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a b s t r a c t

The paper describes an equivalent source model of acoustic sources from optical measure-

ments using refracto-vibrometry. The acousto-optic effect is used to characterize the acoustic

source in a non-invasive manner. The equivalent source model is constructed with a volu-

mic distribution of monopole sources: its radiation should produce an acouto-optic effect

which match with the measured one. The solution of this inverse problem gives the monopole

strengths. This method is applied to the characterization of an acoustic pulse source. It is

shown that the reconstructed pressure with the equivalent source matches the measured one

within a 2 dB range. Moreover, the equivalent source dimensions, spatial location and direc-

tivity are in good accordance with expected characteristics of the real source.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The characterization of acoustic sources is generally done with microphone arrays: from a set of discrete pressure mea-

surements, the sources localization, their strengths or their radiation properties are characterized using multichannel signal

processing. Popular approaches include beamforming [1], near field holography [2], equivalent source methods and inverse

problems [3,4], time reversal [5] or modal array signal processing [6].

In an experimental context, a main drawback of the measurements with microphone arrays is the acoustic influence of

the array itself, especially at high frequencies. When the wavelength is of the same order of magnitude as the microphones

or their support, the diffraction compromise the measurement validity. For instance, the spark sources characterization with

conventional microphone suffer from those problems at high frequencies [7].

It would be of great interest to have alternative acoustic sources characterization method, which do not suffer from diffrac-

tion effects and limited microphone response bandwidth. Especially, if the source characterization is precise enough, then it

could be used as a calibration source [8]. This is the motivation of this work.

An approach of measuring sound in a non-invasive manner relies on the acousto-optic effect which describes the interaction

of sound and light when an acoustic waves travels in a transparent medium. The resulting techniques are used in ultrasound

acoustics [9–11] and more recently in audible domain [12,13].

The measurement of acousto-optic effect can be done with interferometric techniques [12,14]. However, by doing so, the

optical measurement is proportional to the pressure spatial integration along the laser path. In order to solve this integral

∗
Corresponding author.

E-mail address: pierre.lecomte@gadz.org (P. Lecomte).

https://doi.org/10.1016/j.jsv.2019.03.012

0022-460X/© 2019 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.jsv.2019.03.012
http://www.sciencedirect.com/science/journal/
http://www.elsevier.com/locate/jsvi
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jsv.2019.03.012&domain=pdf
mailto: pierre.lecomte@gadz.org
https://doi.org/10.1016/j.jsv.2019.03.012


P. Lecomte et al. / Journal of Sound and Vibration 450 (2019) 141–155142

and find the acoustic pressure, hypothesis on the source radiation can be done. For instance, a radially symmetric radiation

hypothesis allows to use the Abel transform [14]. Otherwise, the acousto-optic tomography allows the characterization of the

sound pressure field in a plane [13]. Besides, for a qualitative characterization of the sound field, a Laser Doppler Vibrometer

(LDV) can be used. In this case, the apparent output velocity given by the LDV is proportional to the acousto-optic effect. This

latter technique is called refracto-vibrometry [15–17].

In this context, one proposes to characterize acoustic sources by solving and inverse problem based on optical measurement.

The measurements are obtained from a LDV whose laser beam passes through the sound pressure field with several angles of

incidence and is reflected on a rigid surface. An acousto-optic Green function for monopole is highlighted and used to describe

the acoustic sources as a combination of monopoles sources, which strengths are found by solving a regularized inverse problem.

The paper is organized as follows: The acousto-optic effect is recalled in and detailed for a monopole source in Section 2

and Appendix C. In particular, the effects of finite duration measurements are studied in Appendix B. Section 3 describes the

Equivalent Source Method (ESM) inverse problem from acousto-optic measurements. Then, an experimental implementation

of the proposed method is done for a spark source through Sections 4 and 5. Particularly, the experimental method is described

in Section 4 and the ESM and signal processing parameters are detailed in Section 5. Results are presented and discussed in

Sections 5.4 and 5.5. The paper concludes in Section 6.

2. Acousto-optic effect

This section recalls the acousto-optic effect which allows the measurement of sound with optical methods.

As an acoustic wave propagates in air, the variation of acoustic pressure induces a local variation of air refractive index. This

phenomenon is called the acousto-optic effect and has been widely studied in ultrasound [9–11] and more recently for audible

frequencies range [8,12,13]. If the acoustic pressure p is much smaller than the static pressure p0, which is generally admitted

in linear acoustics, the air refractive index can be approximated with the following linear equation:

n ≃ n0 +
n0 − 1

𝛾p0

p, (1)

where n is the air refractive index, p is the acoustic pressure, 𝛾 = 1.4 is the ratio of specific heats, n0 = 1.0002772 and p0 are

the air refractive index and atmospheric pressure under static condition.

