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Summary
A noise prediction method for ne scale jet mixing noise based on Tam and Auriault's methodology
[1] using a two-step propagation technique is developed. The core of this study is to split the path
of the sound wave in two parts using geometrical acoustics in order to separate the propagation
in the jet and the propagation through the external medium. A Green function for the pressure
taking into account refraction eects is introduced. The aeroacoustic sources will be modelled thanks
to a statistical approach, and are numerically computed from a Reynolds-Averaged Navier-Stokes
computation.

PACS no. 43.28.-g, 43.28.+h
1.

Introduction

Jet mixing noise has been lenghtly studied and comprehensive models have been proposed by Tam and
Auriault [1], Morris and Boluriaan [2] and more recently by Miller [3]. The request for more accurate
predictions and the changes in turbofan-engine geometry have revived the interest in this topic. The
jet mixing noise is the noise generated by the turbulent structures located in the mixing layer between
the jet and the possible external ow. As described
by Tam and Golebiowski [4], the ne scale and the
large scale turbulence contribute to jet noise. The ne
scale turbulence generates noise which dominates the
jet mixing noise spectrum upstream and at a polar
angle of 90◦ whereas the noise associated with the
large scale turbulence dominates the spectrum downstream. The jet mixing noise could be computed using direct acoustic predictions using scale resolving
simulations such as direct numerical simulation, large
eddy simulation or detached eddy simulation [5] coupled with high accuracy propagators but these solutions are still dicult to apply on complex geometries.
A statistical approach is often prefered to calculate
aeroacoustic sources using the turbulence data provided by a Reynolds-Averaged Navier-Stokes (RANS)
computation. This method is especially useful in an
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industrial context because of the reasonable restitution time needed for the uid dynamics computation.
Therefore, a design loop can quickly be created in
order to evaluate the eect of a geometrical change
on the producted noise. The aim of this study is to
present a methodology based on Tam and Auriault's
model for predicting the jet mixing noise induced by
ne scale turbulence and the directivity including the
refraction through the mixing layer and the presence
of a cone of silence near the jet axis. The acoustic
propagation is done by parts in the framework of the
geometrical acoustic. The rst part is through the jet,
from the sources to the point where the refraction
will take place and then to the observer. The use of
ray tracing for the propagation is done in order to
anticipate future problematics such as more complex
geometries involved in installed congurations. First,
source modelisation and the obtention of the noise
spectrum formula following Tam and Auriault's work
will be detailed. Then, the two-step propagation technique will be presented as well as the equations used
for the localisation of the refraction point. Finally,
noise predictions will be shown and compared to a
realistic isolated conguration case (EXEJET) [6] at
the sideline operating point.
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2.

2.2. Tam and Auriault's formulation

Expression of the noise spectrum

2.1. Turbulence inputs

The sources are modelled with data provided by a
RANS computation. The intensity is computed using as the source term the Boussinesq eddy viscosity
model for the Reynolds stresses
−ρui uj = 2µt

Sij =

1
Sij − Skk δij
3

∂ ūi ∂ ūj
+
∂xj ∂xi

!

2
− ρ̄ks δij
3

(1)

Tam and Auriault sets the problem using the
Reynolds-Averaged Navier-Stokes equations. They are
linearized and simplied using the approximation of
axisymmetric and locally parallel mean ow.
The problem is solved by rst introducing the
Green function and the the adjoint problem. After tedious calculations that are not presented here but are
detailed in Tam and Auriault's paper a link between
the pressure at a point M and the adjoint pressure is
obtained

!

(2)

Z∞
ZZ
p(~xM , t) =
−∞

where ū and u are respectively the mean and uctuating velocity, ρ̄ is the mean density, µt is the turbulent
viscosity.
This source term is then arbitrarily simplied to
only consider the source term
2
qs = ρ̄ks
3

(3)

where ks is the turbulent kinetic energy, assumed to
be associated with the ne scale structures.
Tam and Auriault [1] argue that using this formulation would only describe the noise generated by
the ne scale turbulence. Because of the nature of
the source used, it would not describe on a physical
point of view, the noise production mechanism of the
large scale turbulence. In future works, a source term
q = qs + ql could be used in order to take into account
both contributions.
For the noise prediction using Tam and Auriault's
model, the explicit expression of the source term qs
is not directly needed but the two-point time-space
correlation of the axial velocity is. That yields [7]
q̂s2
2
cjet τs2

Dqs (~xS1 , t1 ) Dqs (~xS2 , t2 )
i=
Dt1
Dt2
#!(4)
"
|ξ|
[ξ − ūτ ]2 η 2 ζ 2
× exp −
+ 2+ 2
− ln 2
ūτs
ls2
ls
ls

h

with ξ = x1 − x2 , η = y1 − y2 , ζ = z1 − z2 and
τ = t1 − t2 .

