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ABSTRACT

Analysis of dominant features associated with coherent structures in turbulent flows is essential for the development of Reduced-Order
Models (ROMs) in many fluid dynamics problems. As the first step in this direction, the axisymmetric pressure mode is extracted from
the Large Eddy Simulation (LES) of a high-speed round jet flow, analyzed, and reconstructed using flow decomposition and Machine
Learning (ML) techniques. The motivation of these data-driven analyses is to ultimately develop robust methods for modeling turbulent
flows using only a fraction of the LES time series for training purposes, thus minimizing computing costs. The considered LES solution
is based on the high-resolution Compact Accurately Boundary Adjusting high-REsolution Technique accelerated on Graphics
Processing Unit cards for conditions of the National Aeronautics and Space Administration Small Hot Jet Acoustic Rig experiment with
a round jet at acoustic Mach number 0.9. A frequency-domain Spectral Proper Orthogonal Decomposition (SPOD) of the LES data is
performed to extract the time-varying coefficients. The SPOD coefficients condense important unsteady features of the turbulent jet
flow, while preserving its spatiotemporal coherence. The coefficients are reconstructed using four machine-learning approaches. The pre-
dictive ROMs developed here based on ML are specifically focused on reconstructing the leading SPOD time coefficient of the axisym-
metric (m = 0) pressure mode at St = 0.1 that corresponds to the dominant hydrodynamic mode that is known to strongly contribute to
the peak-noise radiation of high-speed round jets at small angles to the jet axis. The first ROM approach employs Feedforward Neural
Networks, a technique previously recommended for modeling turbulent flows over a plunging airfoil [Lui and Wolf, “Construction of
reduced-order models for fluid flows using deep feedforward neural networks,” J. Fluid Mech. 872, 963-994 (2019)]. The second ROM
uses Genetic Programing, a symbolic regression method widely recognized in the optimization literature, though it has not yet been
applied to unsteady fluid dynamics problems. The third approach adopts Echo State Networks, a time-series prediction and reconstruc-
tion technique originating from the field of Reservoir Computing. Finally, the fourth approach leverages Transformer, one of the most
advanced architectures within the family of Artificial Neural Networks. Although transformers have demonstrated efficiency in long-
term reconstruction of turbulent wake flows, their application to high-speed jet modeling remains unexplored. The stability and accuracy
of the considered ML methods for turbulent signal reconstruction are evaluated in terms of capturing its essential properties, such as the
amplitude distribution and convection phase.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0341107

61:9¥:€0 9202 Joquiaidas g|

Phys. Fluids 38, 095126 (2026); doi: 10.1063/5.0341107 38, 095126-1
Published under an exclusive license by AIP Publishing


https://doi.org/10.1063/5.0341107
https://doi.org/10.1063/5.0341107
https://www.pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0341107
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0341107&domain=pdf&date_stamp=2026-09-09
https://orcid.org/0000-0003-0661-7151
https://orcid.org/0009-0000-6804-5473
https://orcid.org/0000-0003-4476-8321
https://orcid.org/0000-0002-5196-2336
https://orcid.org/0000-0001-5946-6487
https://orcid.org/0000-0002-9243-7597
https://orcid.org/0000-0002-5273-1855
mailto:vasily.gryazev@qmul.ac.uk
https://doi.org/10.1063/5.0341107
pubs.aip.org/aip/pof

Physics of Fluids

I. INTRODUCTION

In many areas of fluid mechanics ranging from aerospace and
wind engineering to geophysics, fast Reduced-Order Models (ROMs)
of complex turbulent flow are required to enable large-scale paramet-
ric studies and support efficient design optimization and flow-control
strategies.” * A common step in ROM development is the application
of dimensionality reduction techniques to identify and extract the
most dynamically significant flow structures. To this end, several
modal decomposition methods have been developed, including
Proper Orthogonal Decomposition (POD)’ and Dynamic Mode
Decomposition (DMD) along with its variants.”” Because many tur-
bulent flows exhibit both coherent and stochastic features in space and
time, frequency-domain Spectral Proper Orthogonal Decomposition
(SPOD) method'” has become an attractive tool for analyzing turbulent
flows. SPOD enables a clear separation of stochastic realizations from
the spatiotemporally coherent flow structures at a given frequency."’

With the most dynamically important flow modes extracted, the
second step is to capture the evolution of the temporal coefficients,
which can then be used to reconstruct the flow dynamics and hence,
predicting the development of the flow. Several methods, including
the Galerkin projection and its variants,'” as well as Sparse
Identification of the Non-linear Dynamics (SINDy),I * have been
developed to approximate the key dynamics of these temporal evolu-
tion. The challenge here is that ROM:s based on such reconstructions
may exhibit unstable behavior in attempts to reproduce the complex
dynamics.'* Despite progress in the development of stabilized
ROMs,' > the application of such techniques for turbulent flows at
high Reynolds numbers remains a challenge.

Machine Learning (ML) methods based on Artificial Neural
Networks (ANN), on the other hand, have gained more research
attention recently. These ML methods have proven to perform well
for reconstructing the dynamics of high-dimensional systems with
good degree of efficiency.'”'® For example, there have been a number
of studies that demonstrate the effectiveness of neural-network-based
ML in predicting turbulent flow fields, e.g., using Convolutional
Neural Network (CNN),'”*” Recurrent Neural Network with Long
Short-Term Memory (RNN-LSTM),”" and physics-informed neural
networks (PINN).”*** However, there is yet no consensus in terms of
the choice and the expected performance for the different ML meth-
ods for complex turbulent flows, not to mention at relatively high
Reynolds numbers. Therefore, the present work is inspired by the
need to further explore and systematically examine the performance
of the various ML methods in capturing the dynamics of the temporal
coefficients, which can subsequently be used to reconstruct the turbu-
lent flows via the reduced-order modeling approach.

An unforced (natural) high-speed jet flow carries a broad range
of space-time scales, which does not have any distinct tonal frequency
in contrast to the airfoil and cylinder flows previously considered,’
and hence is regarded as a suitable turbulent flow scenario for the
study. The configuration is an isolated, unheated, static jet from the
NASA Small Hot Jet Acoustic Rig (SHJAR) experiment.z" The acous-
tic Mach number, defined as M, = U; /Ao, is 0.9, where Uj is the jet
exit velocity and a., is the ambient speed of sound. The Reynolds
number based on the nozzle diameter D; is Re = 10°, corresponding
to the SHJAR Set Point (SP) seven jet case. The near-field flow solu-
tion is obtained using Wall-Modeled Large Eddy Simulation (LES).
The solver is based on the Compact Accurately Boundary-Adjusting
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high-REsolution Technique (CABARET) accelerated by Graphics
Processing Units (GPUs), which was developed and validated for jet
LES in a series of works.”” **

Three neural-network-based ML methods are selected for learn-
ing the dynamics of the temporal coefficients and reconstructing the
flow structures, namely, the Feedforward Neural Networks (FNN),
the Echo State Network (ESN), and the Transformer. Feedforward
Neural Networks (FNN) was found to be very effective in modeling a
range of dynamical systems."”” In Ref. 1, the FNN technique was
applied to the reduced-order modeling of turbulent flow over a cylin-
der and a plunging airfoil, where the flow modal decomposition was
performed using POD. When a sufficiently long time series of the
flow field was used, the method demonstrated reliable flow field pre-
dictions beyond the training window. ESN, an approach belonging to
the broader class of Reservoir Computing methods, exploits a
Recurrent Neural Network (RNN) comprising interconnected neu-
rons.”® They were shown to overcome the problem of vanishing and
exploding gradients predictions often encountered by RNNs.”” In
recent years, ESNs have become increasingly popular in data-driven
fluid dynamics modeling.”® *' Another promising method is the
Transformer Neural Network,"” which leverages on the self-attention
mechanism and often provides an improved performance over RNNs
and CNNs in inferring contextual information, i.e., the dynamics of
the flow evolution from one to the next time instance. In recent stud-
ies,"”*" transformer models have been used to learn and predict wake
flows behind a square cylinder and a surface-mounted tower and
demonstrated the ability to accurately capture the dynamics of the
wake beyond training datasets.

In addition, Genetic Programing (GP) is also employed in the
current work as an alternative method. GP originates from the class
of Genetic Algorithms (GAs) with the goal of addressing symbolic
regression problems. Although it is well known in the optimization
research,”>** it also has potential for capturing the low-order dynam-
ics of complex turbulent flows. To the best of authors’ knowledge, the
present study is among the first to apply GP-based algorithms, to
reconstruct the temporal dynamics of a high-Reynolds-number jet
flow, and to systematically compare their performance to those from
neural-network-based ML methods used in fluid mechanics model-
ing. As a result, even though not exhaustive, the methods selected in
the present work can represent a range of the popular and relatively
well-established approaches used in the literature.

Following the previous work on low-rank dynamics of unforced
turbulent jets,” the objective of the reduced-order modeling here is to
reconstruct the axisymmetric pressure mode at low frequencies. This
particular mode is known to be dominant for noise radiation from
Kelvin-Helmholtz instability waves at small angles to the jet axis,
which largely contribute to the peak of jet noise spectra.”’