To measure the acousto-optic effect, an interferometer using a laser beam is commonly used. As the latter travels through

the sound pressure field, a phase shift is induced and is expressed by Refs. [13,14]:

𝜙 = k0∫L

ndl, (2)

where k0 = 𝜔0∕n0 is the wave number of light in vacuum with 𝜔0 the laser beam pulsation, and L is the path followed by the

laser beam.

2.1. Measuring the acousto-optic effect with a Laser Doppler Vibrometer

A Laser Doppler Vibrometer (LDV) is a device used to measure the velocity of vibrating structures. A laser beam is emitted

by the LDV, travels through a sound pressure field and reflects back on a vibrating surface. The LDV output is a temporal signal

which is proportional to the time derivative of the laser beam phase. From Eqs. (2) and (1) one has:

1

k0n0

d𝜙
dt

= dL0

dt
+ (n0 − 1)

𝛾n0p0

d

dt∫L

p(l, t)dl, (3)

where L0 is the laser beam length, that is to say the distance between the laser origin and the reflecting surface. The first term

in the right-hand side of Eq. (3) is the velocity of the vibrating surface. The right term of the right-hand side of Eq. (3) traduces

the acousto-optic effect. In the case where the reflecting surface does not vibrate, dL0∕dt ≃ 0. Thus, the acousto-optic effect is

dominant and the LDV apparent velocity is given by:

v(t) = 1

k0n0

d𝜙
dt

= n0 − 1

𝛾p0n0

d

dt∫L

p(l, t)dl, (4)

In the frequency domain, the apparent velocity of the LDV is given by Ref. [12]:

v(𝜔) = n0 − 1

𝛾p0n0

i𝜔ℱ
(
∫L

p(l, t)dl

)
, (5)

where ℱ is the Fourier transform operator with temporal convention e+i𝜔t, i =
√
−1 is the imaginary unit. This indirect use of

an LDV to measure sound is also referred as refracto-vibrometry [15–17].
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Fig. 1. Geometrical layout for the measurement of the acousto-optic effect induced by a Dirac pulse.

2.2. Acousto-optic effect for a monopole source

A monopole source with strength q(t) is located at a point xs in space. The pressure radiated at a point x is given by:

p(x, t) =
q(t) ∗ 𝛿

(
t − ‖x−xs‖

c

)
4𝜋 ‖‖x − xs

‖‖ , (6)

where c is the sound speed in air, 𝛿 is the delta Dirac distribution and ∗ is the convolution operator.

Inserting Eq. (6) in Eq. (4) one has:

1

k0n0

d𝜙
dt

= dq(t)
dt

(n0 − 1)
4𝜋𝛾p0n0

∗ ∫L

𝛿
(

t − ‖x−xs‖
c

)
‖‖x − xs

‖‖ dl

⏟⏟⏟
I(t)

, (7)

One considers the integral term in Eq. (7), denoted I(t). A laser beam emitted by the LDV is crossing the sound pressure field at

a distance a from xs. From here, for sake of simplicity, one works in the plane containing the point xs and the laser beam. In this

plane, the origin O is chosen at point xs. The local coordinate system is defined with unit vectors u = [1 0]T and v = [01]T such

as u is parallel at the laser beam. The situation is displayed in Fig. 1: the acoustic pressure is null everywhere except at the radius

r = ct. The distance between the LDV and the rigid reflector is denoted L. If one restrains the signal acquisition duration for the

LDV from time t = 0 to time t =
√

a2 + 𝛼2∕c, the Dirac pulse travels up to the distance r =
√
𝛼2 + a2 from origin. Therefore,

the integration path L for the term I(t) in Eq. (7) can be reduced to the interval [−𝛼 𝛼]:

I(t) = ∫
𝛼

−𝛼

𝛿

(
t −

√
a2+x2

c

)
√

a2 + x2
dx (8)

The computation of I(t) in Eq. (8) is detailed in Appendix A. In the frequency domain, I(t) can be approximated by a Bessel

function of second kind and degree 0, K0:

I(𝜔) ≃ 2K0(i𝜔a∕c) (9)

Note that this approximation is exact in the case of an infinitely long laser beam, see Appendix A. A study of the approximation

error is conducted in Appendix B. Finally, by inserting Eqs. (9) and (6) into Eq. (5), the acousto-optic effect for a monopole gives

the LDV apparent velocity approximated by:

v(𝜔, a) = i𝜔q(𝜔)(n0 − 1)
4𝜋𝛾p0n0

2K0(i𝜔a∕c). (10)
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3. Equivalent sources method from acousto-optic measurements

