method used to experimentally determine the turbulent 
kinetic energy balance is similar to the one described by 
Browne et al. (1987). Measurements were made of all the terms 
of Eq. (2) except for the pressure transfer term which was 
determined from the overall balance. The axial turbulent 
kinetic energy gradient, appearing on the left of Eq. (2), is 
defined from the self-similar form: 

q 2 = q ~ ( x / D ) h ( ~ )  (11) 
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m m 

where q2 is the maximum value of q2 at station x and ~/= 
r/r* (x/D) the radial similarity variable. Thus, 

" a t .  

Ldx 
(12) 

A least-square spline fit was first applied to the data on h (~/) 
before numerical differentiation yielding to d h/d ~1. The radial 
derivatives of  Ux, {-7o and r q2 Ur were obtained in a similar way. 
The three third order moments of the q2ur term could be 
measured directly, thanks to the triple hot film probe. The 
dissipation term was evaluated using the classical isotropic 
formulation: 

e =  15 v \ ~x ] (13) 

in which the axial gradient term was evaluated using Taylor's 
hypothesis and the time derivative of  the velocity fluctuation: 

15 (OuxV e=~]~2 v (14) ux \ a /  

5 
R e s u l t s  
The measurements were carried out over a wide range of axial 
positions (0.19 ~ x/D ~ 50, x = 0 being at the trailing edge of the 
body). The radius of the wake r* was defined as the location at 
which the axial turbulence intensity had fallen to half of its 
maximum value. Its axial evolution is plotted in Fig. 3a and 
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shows three different regions: the near wake where r* is nearly 
constant, the establishment zone between 2 < x/D < 10, and the 
far wake in which the behaviour has the asymptotic power law 
form. The virtual origin of the wake was determined by fitting 
the maximum turbulent kinetic energy to a self-similar power 
law in x - x 0 .  A least-squares method was used, leading to the 
virtual origin xo/D = 13. With this correction, the asymptotic 
law for an axisymmetric, self-propelled body, with r* propor-  
tional to (X-Xo) 1Is is found (Fig. 3b). 

Turbulent kinetic energy profiles are plotted for different 
axial posit ions in Figs. 4 and 5. We observe that the overall 
level decreases with axial distance in the wake. For this reason, 
it has been necessary to represent the evolution using two plots 
with a different scale. The turbulent kinetic energy shows two 
peaks in the near wake region, associated with the hub (r/R ~ 0 
to 0.15) and the tip (r/R=0.5) of the propeller blades. The 
higher level of turbulence is due to the emission of a horseshoe 
vortex on the hub and a tip vortex for each blade. The 
secondary peak vanishes for x/D > 5 and the pr imary one 
becomes a central maximum. 

In Fig. 6, the turbulent kinetic energy has been scaled by its 
local maximum value and the radial coordinate scaled on the 
radius of the wake. It will be noticed that the form is the same 

for any axial position, illustrating self-similarity of turbulent 
kinetic energy. 

We can obtain a more precise definition of the constant K if 
we take U=Ue, L=x,  and l=r* as the scales in Eq. (3). It is 
then found experimentally that K ~ 0.05, which is small and 
leads to negligible values for the first two terms on the right 
hand side of Eq. (2), which both contain factors of K in their 
order of magnitude estimates. Thus, to a good approximation, 
the energy balance in the momentumless far wake is described 
by: 

-- ?q2x_ 1 0 (rq2ur) 1 
Ux c~x r c~r - - ~  ~r (r-p-~)-e (15) 

This equation expresses the fact that, in contrast with the case 
of a drag wake, the production terms are small and can be 
neglected. -~3/2 �9 

The convection term, normalised by q I r ,  is plotted in 
Fig. 7 for the far wake. Self-similarity is evident since the same 
curve is found for any axial distance x/D>~ 17.5. The same 
result is found for the other terms of the turbulent kinetic 
energy equation. 