From the Computational Aeroacoustics viewpoint, importance
of the axisymmetric pressure mode for jet noise can be illustrated by
using the pressure solution and its radial derivative as boundary con-
ditions in the linear flow region outside of the jet flow to solve the
Kirchhoff problem to propagate the pressure signal to the far-field.
From the viewpoint of modeling of effective acoustic sources inside
the jet, it can be noted that the fluctuating pressure is coupled with
the turbulent Reynolds stresses in the momentum component of the
Navier-Stokes equations. At the same time, the Reynolds stresses play
the role of effective source terms in many linear jet noise models, one
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of which is the Goldstein Generalized Acoustic Analogy (GGAA)."
The effect of different azimuthal modes of fluctuating Reynolds
stresses extracted from the CABARET LES solution of a high-speed
round jet flow at similar Mach and Reynolds number conditions com-
pared to the current work on the far-field noise spectra at different
observer angles was previously investigated in Ref. 50. In particular, it
was shown that the contribution of the axisymmetric mode of
Reynolds stresses is dominant for a range of acoustic frequencies,
St € [0.1,0.3] corresponding to the peak noise spectra for observer
angles 30°, 60°, and 90° to the jet axis. The picture at higher frequen-
cies is qualitatively different. For example, at St = 2 and an observer
angle of 90°, the first eight azimuthal modes were needed to repro-
duce the Rolls-Royce SILOET far-field spectra to within 2 dB [see Fig.
11(c) in Ref. 50] Therefore, the focus of the current work on data-
driven modeling of the low-frequency dynamics of the axisymmetric
pressure mode can be viewed as a first step in the direction of devel-
oping a more comprehensive data-driven turbulent jet mixing noise
model applicable over the entire range of noise frequencies. This
motivates the present study, which assesses how well four state-of-
the-art ML methods can reconstruct the dominant features of the
low-frequency jet mode of interest. Of particular interest is to chal-
lenge robustness of the ROMs for reconstructing the turbulent pres-
sure signals significantly outside of the ML training window. The
most robust ML methods will, therefore, be recommended as suitable
candidates for extending the current ROM framework to reconstruct-
ing the turbulent pressure and Reynolds stress fluctuations for higher-
order azimuthal modes and higher frequencies—toward the ultimate
goal of developing suitable data-driven ROMs to supplement short jet
LES time series for use in acoustic optimization studies.

The paper is organized as follows: Sec. II summarizes details of
the Large Eddy Simulation for the NASA SHJAR jet at SP7 conditions
and outlines the main features of the LES database used for the data-
driven reduced-order modeling. Section 111 presents the main steps of
the frequency-domain SPOD method,'”"” verifies its implementation
for the LES data, and compares the modal coefficients extracted via
the block and time reconstruction. The Hilbert transform used for the
analysis of the computed time signals is also discussed in this section.
In Sec. 1V, background details of the ML algorithms that are trained
using the reconstructed modal time series are outlined. The results of
the application of these ML methods during training and reconstruc-
tion are presented in Sec. V. This is followed by a discussion on the
robustness and accuracy of each ML method in reconstructing the
key amplitude and phase characteristics of the turbulent time signals,
which is followed by the conclusions in Sec. V1.

Il. JET FLOW MODELLING

In the NASA Small Hot Jet Acoustic Rig (SHJAR) experiment
performed at SP7 conditions, a single-stream unheated static jet issues
from a profiled axisymmetric convergent nozzle with an exit diame-
ter, D; = 0.05m at an acoustic Mach number M, = 0.9. Following
Ref. 51, wall modeled LES solutions were obtained using the
GPU-CABARET method. An unstructured LES grid with snappy-
hexahedral/hanging node mesh elements was generated with local
refinements around the nozzle and across the shear layers, so that the
grid resolution around the nozzle jet lip-line corresponds to
(dz/D;, dr/D;,rd0/D;) = (0.16 x 107*,0.78 x 1072,0.78 x 107%)
with a total grid count of 61.2 x 10° cells. The LES grid remains fine
in the potential core region of the jet and then expands by a factor of
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2 in terms of cell size at z/D; = 10, 15,20 downstream of the nozzle
exit, where zero corresponds to the nozzle exit location. The computa-
tional domain spans 30D; radially, 100D; axially downstream of the
nozzle exit, and 10D; axially upstream of the nozzle exit.

Standard stagnation pressure and temperature boundary condi-
tions were specified at the nozzle inlet. Despite leading to an initially
laminar inflow condition at the nozzle exit, this is acceptable because
of the sufficiently refined mesh in the early shear layers of the jet,
allowing a fast transition of the LES solution to turbulence down-
stream of the nozzle. Characteristic nonreflecting boundary condi-
tions were specified on all open-domain boundaries, and an algebraic
wall shear stress model was used for all nozzle surfaces to account
for a coarsely resolved boundary layer with approximately five
CABARET discretization points per boundary layer thickness.
Figures 1 and 2 show the resulting axial and radial distributions of the
mean stream-wise velocity and its root mean square fluctuation
obtained from the LES solution, which are in very good agreement
with the NASA PIV measurements.”*

For use in reduced-order modeling, the LES pressure solution
component was interpolated from the original unstructured grid onto
a coarser structured cylindrical grid, (n, X n, X ny) spanning the axial,
radial, and circumferential directions, ([z/Dj] x [r/Dj] x [0])
€ ([0,10] x [0,3] x [0,27]), respectively. Table I summarizes the
main parameters of jet flow and LES data sampling. In total, the LES
dataset available for post-processing has 5348 time frames correspond-
ing to more than 740 convective time units, D;/Uj, where Uj is the jet
exit velocity.

Using the LES solution interpolated onto the cylindrical grid,
zero-mean pressure fluctuations p’ are computed as

p,(z7r797 t) :P(z’r797t)_p(z’r79)’ (1)

where (-) denotes the time averaged part and (-)’ denotes the fluctuat-
ing part of the pressure field. An instantaneous snapshot of the result-
ing fluctuating pressure field, p/, in the nozzle symmetry plane (r — z)
is shown in Fig. 3. These space-time pressure fields are used in the
subsequent modal decomposition analysis.

The fluctuating pressure signals are subjected to a Fourier trans-
form in the circumferential direction according to

0 NASA SHJAR exp. —LES

FIG. 1. Axial profiles of the mean axial velocity and fluctuating axial velocity com-
pared to experimental results.
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FIG. 2. Radial profiles of the mean axial velocity (a) and fluctuating axial velocity z/Dj

(b) compared to experimental results.

TABLE I. The operating conditions of NASA SHJAR SP7 jet and parameters of the —0.015 0 0.015
space-time domain used for data analyses. v/ (p; Uf)
Parameter Value FIG. 4. Instantaneous snapshot of the fluctuating pressure p; for the Fourier
azimuthal mode m =0.
Set point (SP) 7
Acoustic Mach nurmber, M, 09 IIl. SPECTRAL PROPER ORTHOGONAL
Jet Mach number, M; 0.98 DECOMPOSITION
Nozzle temperature ratio (NTR) 0.835 » .
o 5 Spectral Proper Orthogonal Decomposition (SPOD) is a data-
Reynolds number based on jet diameter 10 . L ; . .
Cvlindrical erid ine dz/Ds — dr/D-. d0 0.1 14 driven modal decomposition technique designed for statistically
yhindricar grid spacing, z/D; = dr/Dj, o stationary flows."” It extends classical Proper Orthogonal Decomposition
Sampling fre.quency, *(Uj/Dy) 8.33 by incorporating temporal Fourier analysis to extract modes that are opti-
Number of time samples 5348 mally ranked in energy and coherent in both space and frequency
domain. Following Refs. 10 and 47, let us assume a fluctuating flow field
q; =q(t;) (i=1,...,n,) from which a snapshot matrix can be recon-
structed as Q = [q; @, ... q,, ]. In this paper, the fluctuating flow field
p _ , im0 refers to the first azimuthal mode of fluctuating pressure q; = pj(x, t;)
Plan0.t)= ;p m(zr e ) and x represents the spatial coordinates (z, r).
The SPOD method computes the cross-spectral density (CSD)
The computed axisymmetric mode of the Fourier decomposition matrix at each frequency by segmenting the time series into rpy. over-

(m = 0) is of particular interest because of its importance for peak jet lapping blocks, applying a temporal window function, and perform-
noise at small angles to the jet axis. A typical snapshot of the pressure ing a Discrete Fourier Transform (DFT). At each frequency f, the

fluctuation for this mode is shown in Fig. 4. cross-spectral density matrix is formed as
The resulting two-dimensional in space and one-dimensional in . .
time pressure fluctuations are then decomposed into SPOD modes S(x,f) =Q (x,f) W(x) Q(x,f), (3)

following Ref. 10 as discussed in Sec. I11. The extracted temporal coef-
ficient from the modal signals will then be used to train and test the
accuracy and robustness of four ML methods used: FNN, GP, ESN, . o R

and Transformer. Q=18:9 - Qu,l; 4)

where Q(x, f) contains the Fourier-transformed data blocks
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and W(x) is a spatial inner-product weighting matrix, and * denotes
the conjugate transpose. The eigen-decomposition of S(x, f) yields a
set of orthonormal modes

\P(va) = [ll’l(xaf)v Vo (x,f); -

and their corresponding modal energies

A= [/“1 (f)7;“2(f)’ "'j‘”blk (f)] (6)

Wy (%)), )

according to

S )W) = WA, o)
The SPOD modes
O(x,f) = [ (x.f) p2(x.f) ... By, (%, 1)] ®
can then be expanded at frequency fas
g X X x, f)"V/?
O(x,f) = \/n_bEQ( SIEAXS) ©)

Following the formulation proposed by Towne et al.,"’ two types
of SPOD expansion coefficients can be extracted to reconstruct the
original flow field via inverse SPOD operations: (i) block-wise coeffi-
cients and (ii) time-resolved coefficients. Both represent the projec-
tion of the flow field onto the SPOD modes and encode how much
energy each mode contributes over time. The primary distinction lies
in the time resolution of the extracted coefficients and the type of
reconstruction they enable.

A. Block-wise SPOD coefficients

The block-wise coefficients a;(f) are computed by projecting the
discrete Fourier transform of the jth time block, §;(x, f), onto the cor-
responding SPOD mode ¢;(x,f), using a spatially weighted inner
product,

aj(f) = <Qj(x7f)v ¢j(x7f)>W7 (10)

where (-,-),, denotes the inner product weighted by the spatial
weight matrix W.