The equivalent source method (ESM) seeks to find a distribution of simple sources modeling the sound pressure field radiated

by the acoustic source to be characterized [3,18,19]. Usually based on microphone measurements, the ESM is adapted in this

work for acousto-optic measurements using developments proposed in Section 2. From Eq. (10), a distribution of N monopoles

sources produces an apparent velocity at point xm given in the frequency domain by:

v̂m =
N∑

n=1

qnG(xm, xn), (11)

where, qn and xn are respectively the strength and the location of the n-th monopole. G(xm, xn) is the acousto-optic Green

function given by:

G(xm, xn) =
i𝜔(n0 − 1)
4𝜋𝛾p0n0

2K0

(
i𝜔
c

a(xm, xn)
)
. (12)

The function a(xm, xn) in Eq. (12) is the normal distance from the n-th monopole position xn to a laser beam originating from a

LDV and passing by point xm . The analytical expression of a(xm, xn) is given in Appendix C. A matrix formulation for M spatial

locations is given by:

v̂ = Gq, (13)

where v(M̂×1) is the apparent velocity vector, q(N×1) is the source strengths vector and G(M×N) is the matrix of acousto-optic Green

functions.

The apparent velocity vector for the acoustic source to be modeled is denoted v(M×1). This vector is measured with a LDV at

M spatial locations.

The complex error vector e(M×1) between the v and v̂ is defined as:

e = v − v̂. (14)

In order to find the source strengths q which minimize ∥ e ∥ 2 in Eq. (14), while remaining a constrained energy solution, one

defines the following regularized cost function J [20]:

J = ‖v − Gq‖2 + 𝜆2‖Wq‖2, (15)

where ∥ · ∥ denotes the 2-norm, 𝜆 is a Tikhonov regularization parameter [21], and W(N×N) is a diagonal weighting matrix. In

the reported cases, the choice of 𝜆 is done in a Bayesian framework [22]. The solution q minimizing the cost function J, is given

by Ref. [20]:

q = (GHG + 𝜆2WHW)−1GHv, (16)

where H is the Hermitian transpose conjugate operator.

4. Experimental method

From this section, an experimental implementation of the method described in Section 3 is conducted for an acoustic pulse.

4.1. Apparatus

The experimental layout is shown in Fig. 2. A top view scheme is shown in Fig. 3. The acoustic pulse is generated with an

electric spark between two metal electrodes spaced 10 mm apart. The electrodes diameter is 3 mm. The electrical circuit comes

from a piezoelectric oven spark ignitor. The structure supporting the electrodes is built with 2-mm and 3-mm thin metal rods,

in order to limit its acoustical influence at high frequencies. It can rotate around the vertical axis. This allows measurements

with several source orientations 𝜽, as shown in Fig. 3. The laser beam is emitted by a Polytech PSV 400© LDV as shown on the

left of Fig. 2. It crosses the sound pressure field and reflects back on the rigid reflector.

4.2. Geometrical layout

The origin O of the Cartesian coordinate system is chosen in the middle of the two electrodes. The x-axis is pointing towards

the rigid reflector, the z-axis toward the ceiling and the y-axis is such that the coordinate system is direct. The LDV scanning

head is at coordinate xL(−111.3 cm, 0, 0). A reference microphone, denoted Mic #1, is placed above the spark source at coor-

dinates (0, 0, 11.5 cm) (green support in Fig. 2). An additional control microphone, denoted Mic #2, is placed at coordinates

(0,−71 cm, 0) (red support in Fig. 2).
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Fig. 2. Layout of the experiment: A LDV (left on the picture) emits a laser beam which crosses the sound pressure field and reflects back on the rigid reflector (right of the

picture). The acoustic field is radiated by a spark source emitted between two electrodes (middle of the picture). Two quarter-inch microphones are placed at coordinates

Mic # 1: (0, 0, 11.5 cm) and Mic # 2: (0,−71 cm, 0), corresponding to green and red support respectively. (For interpretation of the references to color in this figure legend,

the reader is referred to the Web version of this article.)

Fig. 3. Geometrical layout (top view). The measurement points are defined in the virtual scanning plan (Oyz). The electrodes are oriented such that their axis is at an angle

𝜃 from y-axis.

Examples of waveforms measured by microphones 1 and 2 are shown in Fig. 4 in black circles. For these measurements,

the sampling frequency is fs = 102.4 kHz. As a consequence, the acoustic signal of the pulse is strongly lowpass filtered by the

anti-aliasing device of the Digital Acquisition System. In addition, the response of microphones Mic #1 and Mic #2 filters as well

the waveforms. As a consequence, the pulse waveforms on acquired signals are not identical to the pressure waveforms, and the

analysis of the temporal parameters, such as the rise time, the amplitude or the duration, is compromised [14,23]. However, the

present study focuses on the “low” frequency characteristics of the source (< 40 kHz) which are not affected by these filtering

effects. Note that for more readability purposes, the solid line signals in Fig. 4 are oversampled by a factor 10.