All the terms in (2) are given for the self-similar mo- 
mentumless wake with weak swirl in Fig. 8. Note that in this 



m 2 t ' o  i , I ' I ' 1 

-1 ~ y --,,[,-- Convection --  L~ 
[.. ~ r Production _ 
~ + Kinetic transfer 

.~ -2 ~ - ~ -  Pressure transfer - 

- 3  

0 0.5 1.0 1.5 2,0 
q 

Fig. 8. Self-similar form of the turbulent kinetic energy balance 
(dimensionless) in the momentumless far wake 

2 
O 

..Q 

O ~- 0 
O 
O 

t- 

-3  

' I ' I ' I ' [ 

- - - ~ ' ~ - ~  - + -  conve~tion 
_~ r Production 

i 

�9 -4,-,I,-dg" ~ Kinetic transfer | 
/ 

-- ~ Pressure transfer " 
[] Dissipation 

i I I I i I i 

0 0.5 1.0 1.5 2.0 
11 

Fig. 9. Self-similar form of the turbulent kinetic energy balance 
(dimensionless) in the far wake of the same body without propeller 

equation, the balance is written as an equilibrium between 
convection on the left hand side, and other transfers on the 
right hand side. As a result, a convection input of energy 
appears as a negative contribution in the balance, unlike the 
other terms. If one looks more closely at the radial variation of 
the overall turbulent kinetic energy balance, on the centreline 
of the wake, energy input is due to convection, while losses 
result from dissipation and kinetic and pressure transfers. As 
distance from the centreline increases, the magnitude of 
convection tends to decrease but remains the largest term in 
the balance. The kinetic transfer becomes positive in the outer 
part  of the wake, where it represents an input of kinetic energy 
due to radial transport.  The measurement  of the production 
term validates the previous analysis that brings to (15). 
Although a wake is a decaying turbulent flow, and as a conse- 
quence, all the transfers are decreasing in magnitude with axial 
distance, the relative part of these transfers in the turbulent 
kinetic energy balance remains the same. This is provided with 
the dimensionless self-similar form. The observation that the 
production term is negligible in comparison with other 

transfers could not be related to a decaying turbulence but to 
the momentumless relation (5). This result, previously ob- 
served for axisymmetric or two-dimensional jet-driven wakes, 
seems to be typical of the self-propelled bodies. In fact, for 
a drag-body wake, production is not small as shown in Fig. 9 
(Faure 1995), but is the same order in magnitude as dissipation 
(see also Browne et al. 1987 for the two-dimensional case). 

6 
Conclusion 
The turbulent far wake of a self-propelled body behaves 
in a different way than a drag wake. A velocity excess is 
characteristic of this kind of flow and the propeller-driven 
configuration considered here has a swirl component  (in 0) 
that is not present for a jet-driven body. Self-similarity of the 
turbulent kinetic energy profile is found for any axial distance 
x/D >1 17.5. All the terms of the turbulent kinetic energy 
equation are measured in this flow, which is an original set of 
data provided from this study. A main result of this investiga- 
tion is that self-similarity of the turbulent kinetic energy 
balance is found experimentally in the far wake, by measure- 
ment  of all the terms appearing in the balance. An important  
conclusion is that production of turbulent energy is negligible 
in comparison to the other transfer terms, a result which is 
typical of self-propulsion. This fact was previously established 
for a jet-driven two dimensional body wake (Cimbala and Park 
1990) and for a jet-driven axisymmetric body wake (Naudas- 
cher 1965). In a drag wake, production and dissipation are of 
the same order of magnitude. In a momentumless  wake the 
simple balance between production and dissipation no longer 
exists and this is a reason why turbulence models fail to predict 
this flow correctly. This result has been suggested by order of 
magnitude analysis of the energy equation based on the 
boundary  layer approximation in the case of self-propulsion 
with limited experimental input, and confirmed by the detailed 
measurements.  
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