These coefficients represent the modal amplitudes within each
block and are used to reconstruct frequency-domain realizations on a
per-block basis. The inverse Fourier transform is then applied to each
block, and the overlapping segments are combined using a window-
based overlap-add procedure. This block-wise reconstruction yields a
piecewise approximation of the original signal, with temporal resolu-
tion tied to the block spacing.

B. Time-resolved SPOD coefficients

For applications requiring finer temporal resolution or
continuous-time analysis, time-resolved coefficients a;(f,t) can be
computed. These coefficients are obtained by projecting windowed,
Fourier-transformed snapshots of the signal onto the SPOD modes in
a sliding fashion"’

ai(f, 1) = J J ¢; (x, /) W(x)q(x, T + ) o(7) e 27 dxdr, (1)
arla

pubs.aip.org/aip/pof

where () is a temporal window function and ¢;(x, f) is the SPOD
mode at frequency f.

Compared to the block-wise formulation, time-resolved coeffi-
cients offer finer time sampling and enable a continuously updated
reconstruction of the flow field. This is particularly useful when study-
ing transient behavior, performing phase analysis, or training
reduced-order models. However, the reconstruction also requires
applying inverse Fourier transforms at each time step, followed by
proper overlap handling and window correction. Both coefficient
types ultimately allow accurate reconstruction of the original signal.

C. Block vs time reconstruction

Given the azimuthally averaged pressure field p/(x, t), the recon-
struction precision is compared for the SPOD coefficients resolved in
blocks and time. Block-wise coefficients supply one value per block,
whereas time-resolved coefficients provide a value at each time step
via a sliding-window projection. Figure 5(a) shows the original field
with reconstructions at two representative time instants. To quantify
differences, the normalized root mean square error (RMSE) at time ¢
is calculated.

nz

S / f / 2 "
E E [ e an]v porec(znrjv ):| 5
ety i=1 j=1

(12)

RMSEnorm ( oot
rel

(zi,1j,t) t)]* is the spatial stan-

where of = \/ o S S e

dard deviation of the azunuthally averaged pressure field. Figure 5(b)
shows the difference A = RMSEpjock — RMSE ime.

D. Low-rank reconstruction using the dominant SPOD
mode at St=0.1and m=

A low-rank reconstruction is obtained by retaining only the lead-
ing SPOD mode of the axisymmetric component (m =0) at
St = 0.1. Reconstructions are generated using both time-resolved and
block-wise coefficients, and snapshots at selected time instants are
compared in Fig. 6. Both approaches recover the dominant large-scale
structures. The ML inputs are the real and imaginary parts of the lead-
ing time coefficient a; (St = 0.1, ). The real part of the input signal is
shown in Fig. 7, where two training windows are highlighted: T2000
(first 2000 samples) and T3000 (first 3000 samples). The remaining
samples (out of N = 5348) are used for testing.

The two training window lengths, T' = 2000 and T' = 3000 sam-
ples, were selected to probe the sensitivity of the data-driven recon-
structions to the amount of training data while keeping the partition
of the LES record physically meaningful. At the sampling rate,
T = 2000 corresponds to approximately 240 convective time units
(TUs, with one TU defined as D;/U;) or about 24 periods of the dom-
inant St = 0.1 mode. The larger sample size, T = 3000, corresponds
to approximately 360 TUs.

Based on the previous experience with statistical averaging of
turbulent flow and noise signals obtained from jet LES, 240 TUs
approximately correspond to the minimum time-averaging length
required to obtain reasonably converged solutions at the peak jet
noise frequencies, St € 0.1, 0.2]. Accordingly, T = 2000 was selected
as the minimum physically meaningful training length, providing a

Phys. Fluids 38, 095126 (2026); doi: 10.1063/5.0341107
Published under an exclusive license by AIP Publishing

38, 095126-5

61:91:€0 920z Joquisydes gl


pubs.aip.org/aip/pof

Physics of Fluids

Original

—0.015 0 0.015

ARMSE

L J

0 0.01 0.02 0.03 0.04 0.05
Time (s)

FIG. 5. Verification of the SPOD reconstruction at two selected time instants. The
reconstruction is performed using all SPOD modes at all resolved frequencies, so
the difference from the reference field measures only the error introduced by the
choice of reconstruction approach (time-resolved vs block-wise) and not any
modal or spectral truncation. Panels (a) and (b) show two selected time instants in
which the upper half-plane (r/D; > 0) is the reference LES pressure field and the
lower half-plane (r/D; < 0) is the corresponding time-resolved reconstruction. (c)
Time evolution of the normalized RMSE difference ARMSE = (RMSEpjock —
RMSEiime )/ (p, between the block-wise and the time-resolved reconstructions.
Values of order f 0~" throughout the record confirm that, when the full SPOD basis
is retained, the block-wise and time-resolved reconstructions are statistically
equivalent at this resolution.

reliable training signal for the leading SPOD coefficient that can be
compared against the longer T = 3000 window.

E. Phase reconstruction of SPOD signhals

A realization of the time-resolved SPOD coefficients obtained
from the turbulent jet flow solution can be expressed as an analytical
exponential function with amplitude A and frequency f,

ARTICLE pubs.aip.org/aip/pof

Reconstruction (Time-resolved)

Reconstruction (Block=wise)

10

Reconstruction (Time-resolved)

¢1 / ¢1,max

FIG. 6. Low-rank reconstruction of the fluctuating pressure field at two selected
time instants [(a) and (b)]. In each panel, the upper half-plane (r/D; > 0) shows
the reconstruction obtained from the time-resolved SPOD coefficients and the
lower half-plane (r/D; < 0) shows the reconstruction obtained from the
block-wise SPOD coefficients; the fields are normalized by ¢4 .. In contrast to
Figs. 5(a) and 5(b), where the full SPOD basis was retained, the reconstruction
here is restricted to the leading SPOD mode at St = 0.1.

N (sample index)
1000 2000 3000 4000 5348

1

T T T T T 1
1 3000
I
I
0s

T3000 i
0.031s

qu ﬁvw/ U MMWA\M[“W \qu UM‘”MMW [J I \% M\M Jw/““\f‘“

2000
T2000 |
s 0.020 s

(

L 1 1 1 1 1 1 1 1 1 1 ]
0 0.006 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
Time (s)

FIG. 7. Time evolution of the real part for the input SPOD time coefficient at St = 0.1
and m = 0. Brackets indicate the two training windows, T2000 (2000 samples) and
T3000 (3000 samples).

ai(f,t) = Ae®™" = A cos2nft + iA sin 2nft. (13)

From the above-mentioned equation, a realization of the phase can be
reconstructed, for example, given by

2ai(f,t) = tan"" (3(a;(f, 1)) /R(a(f, 1)), (14)
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where R(a;(f,t)) = Acos2nft and 3(a;(f,t)) = Asin2nft. For sto-
chastic processes representative of turbulence, phase realizations can
be ensemble averaged, thereby computing the effective convection
phase and the corresponding convection velocity. This ensemble aver-
aged convection velocity has the physical meaning of the propagation
speed for turbulent eddies in jet flow and for a turbulent jet it is
approximately equal to the local mean flow velocity.”” ** In the pre-
sent analysis, the unwrapped phase of the leading SPOD time coeffi-
cient evolves linearly, and the ensemble-averaged SPOD
reconstructed phase is in excellent agreement with the analytical pre-
diction ¢(t) = 2nft (Fig. 8). Using f = StU;/D; for the selected
Strouhal number St = 0.1 and estimating the streamwise wavelength
/., from the corresponding spatial SPOD mode in the vicinity of the
potential core end, the obtained phase speed yields Uppase = 0.63 Uj
(Fig. 8). This value is consistent with the convection speed of coherent
structures in the jet and supports the interpretation of the leading
SPOD mode as a predominantly convecting component whose prop-
agation speed is set by the local mean flow.

However, when reconstructing realizations of the complex phase
from the modal coefficients using reduced-order methods, additional
errors may arise if the real and imaginary parts of the complex signal
are treated as two independent time series. A convenient way to
address this inconsistency is to use the Hilbert transform, which can
mitigate this error. Under the assumption, that the realization of the
modal SPOD coefficient is analytical, Eq. (13) can also be rewritten as

ai(f,t) = Ae®™ = Acos2nft + iA {A cos2nft}. (15)

Here, # is the Hilbert transform which for a real valued signal x(¢) is
defined as its convolution with 1/(nt),

1 {o0)
x(t)=A{x(t)} == p.v.J (1) dr (16)
T e
500 F ——SPOD reconstructed p /,‘
- - - Analytical o
400 + 2 g
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FIG. 8. Temporal evolution of the phase of the leading SPOD mode. Comparison
of the reconstructed phase from the complex SPOD time coefficients with analyti-
cal prediction ¢(t) = 2nft, where f= (St=0.1)U;/D;. The phase speed
Uphase = 2nf /k is obtained from k = 2m/7,, where the streamwise wavelength
/. is estimated from the spatial SPOD mode distribution in the region around the
end of the jet potential core.
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and p.v. is the Cauchy principal value.

Therefore, for example, the entire complex signal can be repre-
sented as a function of the real part of the SPOD coefficient, according
to the following equation:

a(f,1) = R(ai(f, 1) + i {R(a(f, 1)}, (17)

which only requires a reconstruction of the real part of the turbulent
signal, hence, is less demanding for accuracy of the data-driven
reduced-order models, which will be considered in Sec. I'V.