4.3. Measurement points

Measurement points are set in the plane (Oyz). They are organized following a rectangular mesh of dimensions

(Ly ≃ 20 cm × Lz ≃ 23 cm). The y and z distances between scan points are identically set to ΔP = 6.1 mm. In this situation,
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Fig. 4. Example of waveform measured at Mic #1 (0, 0, 11.5 cm) and Mic #2 (0, −71 cm, 0) (a) Mic #1 signal. (b) Mic # 2 signal. The time origin is set arbitrarily. The

acquisition sampling frequency is fs = 102.4 kHz. The original samples are plotted as black circles. For better readability, the waveforms are also plotted in solid lines after

being oversampled by a factor of 10.

there are M = 1286 measurement points per spark source orientation. In the reported cases, measurements are operated for

10 different spark source orientations 𝜃 from 𝜃min = 0◦ to 𝜃max = − 90◦, with steps of 10◦. Note that the scanning grid is the

same for the different source orientations, as shown in Fig. 3.

4.4. Measurement procedure and parameters

For each source orientation 𝜃, the LDV scans the 1286-point grid. The acquisition is triggered by a threshold detection on

the reference microphone signal (Mic # 1). More precisely, it is triggered a little before the shock wave arrives on the reference

microphone, allowing the measurement of points closer to the origin. Acquisition duration is fixed at 625 μs. This short duration

makes it possible to be freed from acoustic reflections, in particular that on the rigid reflector. At the same time, it is long

enough to measure the furthest points in the scan grid. Rectangular and Hanning windows are operated on the optical and

microphone signals respectively. Sampling frequency is set to fs = 102.4 kHz. The frequency range is [1.6 kHz, 40 kHz] with a

step of Δf = 1600 Hz.

The spark source generates a spark approximately every 0.1 s. For each measurement point, auto and cross spectra of the

optical and microphone signals are averaged over 10 acquisitions. The LDV apparent velocity at a point of index m is computed

from the following formula:

vm =
Svm,p1,m

Sp1,m ,p1,m

√⟨
Sp1,m,p1,m

⟩
M
. (17)

In Eq. (17), Svmp1,m
is the cross-spectrum between the LDV optical and reference microphone (Mic #1) signals for measurement

of index m. Sp1,m ,p1,m
is the auto-spectrum of reference microphone signal (Mic #1) for the measurement m. The operator ⟨·⟩M

denotes an average over M measurements. Using an average value helps reducing the estimation error on the spectrum vm [24].

5. Equivalent source method parameters

5.1. Equivalent sources layout

The point sources are distributed around the spark electrodes axis, following a parallelepipedic layout. In the reported case,

the distance along x, y and z axis between the equivalent point sources is identical and fixed at Δ = 1.5 mm. This results in

a maximum reproducible frequency of fmax = c

2Δ ≃ 113 kHz [25]. The parallelepiped is centered at the origin and its dimen-

sions are (Lx × Ly × Lz) = (2 cm × 4 cm × 2 cm). In this situation, there are N = 5292 point sources. For the acousto-optic

interaction described in Section 2.1, the distance between the laser beam and an equivalent point source is denoted a, and its

expression is detailed in Appendix C.

In this situation, the minimum and maximum distances a are amin = 0.02 cm and amax = 17.6 cm.
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5.2. Physical parameters estimation

The physical parameters n0, 𝛾 , p0 and c in Eq. (12) depend on the environmental conditions and should be calculated accord-

ingly. In the reported case, the static pressure p0, temperature, and humidity were measured for each set of acquisition. From

these measurements, the sound speed c and the specific heats ratio 𝛾 were calculated for each set of acquisition according to

Ref. [26]. The refractive index is taken constant with n0 = 1.0002772.

5.3. Measurement points selection

Before solving the inverse problem described in Section 3, a sub-set of optical measurements v are selected with two criteria:

5.3.1. Coherence

The first criterion is based on the coherence between the reference microphone and LDV optical signals [27]. At low frequen-

cies, the spark source radiates little energy. This is due to the spark source energy spectral density nature [28] and it is related

to the electrode gap width [29]. Moreover, the velocity output of the LDV is proportional to the time derivative of the acoustic

pressure (Eq. (5)). In the frequency domain, this is traduced by a factor i𝜔 which is low at low frequencies. Consequently, the

signal to noise ratio between reference microphone and LDV optical signal is poor and the coherence as well. Besides, for some

laser incidences and scan points, the laser path can meet an obstacle such as the electrodes support. The coherence criterion is

also weak in these situation.

In summary, the selection based on coherence criterion ensures that measurements with low signal-to-noise ratio or wrong

laser paths are discarded for the inverse problem. In the reported case, only the measurements with a coherence above 0.8 are

retained.