IV. MACHINE LEARNING METHODS
A. Feedforward neural networks

Feedforward neural networks (FNNs) are a class of artificial neu-
ral networks, which possess the properties of universal function
approximators. By construction, it is a network of interconnected
nodes where each node represents a set of weights and biases, used to
obtain a linear combination of the inputs to that node. An activation
function then introduces non-linearity to the output and the network
as a whole represents a parameterized nonlinear function. The
weights and biases are optimized (trained) enabling the network to be
fitted onto a dataset of arbitrary dimensionality. Once trained, the net-
work then acts as a smooth differentiable function whose computa-
tional cost for forward calculation is much smaller than the training
steps. The FNN framework developed in Ref. 1 is applied to recon-
struct the modal coefficients of SPOD, which are treated as a solution
of a time-domain Ordinary Differential Equation (ODE) problem. In
this framework, the ODE plays the role of a dynamical system model
implicit in the Navier-Stokes equations. The reconstruction is done
by learning the time-gradients of the SPOD mode signals. Following
Ref. 1, the input to FNN at each time step is the SPOD time coefficient
and the output is the reconstructed time gradient, which is then used
to march the signal in time using numerical integration based on a
high-order Runge-Kutta scheme. The updated reference solution val-
ues are then used for training in the FNN-based regression module,
where a random search algorithm was implemented to explore the
possible network configurations and find a suitable set of hyperpara-
meters. The random search algorithm was designed to find an optimal
network structure that best represents the derivative field in the
domain. The degrees of freedom space for the search algorithm was
selected to limit the total computational time. For example, the ran-
dom search algorithm was limited to 100 random models. The range
of values allowed for the number of hidden layers was from 6 to 10,
the number of elements per layer (layer width) was in the range of
10-64, and the regularization parameter was set in a range of
102-10°.

A total of 2000 time-steps were used to train the model. For each
of the random configurations generated, the mean absolute training
error in the last training iteration was used as the performance metric.
Once the network structure is finalized by the search algorithm by
minimizing the mean absolute training error, the chosen network
reconstructs the time-gradient values. The latter values are used as the
right-hand side of the ODE, which is solved with an explicit fourth-
order Runge-Kutta method to advance the signal in time. The above
numerical framework, called the Neural ODE, is equivalent to solving
a time evolving system,
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dﬂi(f, t)
dt

where NN(-) is the neural network prediction for the time gradient.
Hence, the solution process is equivalent to time integration along a
high-dimensional trajectory of the signal coordinates corresponding
to the POD mode coefficients.

The stability criterion for this integration is that the system
should approach a limit cycle, equivalent to a multi-dimensional
dynamical system, which should balance two conflicting requirements
as follows: on one hand, to avoid intersection points of the trajectory,
which are detrimental to the quality of the training dataset, due to tar-
get multiplicity for the same collocation points, the domain should be
sufficiently sparse. On the other hand, a largely sparse domain will
also leave the network untrained with spurious gradients in the
regions that are not explored by the optimizer. These random gra-
dients divert the reconstructed signal from a stable cycle and lead to a
divergent signal. In the previous studies, including the application of
the FNN model for the reconstruction of bandwidth-filtered time sig-
nals from the same jet LES,” a system of Ordinary Differential
Equations (ODE) was considered corresponding to the first eight
SPOD modes, aj(f,t),j = 1,..,8 as a compromise between the com-
plexity of the system and time-integration stability. In the current
work, the same approach is implemented to solve an ODE system for
the first eight SPOD modes to reconstruct the original broadband sig-
nals from the jet LES at a frequency of St = 0.1.

=NN(a(f, 1)), (18)

B. Genetic Programing

Genetic Programing (GP)*>****" is an approach that originates

in the class of Genetic Algorithms (GA) with the goal of addressing
symbolic regression problems. While GA typically uses a string of
numbers to represent the solution, GP creates a population of models,
usually in the shape of graphs or trees, which are iteratively evolving
and improving through the application of the genetic operators. The
ultimate goal of GP is to solve an approximation problem by search-
ing through highly fit models in the space of all possible approxima-
tions that can be generated by combining variables and functions
provided by the user, called “primitives” or “building blocks.” If ran-
dom sampling and clustering of primitives result in poor exploration
of the space of all possible approximations, GP relies on an iterative
process inspired by natural evolution to steer the assembling of new
models (so-called search in the model space) toward expressions that
might minimize the selected error metrics, e.g., RMSE, on the training
dataset. By definition, models returned by GP are symbolic expres-
sions and are global, i.e., they apply on the whole variable range
defined by the training dataset. The initial step of a GP run is the crea-
tion of the initial population of approximations, which is performed
either randomly or deterministically by exploiting preexisting knowl-
edge.” In the former case, the generation of GP models (or “trees”)
varying in shape and size is based on random or pseudo-random
events to extensively explore the space of models defined by the build-
ing blocks/primitives provided by the user. In the latter, existing
approximations are used to “seed” the initial population with the
intention that the GP might further refine them. Once the initial pop-
ulation is generated, the evolution of a highly fit model proceeds
through the iterative action of genetic operators and model evaluation
by a fitness function, which determines the quality of the evolved
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model and selects the set of models that undergo the next round of
genetic operations. This procedure leads to a stable approximation
provided that the primitives are selected correctly. For example, addi-
tion, subtraction, sine, and cosine allow for a bounded model to be
extrapolated.

The fitness of models, which is a quality score typically based on
RMSE or Mean Square Error (MSE), has a dominant role in steering
the evolution toward better and better solutions. It depends directly
and critically on the numerical coefficients of the models. Therefore,
it is of special importance to distinguish the mathematical structure of
a model as a separate object, defined as the model tree stripped of the
numerical coefficients. As an example, Fig. 9(a) shows the mathemati-
cal structure of the complete model

a+(a-z/zm+a-z) (19)

where ¢y, ¢y, and c3 are the numerical coefficients of the model.

The Genetic Programing method used in this work is the HyGP
implementation developed in Refs. 46 and 57. Still founded on the
basic principles and guidelines provided by Ref. 45, this HyGP imple-
mentation can be classified into the subcategory of “hybrid GP” or
“memetic GP” as a result of its additional features, such as the use of
Baldwinian learning.”*” In accordance with this approach, classic
genetic operators, such as reproduction, mutation, and crossover are
still used, but are applied on “parameterless models,” i.e., the mathe-
matical structures of the approximations, such as in the example
shown in Fig. 9(b), as opposed to the standard GP methods which
apply genetic operators to full models as the one in Fig. 9(a).
Consequently, the numerical coefficients are not modified by genetic
operators and are instead optimized independently. Optimization of
the numerical coefficients of HyGP is performed through a separate
two-step process: first by using a population-based optimization

(a)

(b)
FIG. 9. Example of a GP model and its mathematical structure: The corresponding
full model (a) and structure of GP model where the tree is in a “parameterless”
state (b).
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algorithm (Particle Swarm Optimization®’) to robustly explore the
search space and then by applying a deterministic method (Sequential
Quadratic Programing or SQP®') to fine-tune the values of the param-
eters. A schematic description of the logical steps featured in the sug-
gested HyGP algorithm is shown in Fig. 10. Additional discussion
and information about Genetic Programing, including background
theory, can be found in Refs. 56 and 57.

The current HyGP architecture uses 23 hyperparameters, most
of which were set after a short series of trial runs for the test cases con-
sidered in the present study. The optimal definition of the objective
coefficients of the fitness function, together with the choice of these
hyperparameters, is a feature of the present HyGP implementation
that relies heavily on the user’s input. Formal approaches are available
to study the sensitivity of the HyGP results to changes in the hyper-
parameters and to optimize them, thereby reducing the dependence
on user experience; they were, however, not applied in the present
study.

C. Reservoir computing and echo state networks

In recent years, Reservoir Computing (RC) has garnered interest
as an ML approach for building simple models and forecasting the
time and space evolution of reconstructed dynamical systems. RC
algorithms utilize a recurrent neural network (RNN) comprising
interconnected neurons known as the reservoir. The reservoir is com-
posed of an input layer that provides the observed data and an output
layer that evaluates the network states.”® Echo State Networks (ESNs)
introduced in Refs. 37, 62, and 63 deploy a high-dimensional numeri-
cal oscillator called the reservoir, similar to RNN. Given a data point
from the input time series (the driver signal), the reservoir matrix
transforms the data into features which are then readout and
weighted to synthesize an output signal. The feature space in a reser-
voir consists of the outputs for each of the recurring layers. The
teacher signal is returned to the output neurons, which drive the res-
ervoir using the output feedback mechanism. The reservoir then runs
recurrently to generate feature outputs in each of its recurring layers,
which are then readout by the same output layer. It has been shown
that after an initial transient, the output layer tends to adapt the feed-
back to the reservoir in such a way that the internal recurrent layers
echo the relevant features for the teacher signals.”” Unlike conven-
tional neural networks, where neuron activation depends on weighted
inputs, ESNs generate feature outputs recurrently, resembling an arti-
ficial dynamical system whose state spaces are sampled to approxi-
mate a given signal.

The ESNs implemented in this study follow the principles and
methods described in Ref. 64 on deploying ESNs with leaky integrator
neurons. The structure of the ESN consists of an input layer, a reser-
voir with N neurons, and an output layer. The appropriate size of the
reservoir (N) should consider both the length of the training data (T)
and the complexity of the task. Generally, N falls within the range of
T/10-T/2.” The input layer receives the input signals and the output
layer generates the output signal. For testing, a network with 200 res-
ervoir neurons and 20% sparsity has been used.

The selection of the ESN hyperparameters was based on estab-
lished defaults in the literature for leaky-integrator ESNs,”** refined
by a short series of trial runs to confirm their suitability for the present
dataset. Several studies”” " have proposed automated optimization
methods, including Bayesian optimization, to refine ESN hyperparameters
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further. These techniques, however, do not provide a comprehen-
sive sensitivity analysis and proved unstable for the present predic-
tion task.