5.3.2. Minimum radius

The second selection criterion is based on the radius between measurement points and origin. In the reported case, only

the points at a minimum distance of 1.5 cm from origin are retained. This ensures that no measurement points are located

inside the equivalent source volume and helps with the condition number of the matrix G. In fact, equivalent sources close to

measurement points bring low distances a (See Appendix C), leading to high amplitude terms in the matrix G. Moreover, in the

near field of the spark source, the non-linear propagation effects are predominant [30] and could disturb the linear equivalent

source model. This topic is left for further investigations.

After applying the sub-set selection on the LDV signals, the number of measurement points (i.e. the line number of matrix G)

is noted M̃.

5.3.3. Beamforming regularization

The weighting matrix W of Eq. (16), is chosen from a delay-and-sum beamforming solution [20]. Thus, W is a diagonal matrix

with its diagonal term Wn,n given by:

Wn,n =
|GH

n
v|2‖‖Gn

‖‖2‖v‖2
. (18)

In Eq. (18), Gn is the n−th column of the matrix G [20]. Finally, the diagonal term of W, Wn,n, is a value between 0 and 1 which

weights the equivalent source n for the inversion. In the reported cases, all the values such as Wn,n < 0.02 are set to 0, and the

corresponding equivalent sources are discarded for the inversion. After this selection, the number of equivalent sources (i.e. the

column number of matrix G) is Ñ.

5.3.4. Additional truncated singular value decomposition

An additional Truncated Singular Value Decomposition (TSVD) [31] is applied on the matrix G(M̃×Ñ) after beamforming regu-

larization. Only the s highest singular values are kept with:

s = ⌈max

(
smin,

(
2

𝜆

)3

LxLyLz

)⌉, (19)

where ⌈·⌉ represents the rounding up to the nearest integer, smin = 10 in the reported case and 𝜆 is the wavelength. The term

(2∕𝜆)3LxLyLz is a criterion which gives the minimum required number of points in the equivalent source volume to avoid spatial

aliasing. Therefore, this approach regularizes the matrix to be inverted from a physical criterion. For instance, at low frequencies,

the spatial resolution of the equivalent sources layout is unnecessarily dense. It brings many singular values which are discarded

with this approach.

5.4. Results

This section presents several results for the acoustic pulse equivalent source model.
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Fig. 5. Normalized equivalent sources strengths at several frequencies. The electrodes are represented as black thick lines. The size and color of the sources are pro-

portional to their strength. (a) f = 6400 Hz, C = 0.97052, S = 2.2355. (b) f = 12800 Hz, C = 0.95703, S = 2.3427. (c) f = 19200 Hz, C = 0.93532, S = 2.3745. (d)

f = 25600 Hz, C = 0.90293, S = 2.3998. (e) f = 32000 Hz, C = 0.86254, S = 1.9696. (f) f = 38400 Hz, C = 0.81213, S = 1.3220. (For interpretation of the references

to color in this figure legend, the reader is referred to the Web version of this article.)

5.4.1. Equivalent sources strengths

The normalized equivalent sources strengths |qn|2∕|qn,max|2, are displayed at several frequencies in Fig. 5. Each equivalent

source is represented as a dot whose size and color is proportional to its strength. The two electrodes are represented as thick

lines.

In order to evaluate the reconstruction quality at the scan points, a global coherence criterion, ranging from 0 to 1, is defined

as:

C = |vHv̂|2‖v‖2‖‖v̂‖‖2
(20)

As well, a degree of over-determination for the inversion is given by:

S = M̃

Ñ
. (21)

These two criteria are displayed for each frequency in Fig. 5.

One observes that the highest equivalent source strengths are gathered in the vicinity of the gap in between the electrodes.

This is in accordance with the spark source spatial location. As the frequency increases, the number of predominant equivalent

sources decreases and a line-source shape appears. However, with a closer look, one observes that equivalent sources are located

a few millimeters next to the electrode axis. This can be explained by the positioning precision of the experimental layout. As a

matter of fact, there are slight misalignment between the LDV, the spark source and the equivalent sources respective coordinate

systems. Consequently, the distances a (Eq. (C.4)) can reflect these misalignments and the inverse problem solution as well. In

addition, the scans orientations into consideration and their number can influence the reconstruction results. This topic requires
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Fig. 6. Measured and reconstructed sound pressure level in dB SPL (reference 20 × 10−6 Pa): (a) Microphone #1 (0, 0, 11.5 cm). (b) Microphone #2 (0, −71 cm, 0). Dashed

line curves: measured pressure including free field normal incidence corrections. Solid line curves: equivalent source reconstruction.

further investigations. Regarding the reconstruction quality highlighted by the criterion C, one observes that it is ranging from

0.97 at low frequencies (6400 Hz) to 0.81 at high frequencies (38.4 kHz).