A key control parameter is the spectral radius (the maximum
eigenvalue of the reservoir matrix W), which must be smaller than
unity to satisfy the echo-state property;”* in the present configuration,
it is set to 0.99. The leakage rate, which controls the speed of internal
state evolution, is set to 0.1. The reservoir size N also affects the model
capacity,” with larger N risking overfitting and higher computational
cost. The value N = 200 neurons with 20 % sparsity adopted here was
found to give the best trade-off between predictive accuracy and train-
ability on the available compute. A short sensitivity scan around the
operating point indicates that the spectral radius is the most influen-
tial of these parameters: higher values significantly reduce stability,
while lower values reduce accuracy and lead to premature damping of
the predicted signal.

For the driver signal of the ESN method, a bandpass-filtered
white noise is used. During the training step, the input layer receives
the driver signal, which is sufficiently broadband to be adequately
processed by the ESN algorithm using the SPOD coefficients of the jet
data as teacher signals. Training, thus, becomes nearly equivalent to a
least squares fit of the teacher signal in the white-noise-provided
latent space. Once fully trained, this allows the same bandpass-filtered
white noise driver signal of arbitrary length to drive the ESN over
extended periods, with the output beyond the initial training dataset
interpreted as the prediction.

D. Transformer-based neural network

For a physical field/variable, seeking a mapping function between
two consecutive time snapshots is a key step toward “learning” the tem-
poral evolution. With recent developments in the field of deep learning,
such correlation can be sought using a transformer-based attention
mechanism, which has been proven to be computationally efficient
compared to other Artificial Neural Network methods.””’

ARTICLE pubs.aip.org/aip/pof

In the present work, a kernel function K, is employed to real-
ize the mapping between the two time instances, and the kernel that
evaluates the high-dimensional similarity (i.e., the mapping func-
tion) is approximated using a Transformer architecture.*” Figure 11
illustrates the workflow of the Transformer-based model for the
prediction of the SPOD coefficients. For a given time series, x;, it
first undergoes a lifting to the required dimension, z;(x), which gen-
erates the input feature for the transformer.”””” Subsequently, a
trainable kernel integration is performed to obtain the next time
instance, i.e., K; - z;(x) — z1(x), and hence completing the pre-
diction. In order to implement the kernel operation in the trans-
former model, where the evaluation of high-dimensional similarity
is realized through the attention matrix, the kernel integration can,
thus, be decomposed into Query vector, Q = Wz, Key vector,
K = Wgz;, and Value vector, V. = Wyz."” Here, Waq, Wk, Wy rep-
resent learnable weight matrices. These vectors are then fed into the
self-attention mechanism in the transformer models, where the
computation of the attention scores relies on the dot product
between Q, KT and V as

Attention(Q, K, V) = softmax QKT \% (20)
ention(Q, K, V) = softma )"

where d, denotes the input feature dimension of z;. The softmax func-
tion is used to normalize the attention scores in all time instances for
the prediction. Finally, the predicted outcome from the transformer
model, z;11(x), is projected back to the physical space to yield, x;.
Since the objective of the Transformer training is to minimize the pre-
diction error from the training inputs, the loss function of the trans-
former can be defined as

ztransformer =E [|Zt+l - 2t+1 |2] ) (21)

where Z,,; represents the prediction of the transformer and z,.,
denotes the ground truth for the next instance.
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FIG. 11. Schematic of the transformer-based neural network.
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In the present implementation, both the lifting and projection,
which map the physical space to the hidden high-dimensional one
and vice versa, are carried out using a pre-trained convolutional neu-
ral network.”””” It is useful to note that there is no particular prefer-
ence to a neural network structure for this mapping procedure in the
current study, however, further investigation can be conducted to
optimize this step in terms of prediction accuracy and computational
efficiency. For the transformer model, the multi-head attention mech-
anism is adopted,”” which subdivides the Query, Key, and Value into
16 attention heads, each possessing a feature dimension of 16, thus
giving rise to d, = 256. This configuration allows the model’s capacity
to process complex correlation between the time instances of the
input. To further verify the choice of the Transformer architecture, an
ablation study has been carried out to examine the effect of varying
the number of attention heads and the feature dimension of each
head. Note that d; is kept at 256 by convention. Although not shown
here for the sake of brevity, the ablation results indicate that the model
performance remains essentially comparable when increasing either
the number of attention heads or the feature dimension by twofold.
As a result, the present transformer model adopts an equal split of
16 x 16 for d,. There are a total of 2 x 10° trainable parameters in
this model and the selection of hyperparameters is based on previous
studies which have demonstrated promising capability on complex
tasks.”””*”" The trainings are run for 1000 epochs with an input size
0f 200 (i.e., x; = [x(t1), x(t2)...x(t200)])-

V. RESULTS

All four machine-learning methods considered have been
applied to reconstruct the time coefficient of the first SPOD mode
corresponding to the dynamically important mode at a frequency cor-
responding to St = 0.1. The LES dataset consists of N = 5348 snap-
shots of the leading SPOD time coefficient a; (t). For each method,
two training windows are considered, T = 2000 and T = 3000 sam-
ples (Fig. 7). The remaining N — T snapshots (3348 for T = 2000 and
2348 for T = 3000) form a strictly unseen test segment on which
every metric reported in this section is evaluated. The same train/test
partition is applied to every model, so differences in the reported per-
formance reflect the methods themselves rather than the data they
were trained on.

In contrast to the GP, ESN, and Transformer methods, which
have proved themselves sufficiently robust to result in stable solutions,
the FNN model failed this test, leading to a divergent solution for the
SPOD coefficients (Fig. 21 in Appendix A). This is likely due to a very
broadband nature of the SPOD signal corresponding to the high-
Reynolds number jet considered, in-line with the previously reported
strong sensitivity of the FNN model’s performance to the bandwidth
of the considered turbulent signal.”

Performance of the three other ML models, which have
remained reasonably valid, is further compared according to the four
criteria: (i) convergence rate, (ii) qualitative and quantitative compari-
son with the ground truth LES signal using the RMSE, (iii) spatial cor-
relation of the reconstructed reduced-order spatiotemporal pressure
distribution with the corresponding ground truth LES solution, and
(iv) spectral consistency of the reconstructed PSD coefficient with the
reference LES signal in terms of the power spectral density and the
average phase. In addition, the training and computational costs of
the three methods are reported in Appendix B.
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FIG. 12. (a) Root-mean square error of the initial GP populations (generation 0)
evaluated on the training dataset and (b) training data RMSE of the best ten GP
models at generation 0.

A. Convergence of the model training

For all three ML methods which produce stable solutions for the
SPOD time coefficient, GP, Transformer, and ESN, the decay of the
loss function in terms of Root-Mean-Square-Error (RMSE) has been
evaluated for the training dataset corresponding to 2000 time samples.
The convergence for the training over 3000 samples shows essentially
the same trends. In most cases, the model results are shown only
for the real part of the signal, since the convergence results for the
imaginary part (in those simulations without Hilbert transform) are
very similar.

In the case of GP, the algorithm involves two stages: the initial
generation step and the subsequent training involving the model evo-
lution. Figure 12(a) shows the RMSE of two specific initial popula-
tions of GP models before evolution begins (initial generation). At
this stage, the evolutionary engine has randomly generated the models
assembling the building blocks provided by the user only and keeping
optimized their numerical coefficients minimizing the models’ RMSE
on the training dataset. The training RMSE is plotted for each of
the 50 randomly seeded models after sorting, so that the RMSE
curve increases monotonically, and the best model is always the first.
Figure 12(b) provides more detail on the first ten best-performing GP
models of the initial population, being a magnified excerpt of the first
entries in Fig. 12(a). The two orders of magnitude RMSE variation
between the best and the worst performing of the 50 models, as
shown in Fig. 12, provides an initial evaluation of the optimization
capacity of the population-based approach of GP, prior to any recom-
bination of the model structures via genetic operators. The conver-
gence of the evolutionary stage of GP is shown in Fig. 13. The drop in
RMSE of different models throughout the generations is plotted here
from the initial model (generation 0) to the last one. In the figure,
each gray curve represents the best performing model retained in the
archive of each independent GP run, while the black curve denotes
the average RMSE of all the best performing models across all runs.
Note that each GP simulation consists of ten independent runs. In
general, the reduction in RMSE of the GP model during the two
stages of the training phase corresponds to 2-3 orders of magnitude.
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FIG. 13. Convergence of the minimum RMSE through GP archives using Strategy
1 vs generation; Gray lines correspond to individual runs and the black line shows
the mean across all runs.

The convergence results of Echo State Networks (ESNs) is
shown in Fig. 14. Similarly to GP, ESN generates a stochastic sig-
nal that is not designed for exact fitting of the target signal in the
time domain. Unlike the current GP implementation based on a
series of combinations of harmonic functions, ESN is not tailored
for periodic signals but rather for a chaotic signal reconstruction.
However, in the context of the current turbulent signals, due to
their stochastic nature, the GP and the ESN approaches have simi-
larities in the model setup stages. For example, like GP, the ESN
model involves an initial configuration stage, where its main
hyperparameters are specified.”” Having completed the initial
configuration, the ESN training procedure involves a separate run
to further optimize the weight coefficients, which takes between
3000 and 4000 epochs to further reduce the RMSE loss function
by a factor similar to that of the GP case (see Fig. 13). Compared
to the GP and ESN models, the transformer model is focused on
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FIG. 14. Convergence of Echo State Networks (ESNs) during training.
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FIG. 15. Convergence of the transformer model during training.

exact replication of the training signal in the time domain within a
single calibration run procedure. Figure 15 illustrates the training
convergence of the transformer model, where the training loss
defined in Eq. (21) is plotted against the number of epochs. The
training convergence obtained from a single run shows an initial
rapid decrease in the training loss up to approximately 100
epochs, followed by a slower convergence. The total loss reduction
over 1000 epochs corresponds to 2-3 orders of magnitude in com-
parison with the initial residual. The convergence trend observed
in the present study using transformer agrees well with those
reported in the literature.””"*

B. Comparison with the ground-truth LES signal

Detailed comparison of time-series reconstructed using different
ML models with the ground truth SPOD time signal is provided in
Appendix A. It can be seen that after the training period all models
provide stable solutions capturing the signal variability quite well for
both 2000 and 3000 initial snapshots used for training. Interestingly,
compared to the ground truth, the temporal coefficient predicted
from the transformer model shows notably smaller variations in
amplitude, especially for the longer training period. This is in agree-
ment with the expected behavior of transformer, since their predic-
tions are based on the most probable outcome given the training
input. This helps to keep the amplitude within the expected range but
may lead to amplitude modulations over a longer period and some
underprediction of the peaks’’ (see Appendix A).