5.4.2. Reconstructed pressure

From the equivalent monopole source strengths, the pressure at a point x can be synthesized with a free field Green function:

p(x, 𝜔) = q(𝜔) e
−i

𝜔
c
‖x−xs‖

4𝜋 ‖‖x − xs
‖‖ (22)

The sound pressure levels measured by the microphones Mic #1 are Mic #2 and shown on Fig. 6a and b respectively. The dashed

line curves are the sound pressure levels including free field normal incidence corrections. The correction coefficients are taken

from the B&K© datasheets. The solid line curves are the sound pressure levels reconstructed with the equivalent source. From

these figures, one notices that the equivalent sources reconstruct accurately the sound pressure level at both locations within

the range of 2 dB for the considered frequencies. However, for the Mic #2 reconstructed pressure, there are ripples from 12 kHz

to 20 kHz. By looking at the equivalent sources layout (Fig. 5) and their directivity (Fig. 7) at these frequencies, one observes that

they are rotated around the vertical axis with respect to the electrode axis. Thus, the pressure reconstructed at the Mic # 2 is

slightly different from the situation where the equivalent sources would be aligned in the electrode axis.

5.4.3. Equivalent sources directivity

The normalized directivity at 1 m of the equivalent sources is shown in Fig. 7 at several frequencies: the equivalent source

pressure, Eq. (22), is reconstructed at a radial distance of 1 m and various angles. Absolute value of this pressure is normalized

by the maximum absolute value on the 4𝜋 steradian angle. One can see that the equivalent source directivities range from a

quasi-omnidirectionnnal source at low frequencies to a line source directivity at higher frequencies. This is in accordance with

the literature a spark source directivity generated between two electrodes [29]. However, at mid frequencies, from 12 kHz to

20 kHz, the source orientation is shifted from the electrode axis. This is confirmed by the observation of equivalent source spatial

distribution at these frequencies in Fig. 5.

5.5. Discussion

The results presented in an experimental context for an acoustic pulse show an equivalent sources model from acousto-optic

measurements. The inverse problem solutions is regularized with a beamforming solution and an additional TSVD. The equiv-

alent sources are found in the vicinity of the spark source gap. The direct problem reconstruction give high coherence values

in comparison with the measurements. The reconstructed pressures at control microphones are accurate and the directivity of

the equivalent source is in accordance with a line-source shape. However, several factors influence the results and are discussed

here.
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Fig. 7. Equivalent source 3D directivity at 1 m for several frequencies. Amplitude and color are normalized by the maximum value in the 4𝜋 steradian angle. (a) f = 6400 Hz.

(b) f = 12800 Hz. (a) f = 19200 Hz. (b) f = 25600 Hz. (a) f = 32000 Hz. (b) f = 38400 Hz. (For interpretation of the references to color in this figure legend, the reader

is referred to the Web version of this article.)

5.5.1. Positioning accuracy

In an experimental context, the positioning accuracy is limited and influences directly the localization/directivity of the

equivalent sources, especially at high frequencies. In fact, for the experimental layout described in the paper, the positioning

accuracy is around the half-centimeter range. Moreover, the spark source rotation axis is not exactly coincident with the equiv-

alent sources rotation axis. Consequently, when computing the distances a for a theoretical configuration, a bias is introduced

and compromises the results, as one can observes for the equivalent source location and orientation. The study of the positioning

accuracy for the robustness of the proposed method is a topic for further investigations.

5.5.2. LDV laser beam focusing

Using a scanning LDV offers the possibility of measuring numerous points in an automated way. As the device is not moving

during the scan, it uses lenses and mirrors to focus the laser on each measurement point location. As a result, the laser has a

varying diameter along the integration path. When this diameter is of the same order of magnitude as the acoustic wavelength,

an averaging on the laser cross section is done [32], p.45–46]. To minimize this effect, it is advised to focus the laser beam where

the acousto-optic effect is pre-dominant, i.e. in the vicinity of the spark source for the current experiment. However, by doing

so, the signal-to-noise ratio decreases as there will be less light reflected on the rigid surface. In the current experiment, the

laser is focused on the rigid reflector in Fig. 2.