For quantitative comparison of the accuracy of the ML models,
the Root Mean Square Errors (RMSE) between the ground truth sig-
nal (LES) and the data-driven reconstructions are computed. Results
of this comparison are shown in Fig. 16, which includes the distribu-
tion of the RMSE over time for all models and training durations
(2000 and 3000 snapshots) using box plots (25th-75th percentiles
with 10th/90th percentile whiskers).

For GP, results for two variants are shown, which differ by defi-
nition of the loss function: Strategy 1 is purely based on RMSE and
Strategy 15 based on a multivariate loss functions. The RMSE distributions
show that GP Strategy 1 consistently achieves low median errors
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training window and when the Hilbert transform is applied. In
these cases, the performance of Strategy 15 becomes comparable to,
or worse than, that of the Transformer and ESN models.
Transformer rank second overall with longer training (3000). The
use of the Hilbert transform to skip the reconstruction of the imagi-
nary part of the signal leads to some reduction in both the median
error and variability. For ESN, only the version of the model with
the Hilbert transform is shown, since the results of the model with-
out it are very similar. The ESN results show the highest errors and
the widest spreads, suggesting the presence of a higher noise com-
pared to those obtained by GP and transformer.

C. Correlation analysis of the reconstructed pressure
solutions

To analyze accuracy of the reduced-order modeling for pressure
fluctuations of the turbulent jet, the SPOD coefficients reconstructed
using the three ML methods are combined with the corresponding
modes. The resulting spatiotemporal distributions representing pres-
sure fluctuations of the dominant part of the axisymmetric pressure
mode at frequency St = 0.1 are compared with the reference solution
extracted from LES.

Due to the stochastic nature of the compared distributions, to
separate structural agreement from amplitude bias, the compari-
son between the reconstructed and the reference solution is per-
formed in terms of the spatial correlation coefficient. It can be
noted that, while the RMSE emphasizes point-wise deviations in
time coefficient amplitude, the correlation coefficient measures the
linearity in the dependence between spatial distributions indepen-
dent of magnitude scaling. The spatial correlation that is insensi-
tive to uniform scaling and highlights phase-structure alignment is
defined as

i=1 k=1
(22)

where p/if (z;, 1y, t) and pii*°(z;, ry, t) correspond to the reference and
ML-reconstructed pressure fluctuation fields of the axisymmetric
mode in the first SPOD mode and the frequency St = 0.1.

The pressure fields considered have a wavepacket structure as
illustrated in Fig. 17(a), which shows snapshots of the reference solu-
tion plotted in the upper half of the plane (r/D; > 0) and the recon-
structed solution in the lower half of the plane (r/D; < 0) using the
GP model (Strategy 1 with 2000 time samples as training dataset) at
several time moments. Figure 17(b) shows the evolution of the corre-
lation coefficient as a function of time between the GP reconstructed
solution and the reference LES solution. Here, positions of the marker
in each row correspond to the same time moment as the snapshot
shown in the left panel. For example, the top row (C ~ —1) shows
that the GP-reconstructed solution has the same structure as the refer-
ence fields but is aligned in anti-phase. The middle row (C ~ 0) cor-
responds to the case of spatial misalignment with a near-zero
correlation between the GP solution and the reference. The bottom
row (C ~ 1) shows a strong positive correlation, where the location
and phase of the reference and the reconstructed wavepacket are
closely matched.

The same correlation analysis has been performed for all three
methods, GP, ESN, and Transformer for two training windows (2000
and 3000 snapshots) with and without using the Hilbert transform to
analytically reconstruct the imaginary part of the SPOD signals. The
results are compared in Fig. 18, which presents an integral view of
how long the reconstructed solutions remain strongly correlated
(C > 0.5) with the reference LES solution.

For ESN, only the Hilbert-based formulation is shown (the
non-Hilbert results are similar). In contrast to the earlier trend
suggested by the RMSE statistics (Fig. 16), Fig. 18 shows that ESN
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FIG. 17. Instantaneous snapshots of the predicted and reference solutions at three representative correlation levels: (a) and (d) strongly positive correlation (C ~ 1), (b)
and (e) near-zero correlation (C ~ 0), and (c) and (f) strongly negative correlation (C ~ —1). The reference field is shown in the upper half-plane (r/D; > 0) and the
reconstructed field in the mirrored lower half-plane (r/D; < 0). The right panels indicate the evolution of spatial correlation with time, with markers highlighting the selected

correlation levels at the corresponding time instants.

ESN T2000 (Hilbert) 55.1%
GP Strat1 T2000 56.6%
GP Strat1 T3000 58.3%

44.9%
43.4%
41.7%

FIG. 18. Fraction of spatial positions

36.8% faling into strong positive correlation
36.7% C > 0.5 (blue) and strong negative cor-
36.1% relation C < 0.5 (red), for each recon-

Transformer T3000 (Hilbert) 61.9% 38.1%
Transformer T2000 (Hilbert) 63.2%
Transformer T2000 63.3%
ESN T3000 (Hilbert) 63.9%
GP Strat15 T3000 64.9% 35.1%
GP Strat15 T2000 (Hilbert) 64.9% 35.1%
GP Strat15 T2000 68.9% 31.1%
Transformer T3000 70.6% 29.4%
GP Stratl T3000 (Hilbert) 70.8% 29.2%

GP Stratl T2000 (Hilbert ) 72.2%
GP Strat15 T3000 (Hilbert) 74.7%

EEC < 0.5 @C > 0.5

struction model. Percentages within each
bar indicate the coverage of the spatial
field by the corresponding correlation
regime, highlighting differences in model
performance and the presence of highly
correlated or anti-correlated regions.

achieves the largest fraction of positively correlated points for the
shorter training window (72000), with 44.9% of the spatial field
satisfying C > 0.5. This coverage decreases for longer training
window (73000), indicating a non-monotonic sensitivity to train-
ing length.

For the transformer, the fraction of strongly correlated points is
moderate (= 36 — 37%) for the T2000 cases, whereas for the longer

training window the Hilbert option is beneficial, increasing the (C >
0.5) coverage from 29.4% to 38.1%.

For GP, Strategy 1 (RMSE-based loss function) provides among
the best correlation coverage when trained directly on the complex
coefficient, reaching 43.4% and 41.7%. However, introducing the
Hilbert formulation in Strategy 1 leads to a marked reduction in the
spatial correlation fraction (= 28% — 29%), suggesting more frequent
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local phase inconsistencies and spatial misalignment relative to the LES low-peak frequencies, they fail to reproduce the fast roll-off behavior of
reference. Strategy 15 generally yields lower correlation coverage than the LES solution at the mid- and high-frequencies.

Strategy 1, with the weakest performance observed for GP Stratl5 To complement the PSD comparison in Fig. 19 and provide a
T3000 (Hilbert). Overall, these trends indicate that the choice of loss single quantitative measure of how well each reconstruction matches
function, training window, and the Hilbert transform option can con- the reference spectrum, the integrated PSD error is as follows:

siderably affect the spatial extent of strongly correlated regions.
J |Srec(St) - Sref(St)| dSt

&= ; (23)

D. Spectral and phase analyses
P P y J Sref (St) dSt

Figure 19 present a comparison between the Power Spectral
Density of the SPOD signal corresponding to the dominant frequency
mode from the LES solution and the spectra reconstructed by the GP,
ESN, and transformer models. Results are shown for different training-
window lengths, with and without the use of the Hilbert transform.
For GP, results for both the RMSE-based Strategy 1 and the multivari-
ate Strategy 15 are included for completeness. Note that the ground
truth LES spectrum shows a broad peak at St = 0.1 in accordance with
the selected central SPOD frequency. GP-reconstructed spectra
follow the low-frequency plateau and the initial roll-off closely com-

computed on the linear power spectral density and integrated over
the full resolved Strouhal range. Table II shows & for all
reconstructions.

It can be noted that the three diagnostics, the normalized RMSE
in Fig. 16, the integrated PSD error ¢ Table II, and the correlation
fraction in Fig. 18, rank the reconstructions differently because each is
sensitive to a different aspect of the signal. The RMSE penalizes both
amplitude and phase deviations in the time domain, integrated PSD
error ¢ depends only on the spectral envelope and is, therefore, phase-

pared to the reference spectrum. Extending the training window from  plind, while spatial correlation C is amplitude-normalized but phase-
2000 to 3000 time samples yields slightly improved model prediction  sensitive. Taken together, these three views expose three distinct types
in the mid-frequency band. The influence of the Hilbert transform on  of reconstruction behavior. GP Strategy 1 trained directly on the com-
the reconstructed spectra is frequency-dependent. While it improves plex coefficient achieves the lowest RMSE and the highest correlation
amplitude agreement at low frequencies around the dominant peak  coverage but the largest . The GP Strategy 15 reconstructions with
and, in most cases, in the mid-frequency range, it also leads to a notice-  the Hilbert transform show the opposite signature, with the smallest ¢
able deterioration at higher frequencies, where increased spectral leak- at the cost of the largest RMSE and only moderate correlation
age is observed. This effect is particularly pronounced for the GP coverage, indicating that the Hilbert transform recovers the spectral
reconstructions. Transformer produce the best agreement with the ref- peak amplitude accurately while degrading phase coherence. The
erence over the widest frequency band out of all methods. Although Transformer family and ESN T2000 (Hilbert), in contrast, occupy a
the ESN solutions agree well with the reference spectrum around the balanced regime with moderate values across all three metrics.
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FIG. 19. Power spectral density (PSD) of the reference signal and the reconstructed signals for: (a) GP Strategy 1, (b) GP Strategy 1 with the Hilbert transform, (c) GP

Strategy 15, (d) GP Strategy 15 with the Hilbert transform, (e) the transformer, (f) the transformer with the Hilbert transform, (g) the ESN model with the Hilbert transform for
T = 2000 samples, and (h) the ESN model with the Hilbert transform for T = 3000 samples.

61:91:€0 920z Joquisydes gl

Phys. Fluids 38, 095126 (2026); doi: 10.1063/5.0341107 38, 095126-15
Published under an exclusive license by AIP Publishing


pubs.aip.org/aip/pof

Physics of Fluids

TABLE |I. Integrated PSD error ¢ of Eq. (23) for each model reconstruction, com-
puted for the leading SPOD coefficient and integrated over the full resolved
Strouhal number range. Rows are sorted in the ascending order of &.

Model &
GP S15 T2000 (Hilbert) 0.224
ESN T2000 0.340
Transformer T2000 0.355
ESN T3000 0.360
Transformer T2000 (Hilbert) 0.389
Transformer T3000 0.392
Transformer T3000 (Hilbert) 0.416
GP S15 T2000 0.459
GP S1 T2000 (Hilbert) 0.639
GP S15 T3000 (Hilbert) 0.704
GP S15 T3000 0.789
GP S1 T3000 (Hilbert) 0.791
GP S1 T2000 0.840
GP S1 T3000 0.923

The final challenge for the data-driven models considered is the
reconstruction of the average phase and its comparison with the
unwrapped phase extracted from the ground truth SPOD signal. As
discussed in Sec. III D, an approximately linear dependency of the
unwrapped phase from the LES signal is consistent with the
travelling-wave behavior of coherent structures in the turbulent jet,
which propagate at a phase speed approximately equal to the local jet

ARTICLE pubs.aip.org/aip/pof

flow velocity. It is, thus, important that reduced-order models capture
this pertinent feature of the high-speed jet flow if they are to be used
as valid surrogates to ultimately replace LES.

Figure 20 compares the unwrapped phases of the ML models
considered with different training windows with the reference LES
solution. Quantitative convection-speed estimates extracted from the
linear slope of the unwrapped phase for each model reconstruction
are summarized in Table III, with the reference LES value
Uphase/ Uj = 0.63. Without applying the Hilbert transform, which
automatically makes the imaginary and real parts of the reconstructed
signal consistent in terms of the average phase, all GP models show
large errors [Figs. 20(a) and 20(c)] in comparison with their Hilbert-
based counterparts [Figs. 20(b) and 20(d)]. Transformer predictions
[Figs. 20(e) and 20(f)] are found to be quite insensitive either to the
length of the training dataset or to the use of the Hilbert transform
and are in reasonable agreement with the reference phase solution.
The ESN solutions without the Hilbert transform show a behavior
very similar to GP and are not included here. Applying the Hilbert
transform significantly improves the phase predictions using GP and
ESN. The GP solution based on the multivariate Strategy 15 with
Hilbert [Fig. 20(d)] shows greater deviation from the ground truth in
comparison with the RMSE-based Strategy 1 with Hilbert [Fig. 20(b)].
This is consistent with the less coherent behavior of the GP based on
Strategy 15 revealed during the correlation analysis. The ESN model
based on a shorter training dataset of 2000 snapshots [Fig. 20(g)]
shows some moderate deviation from the reference. At the same time,
the phase reconstructed using the ESN model with 3000 snapshots
[Fig. 20(h)] shows a remarkable agreement with the ground truth.
However, it can be recalled that the predictions of the ESN model for

600+ Original (d) 600 Original (b> 600+ Original (() 600+ Original gi)
- -GP S1 T2000 y - -GP S15 T2000 4
-.=GP S1 T3000 -.=GP S15 T3000
= 400 400 400 400
g
2 200 200 200 200
2 . ~
. ",-:A::'/N:\-r—‘\s"'” - _" .
0 v 0 “Zap s1 (Hilbert) T2000 OF 5 e e 0t 7 ap s15 (Hilbert) T2000
—-.=GP S1 (Hilbert) T3000 -.=GP S15 (Hilbert) T3000
0 0.02 0.04 0.06 0 0.02 0.04 0.06 0 0.02 0.04 0.06 0 0.02 0.04 0.06
600 600+ Original (f) 600 — Original (2) 600 Original (h)
’
= 400 400 400 400
2
- 7
p 7z
% 200 200 200 200
[
0 z Transformer T2000 0 — = Transformer (Hilbert) T2000 0 0
== Transformer T3000 --=Transformer (Hilbert) T3000 —=ESN T2000 (Hilbert) --=ESN T3000 (Hilbert)
0 0.02 0.04 0.06 0 0.02 0.04 0.06 0 0.02 0.04 0.06 0 0.02 0.04 0.06
Time (s) Time (s) Time (s) Time (s)

FIG. 20. Unwrapped phase of the reference signal (solid red line) and the reconstructed signals (black dashed line for T = 2000 samples, black dashed—dotted line for
T = 3000 samples) for (a) GP Strategy 1, (b) GP Strategy 1 with the Hilbert transform, (c) GP Strategy 15, (d) GP Strategy 15 with the Hilbert transform, () the transformer
model, (f) the transformer model with the Hilbert transform, (g) the ESN model with the Hilbert transform for T = 2000 samples, and (h) the ESN model with the Hilbert

transform for T = 3000 samples.
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the longer training dataset correlated with ground truth less well com-
pared to the shorter training dataset in terms of the overall spatial
solution structure. Together, this may suggest that the accuracy of the
ESN model is sensitive to the training data and potential overfitting
issues.

VI. CONCLUSIONS

Reconstruction of the most energetic component of the fluctuat-
ing pressure field in a high-Reynolds number jet flow, which is critical
for peak noise radiation at small angles to the jet flow axis, is proposed
as a benchmark problem for Machine Learning (ML) methods. The
training data are derived from a Large Eddy Simulation (LES) vali-
dated against the NASA SHJAR jet experiment at a jet Mach number
of 0.9. A key challenge for ML-based reconstruction lies in the noisy,
broadband nature of scales typical of LES solutions for high-speed
jets. The dominant pressure fluctuations are extracted using the
frequency-domain Spectral Proper Orthogonal Decomposition
(SPOD) method, with careful verification of the time-resolved SPOD
signal against block-wise reconstructions.

While, in this study, the ML models are applied to reconstruct a
dominant part of the axisymmetric pressure mode known to be cru-
cial for peak jet noise at low frequencies, our ultimate goal is to
develop a ML framework that would replace a significant part of the
LES flow solution process for all frequencies of interest with much
faster data-driven reduced-order models.

This goal is inspired by the fact that the training cost of the
reduced-order ML models developed in this work to reconstruct the
dominant low-frequency pressure mode corresponds to 30-50 min of
compute time on a personal central processing unit (CPU) computer
or a modest GPU card, depending on the ML model architecture. At
the same time, the cost of LES that is largely driven by convergence of
low frequencies is equivalent to continuously running of one GPU
card for six days (Appendix B).

For the reconstruction of the leading SPOD pressure time coeffi-
cient of the axisymmetric pressure mode at St = 0.1 in this work,
four state-of-the-art machine-learning strategies were assessed:
Feedforward Neural Networks (FNN), Genetic Programing (GP),
Echo State Networks (ESN), and Transformer.

Notably, the FNN approach, which had been previously found
efficient for cylinder and plunging airfoil flow simulations, was
found unsuitable for the present broadband, noisy SPOD signal,

T T
— Original — FNN prediction

0.1}

éR{all} / ‘al Imax

0 2 4 6 8
Time (s) x1073

FIG. 21. FNN prediction of the leading SPOD time coefficient for St = 0.1 and
azimuthal mode m = 0. Comparison of the reference signal (—) and the FNN
prediction (—).
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TABLE |II. Convection speed Upnase/U; for each model reconstruction, estimated
from the linear slope of the unwrapped phase of the leading SPOD coefficient, simi-
lar to Fig. 8.

Model Uphase/ Uj
Reference (LES) 0.63
ESN T3000 (Hilbert) 0.63
GP S1 (Hilbert) T2000 0.62
GP S1 (Hilbert) T3000 0.67
ESN T2000 (Hilbert) 0.69
Transformer T2000 0.56
Transformer (Hilbert) T2000 0.56
Transformer T3000 0.56
Transformer (Hilbert) T3000 0.56
GP S15 (Hilbert) T2000 0.71
GP S15 (Hilbert) T3000 0.43
GP S1 T3000 0.17
GP S15 T2000 0.12
GP S1 T2000 0.07
GP S15 T3000 —-0.04

exhibiting rapid divergence even within the training interval. In
contrast, GP, ESN, and Transformer converged robustly during
training and produced stable extrapolations, delivering accurate
time-series predictions extending to 100% — 200% beyond the train-
ing window.

Performance of the other three stable ML models was further
evaluated using complementary metrics designed to separate ampli-
tude fidelity from structural/phase fidelity: (i) training convergence,
(ii) RMSE of the reconstructed SPOD coefficient, (iii) spatial correla-
tion of the reconstructed pressure wavepacket field with the LES refer-
ence, and (iv) spectral/phase consistency via PSD and unwrapped
phase.