5.5.3. Signal to noise ratio

Using an LDV for measuring the acousto-optic effect is a misuse of such a device. In fact, a LDV is sensitive to the mechanical

vibrations of a moving surface (first right-hand term in Eq. (3)). As the acousto-optic effect (second right-hand term in Eq. (3)) is

weak in comparison with the mechanical vibration, a high signal-to-noise ratio is needed to observe it with an LDV. This implies

several limitations for the acoustic sources in an experimental context. A first solution is to drive the acoustic source in harmonic

mode with a single frequency, to increase the signal-to-noise ratio [13]. In the present case and transient spark source is used,

and a limited duration acquisition is done to maximize the signal-to-noise ratio. However, the acousto-optic effect decreases

rapidly as the laser distance to the source increases. This limits the measurement to near field of the spark source. A solution

would be to increase the electrode gap, but this will increases the non-linear propagations effects as mentioned in the following

paragraph. An other lead would be to use more sensible interferometers, such as Mach-Zender interferometers [14].
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5.5.4. Spark source propagation

The spark source presents several advantages in an experimental context. It is a transient source which allows the charac-

terization in a non-anechoic environment. The finite duration acquisition allows to discard the wave reflections on the rooms

walls, LDV scanning head of rigid reflector. Moreover, it is a transparent source, i.e. the laser beam has no obstacle on its path,

except the electrodes and their support in the case of and electric spark source. This allows to measure the acousto-optic effect

with various incidence and enhance its characterization. However, a spark source typically propagates with nonlinearities [30].

These effects are predominant in the near field of the spark source gap and increase as the electrode gap increases [29]. Besides,

in the proposed method, a linear superposition of linear monopole sources is used to construct and equivalent sources model.

Consequently, the equivalent source model is valid in a least-square sense but it may not be the most physically valid solution.

To improve this point, it would be possible to describe the acouto-optic effect for an elementary point source propagating with

nonlinearites. This topic is left for further investigations.

6. Conclusion and future works

This paper presented a method for acoustic sources characterization using optical measurements: the acousto-optic effect

is measured with a LDV at various distance and incidence from the sources. From these measurements, an inverse problem is

solved in order to construct and equivalent monopole sources model. The model uses an acousto-optical Green function.

Effects of finite length laser beam and acquisition duration were studied. The method was validated in an experimental

context for an acoustic pulse generated with a spark source. Results showed good agreement for the equivalent sources model

in term of spatial location, reconstructed pressures and directivity.

The main drawbacks of the experimental method were highlighted. In particular, it would be advised to use more sensible

optical interferometers.

Future works include the comparison of the proposed method with acousto-optic tomography [13] and studies of the method

robustness to positioning accuracy, number and orientation of measurements, and nonlinear effects. For this latter point, a

nonlinear propagation code for spark source will be used [33].
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Appendix A. Computation of integral I in Eq. (8)

The integral I(t) of Eq. (8) is recalled here for readability:

I(t) = ∫
𝛼

−𝛼

𝛿

(
t −

√
a2+x2

c

)
√

a2 + x2
dx. (A.1)

The function under the integral in I is pair with respect to variable x, thus:

I(t) = 2∫
𝛼

0

𝛿

(
t −

√
a2+x2

c

)
√

a2 + x2
dx. (A.2)

In order to compute integral I in Eq. (8), two situations are considered with respect to variable t.

The first situation is when t ∉] a

c

√
a2+𝛼2

c
], that is to say when the spatial Dirac pulse is outside the laser beam in spatial

interval [−𝛼, 𝛼]. In this situation,

I(t) = 0. (A.3)

The second situation is for t ∈] a

c

√
a2+𝛼2

c
], that is to say, when the spatial Dirac pulse is crossed by the laser beam in spatial

interval [−𝛼, 𝛼].
Let u ∈ [t −

√
a2+𝛼2

c
t − a

c
] be the variable such that:

u = t −
√

a2 + x2

c
. (A.4)

From the condition on t, u ∈ ] − 𝛽, 𝛽], with 𝛽 =
√

a2+𝛼2−a

c
, and from Eq. (A.4), one has:

x2 = c2(t − u)2 − a2. (A.5)
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As c2(t − u)2 ∈ ]a2a2 + 𝛼2]:

x =
√

c2(t − u)2 − a2, (A.6)

du = −x

c
√

a2 + x2
dx, (A.7)

du = −
√

c2(t − u)2 − a2

c
√

a2 + x2
dx, (A.8)

dx√
a2 + x2

= −cdu√
c2(t − u)2 − a2

. (A.9)

By doing the variable change with u, one has:

I(t) = −2∫
𝛽

−𝛽

−c𝛿(u)√
c2(t − u)2 − a2

du, (A.10)

Finally:

I(t) = 2c

a

1√
c2

a2 t2 − 1

. (A.11)

The two aforementioned situations can be grouped with an indicator function 𝟙
] a

c

√
a2+𝛼2

c
]
(t) such that:

𝟙
] a

c

√
a2+𝛼2

c
]
(t) =

⎧⎪⎪⎨⎪⎪⎩
1 t ∈]a

c

√
a2 + 𝛼2

c
]

0 t ∉]a

c

√
a2 + 𝛼2

c
]

(A.12)

Finally:

I(t) = 𝟙
] a

c

√
a2+𝛼2

c
]

2c

a

1√
c2

a2 t2 − 1

. (A.13)

In order to work in the frequency domain, the Fourier transform of I(t) is computed as follows:

I(𝜔) = ∫
+∞

−∞
I(t)e−i𝜔tdt (A.14)

I(𝜔) = ∫
√

a2+𝛼2

c

a

c

2c

a

1√
c2

a2 t2 − 1

e−i𝜔tdt (A.15)

With variable change u = ct

a
, du = c

a
dt, one has:

I(𝜔) = 2∫
√

a2+𝛼2

a

1

1√
u2 − 1

e
−i𝜔 a

c
u
du (A.16)

One can split the previous integral in two parts:

I(𝜔) = 2∫
+∞

1

1√
u2 − 1

e
−i𝜔 a

c
u
du − 2∫

+∞√
a2+𝛼2

a

1√
u2 − 1

e
−i𝜔 a

c
u
du (A.17)

The first term of the right-hand side in Eq (A.17) is an integral form of a modified Bessel functions of second kind of degree 0, K0

[34], Eq. 9.6.23]. It corresponds to the situation where the laser beam is of infinite length and the recording duration is infinitely

long. Thus,

I(𝜔) = 2K0 (i𝜔a∕c) − 2∫
+∞√
a2+𝛼2

a

1√
u2 − 1

e
−i𝜔 a

c
u
du (A.18)

Appendix B. Study of the residual in Eq. (A.18)

The integral I(𝜔) can be approximated by K0(i𝜔a∕c) if the second term of the right-hand side in Eq. (A.18) is negligible when

compared to K0(i𝜔a∕c). In order to study this residual, one expresses the following term:
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R(𝜆, a, 𝛼) =
2 ∫ +∞√

a2+𝛼2∕a

e
−i2𝜋 a

𝜆
u√

u2−1
du

I(𝜆, a, 𝛼)
, (B.1)

where 𝜆 = c∕f is the acoustical wavelength. The magnitude R is shown in Fig. B.8. One observes that it decreases as the ratio a∕𝜆
decreases and the ratio 𝛼∕𝜆 increases. Physically, this means that the error of approximation decreases when the laser length

is big in comparison to the acoustical wavelength and when the distance a is small in comparison to the acoustical wavelength.

In other words, a long laser, close to the point source, relatively to the acoustical wavelength, decreases the approximation

error. For a practical application where the laser length is not changing but the distance to the source is, R can be plotted versus

frequency, as shown in Fig. B.9. This situation corresponds to the experiment described in Section 4. In Fig. B.9, the laser-length

is set to 1 m and the sound speed to c = 340 m/s. In this case, one observes that the residual R decreases as the frequency and

point-source-distance increase. For instance, in the measurement points and equivalent source layouts described in Section 4.3

and Section 5.1 respectively, the distance a spans from amin = 0.02 cm to amax = 17.4 cm, and the minimum measurement

frequency is 1600 Hz. In this situation, R is always inferior to −20 dB.

Fig. B.8 Contour plots for the magnitude of term R (Eq. (B.1)) versus the ratios a∕𝜆 and 𝛼∕𝜆.

Fig. B.9 Contour plots for the magnitude of term R (Eq. (B.1)) versus the distance laser-point-source, a, and the frequency f. In Eq. (B.1), the sound speed is set to

c = 340 m/s and the laser length to 1 m.



P. Lecomte et al. / Journal of Sound and Vibration 450 (2019) 141–155154

Appendix C. Analytic expression of function a

Let S(xn) be a monopole at spatial location xn. Let P(xm) be a LDV measurement point at spatial location xm. Finally, let L(xL)
be the LDV laser beam origin. By considering the plane containing the points (S, P, L), the geometrical layout is schematized in

Fig. C.10:

Fig. C.10 Geometrical layout in the plane (S, P, L). The laser beam, in red, crosses the scan point P at a distance a from the source S.

From law of cosines one has:

𝛾 = arccos

(‖‖xn − xL
‖‖2 + ‖‖xm − xL

‖‖2 − ‖‖xm − xn
‖‖2

2 ‖‖xn − xL
‖‖ ‖‖xm − xL

‖‖
)

(C.1)

As well, from Pythagorean theorem, one has:

sin(𝛾) = a‖‖xn − xL
‖‖ (C.2)

Thus,

a = ‖‖xn − xL
‖‖ sin

(
arccos

(‖‖xn − xL
‖‖2 + ‖‖xm − xL

‖‖2 − ‖‖xm − xn
‖‖2

2 ‖‖xn − xL
‖‖ ‖‖xm − xL

‖‖
))

(C.3)

Finally,

a = ‖‖xn − xL
‖‖
√√√√√1 −

(‖‖xn − xL
‖‖2 + ‖‖xm − xL

‖‖2 − ‖‖xm − xn
‖‖2

2 ‖‖xn − xL
‖‖ ‖‖xm − xL

‖‖
)2

(C.4)
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