In terms of RMSE, GP consistently delivered the lowest median
errors with the tightest spread across time, while transformer ranked
second (improving with longer training and modestly benefiting from
the Hilbert option), and ESN exhibited the largest errors and variabil-
ity. Correlation analysis revealed additional physics-relevant differ-
ences not captured by RMSE alone: ESN (Hilbert) achieved the
largest coverage of strongly positively correlated field points for the
shorter training window. GP Strategy 1 trained directly on the com-
plex coefficient provided comparably high correlation coverage
(43.4% and 41.7%), and Transformer yielded more moderate but
consistent coverage (=~ 36%-37% for T = 2000). For longer training,
the Hilbert option improved Transformer correlation coverage (by
~ 10%), whereas introducing the Hilbert formulation in GP Strategy
1 reduced correlation coverage.

Spectral and phase diagnostics of the data-driven solutions fur-
ther highlighted the tradeoffs between different methods. The trans-
former model produced the best agreement with the reference PSD
over the widest frequency band, indicating strong preservation of
broadband spectral content. GP reconstructions captured the
low-frequency plateau and initial roll-off well; extending the training
window improved mid-band agreement, and the Hilbert
option reduced high-frequency leakage. ESN reproduced the
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FIG. 22. GP prediction of the leading SPOD time coefficient at St = 0.1 for the axisymmetric azimuthal mode m = 0. In all panels, the GP prediction (—) is compared
with the reference signal (—). The real parts are shown in panels (a), (c), (€), and (g) and the imaginary parts in panels (b), (d), (f), and (h). Results are presented for train-
ing window lengths T = 2000 (a)—(d) and T = 3000 (e)—(h). Two GP strategies are compared: Strategy 1 (a), (b), (€), and (f) and Strategy 15 (c), (d), (g), and (h). The sig-
nals show a zoomed view of the prediction region after the training window (first 25% of the prediction).

low-frequency peak region reasonably but struggled to match the
faster mid- and high-frequency roll-off of the LES spectrum. For
phase, the reference unwrapped phase exhibited an approximately
linear trend consistent with travelling-wave dynamics of coherent
jet structures. Transformer predictions were largely insensitive to
training length and to the Hilbert option and remained in reason-
able agreement with the reference phase. By contrast, GP and ESN
required the Hilbert formulation for accurate phase recovery:
without Hilbert transform, GP exhibited large phase errors; apply-
ing Hilbert transform substantially improved both GP and ESN
phase predictions, with ESN (T = 3000) showing particularly
close agreement—albeit with reduced spatial-correlation coverage
relative to the T = 2000 case, suggesting sensitivity to training
length and possible overfitting.

Overall, the use of transformer provides the most consistent
performance across all metrics (correlation, PSD, and phase) with
comparatively weak sensitivity to training-window length and

without requiring additional analytical post-processing to stabilize
the complex signal reconstruction. GP remains highly competitive,
offering the best amplitude fidelity (lowest RMSE) and strong corre-
lation when trained directly on the complex coefficient. ESN can
achieve excellent phase recovery under selected settings (notably
with longer training and Hilbert transform), but its spectral roll-off
and correlation behavior indicate higher sensitivity to training and
hyperparameters.

Future work will be devoted to multi-frequency/multi modal
extensions of the current reduced-order models of spatiotemporal
fluctuating pressure, as well as the fluctuating Reynolds stresses
that correspond to the source terms of linear jet noise models, such
as the Goldstein Generalized Acoustic Analogy,”’ and which are
available from LES in the same way as the pressure signals.”’ The
current analysis will also be extended to higher-order SPOD modes
and azimuthal modes, which are important for jet noise at high
frequencies.
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APPENDIX A: RECONSTRUCTION RESULTS

Figures 22-24 show FNN, GP, ESN, and transformer predic-
tions of the leading SPOD time coefficient and Fig. 25 shows the
distribution of Genetic Programing wall-clock training time.

APPENDIX B: TRAINING AND INFERENCE COST

The training and inference cost of the three machine-learning
methods that produced stable solutions in Sec. V (GP, ESN, and
Transformer) is summarized below. For the GP, the wall-clock
training time is reported for each configuration and is averaged
over ten independent random-seed runs to account for the stochas-
tic nature of the evolutionary search. For the ESN, the wall-clock
training time is reported for both training-window lengths consid-
ered. For the Transformer, hardware-independent quantities
(number of trainable parameters and floating-point operations) are
reported together with wall-clock measurements.
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FIG. 23. ESN prediction of the leading SPOD time coefficient at St = 0.1 for the axisymmetric azimuthal mode m = 0. In all panels, the ESN prediction (—) is compared
with the reference signal (—). The real parts are shown in panels (a) and (c) and the imaginary parts in panels (b) and (d). Results are presented for training window
lengths T = 2000 (a) and (b) and T = 3000 (c) and (d). The signals show a zoomed view of the prediction region after the training window (first 25% of the prediction).
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FIG. 24. Transformer prediction of the leading SPOD time coefficient at St = 0.1 for the axisymmetric azimuthal mode m = 0. In all panels, the transformer prediction (—)
is compared with the reference signal (—-). The real parts are shown in panels (a) and (c) and the imaginary parts in panels (b) and (d). Results are presented for training
window lengths T = 2000 (a) and (b) and T = 3000 (c) and (d). The signals show a zoomed view of the prediction region after the training window (first 25% of the

prediction).

For the Genetic Programing model, all training runs were per-
formed on a 2.5GHz i7-4710HQ Intel Core laptop CPU used in
sequential mode, with a maximum training RAM usage of about 2
GB. The wall-clock training time depends on the strategy (Strategy
1 vs Strategy 15), the training window length (T = 2000 or
T = 3000 samples), and on whether the real or imaginary part of
the complex SPOD coefficient is being reconstructed. Each configu-
ration was trained for ten independent random-seed runs. Table IV

GP S1 T2000 Re} po{ H“' st
s 15
GP S1T2000 Im} % s Mean |
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FIG. 25. Distribution of Genetic Programing wall-clock training time over the ten
independent random-seed runs for each of the eight configurations considered.
Boxes show the 25th-75th percentiles with 10th/90th percentile whiskers, dots
mark the 10/25/50/75/90 percentile levels, and colored squares mark the per-
configuration mean.

reports the mean training time across the ten runs, and the full dis-
tribution of runtimes across the ten runs per configuration is
shown in Fig. 25. The real and imaginary parts have comparable
runtimes for every configuration, but for a given training-window
length Strategy 15 is consistently more expensive than Strategy 1.
Two factors contribute to this difference: Strategy 15 uses a multi-
objective fitness function, whose per-individual evaluation is
heavier than the single-objective RMSE used in Strategy 1, and the
evolved Strategy 1 expressions tend to be smaller, which further
reduces the per-generation cost. Overall, the mean training time

TABLE V. Mean Genetic Programing wall-clock training time per configuration,
averaged over ten independent random-seed runs.

Configuration Real part (min) Imag. part (min)
Strategy 1, T = 2000 13.2 13.9
Strategy 1, T = 3000 239 25.6
Strategy 15, T = 2000 19.3 19.4
Strategy 15, T = 3000 23.2 28.5

TABLE V. Hardware-independent cost figures for the transformer model.

Quantity

Value

Number of trainable parameters

2 x 10°

Compute per predictive step
Compute for full time series

~ 4.73 x 10° FLOPs
~ 2.4 x 108 FLOPs
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TABLE VI. Wall-clock cost figures for the transformer model on a single NVIDIA
RTX 4090 GPU.

Quantity Value

Training (100 epochs) ~ 28 min
Inference latency per step 2.0ms

Peak training memory ~ 8GB

ranges from approximately 13 min for the fastest configuration
(Strategy 1, T = 2000, real part) to approximately 28 min for the
slowest (Strategy 15, T = 3000, imaginary part); reconstructing the
full complex coefficient, therefore, requires roughly 27 min for
Strategy 1, T = 2000, and up to approximately 52 min for Strategy
15, T =3000. As for the deployment costs, as HyGP generates
symbolic expressions, the inference costs are only linked to the
evaluation of a text expression from the given values of the inde-
pendent variables.

For the ESN, the trainable weights of the output layer are opti-
mized on a single CPU by iterative mini-batch gradient descent. The
maximum number of training epochs is set to 5000, with an early-
stopping criterion that halts training when the validation loss has not
improved for 1000 consecutive epochs. As shown in Fig. 14, the train-
ing loss plateaus broadly between 3000 and 4000 epochs, at which
point the early-stopping criterion typically triggers and the run is ter-
minated. The corresponding wall-clock training time is approximately
10h for T = 2000 and 15h for T = 3000.

For the transformer model, the hardware-independent cost
quantities (the number of trainable parameters and the floating-
point operation budgets) are reported in Table V, and the corre-
sponding wall-clock figures on a single NVIDIA RTX 4090 GPU
are reported in Table VI. Training the model for 100 epochs takes
approximately 28 min and is a one-off cost. The inference latency
of 2.0 ms per predictive step makes the trained model inexpensive
to deploy.

For reference, the LES dataset on which the present machine-
learning models are trained is produced by the GPU-CABARET
solver”’ running on two NVIDIA RTX A6000 (48 GB) GPU cards
at a throughput of approximately 260 TUs per 24 h of wall-clock
time (equivalently, 130 TUs per day per GPU card), for the
SMCO000 SP7 jet on the present 110 x 10°-cell mesh. The N = 5348
snapshots of the leading SPOD coefficient analyzed in Sec. V corre-
spond to approximately 740 TUs (Table I), so the generation of the
full LES record requires of the order of 3 days of wall-clock time on
the two GPU cards (equivalently, ~ 6 GPU-days).
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