A few terms need to be explicited: the characteristic
decay time τs = cτ ks /, the characteristic length scale
in the moving frame of the man ow ls = cl ks3/2 /, and
the intensity of the uctuation of the kinetic energy
of the ne scale turbulence q̂s = A2 qs2 c2jet . These 3
variables are directly calculated with the turbulence
data provided by the RANS simulation. Finally, ū is
the mean local velocity, cjet is the local sound speed.
Additionnaly, A, cl and cτ are tted constants. The
values of these constants are taken from Tam and Auriault [1].
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Dqs
pa (~xS , ~xM , ω)
Dt1

(5)

× e−iω(t−t1 ) dωd~xS dt1

The formula for the noise spectrum at a point M
and a frequency ω is given by
1
S(~xM , ω) =
2π

Z∞
hp(~xM , t1 )p(~xM , t1 + τ )i

−∞

(6)

× eiωτ dτ

By combining both equations and introducing the
modelisation of the sources using the two-point timespace correlation of the axial velocity expressed in the
previous section, the noise spectrum can be computed.
After tedious calculations, the following formula is
obtained for the noise spectrum
S(~xM , ω) =
!3/2 Z∞
ZZ
π
4π
|pa (~xS , ~xM ; ω)|2 Is d~xS
ln 2

(7)

−∞

where the source part is
"

#
ω 2 ls2
exp −
4 ln 2ū2
q̂s2 ls3
Is = 2
!2
c τs
ū
1+ 1−
cos θ ω 2 τs2
cext

(8)

and cext is the ambient speed of sound
Using Eq (7), the global process for the noise prediction can be highlighted. The noise spectrum is the
integration over the source volume of the multiplication of two terms, a propagation term with pa and a
source term with Is . The rst step is to compute the
source term for each point in the mixing layer. Then,
the propagation term is computed as explained in the
following sections. Finally, all the contributions in the
discretized source domain are summed using a second
order integration on the cells of the mesh to obtain
the jet mixing noise predictions.
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Figure 1. Representation of the intensity the source term

Figure 2. Representation of the intensity source term

Is

Is

at a frequency

at a frequency

f = 100Hz

f = 10kHz

2.3. Frequency dependency

By examining the source term Is , a frequency dependency can be found and by plotting it for dierent
frequencies, a link between the position in the jet, and
in a way the length scale, and the source intensity can
be shown. The reader may refer to Figure 1 for the
source eld at 100Hz and Figure 2 for the source eld
at 10kHz. Note that only one slice of the axisymmetrical ow is plotted. For high frequencies the source domain is small, intense and located right at the nozzle
exit whereas for lower frequencies, the source domain
is larger, more spread and located more downstream.
It can be deduced that according to this modelisation, among the ne-scale vortices, the smaller ones
which are located right at the nozzle exit would be
responsible for high frequency noise. When travelling
downstream these vortices will gain in size and would
then emit noise at lower frequencies.
3.

external flow
jet

Figure 3. Illustration of a ray going from the source point

S

to the observer

M

through the refraction point

R,

illus-

trating the refraction angles

Propagation

3.1. Ray Theory

As announced in the introduction, the propagation
will be done using the ray theory. This theory is explained in details in numerous articles like in Candel
[8]. For one ray going from S to M passing by R where
the refraction happens, as illustrated in Figure 3, the
pressure in M is

p(~xR− , ~xS , ω) = Is T (~xR− , ~xS , ω)

T (~xR− , ~xS , ω) =
−e

i
h→
→
−
−
ik0 | x0 R− − x0 S |+Mjet (x0R− −x0S )

4π
p(~xM , ω) =p(~xR− , ~xS , ω)KD KT
× Φext (~xM , ~xR+ , ω)
Φext = e

h→
i
−
→
−
ik0 | x0 M − x0 R+ |+Mext (x0M −x0R+ )

(11)

q

→
−
→
−
2 | x0 − − x0 |
1 − Mjet
S
R

(12)

(9)
(10)
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where this change of variable dependent on the Mach
number of the corresponding medium
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p

M 2 x0

x= 1−
y = y0
z = z0
p
k = 1 − M 2 k0

(13)
(14)
(15)
(16)

with k = 2π/λ the wavenumber. KD is the divergence
coecient and KT is the transmission coecient.
The classical criteria for the application of the ray
theory is R  λ with λ the wavelength and R being
the the maximum radius curvature of the reection
surface. Nevertheless, years of work with such techniques at Airbus have shown that even if it seems surprising for the lower part of the frequency range, the
results using ray techniques still holds until kR > 2.
Lastly, two coecients have to be introduced in order to properly take into account all the eects involved into the refraction phenomenon. The rst one
is the transmission factor KT describing the change in
intensity upon switching medium. The second one is
the divergence coecient KD describing the reduction
of intensity following the passage through a curved interface. Both factors are applied on the pressure.

3.2. Transmission coecient
Because of the dierence in the inherent characteristics of both media, the pressure eld generated by a
same source in the jet or in the external ow will be
dierent. This has been already well explained in the
litterature by Morse and Ingard [9] for example. The
transmission factor KT is given in their book

3.4. Integration of the ray theory in the Tam
and Auriault model [1]

The system of equations used as a starting point by
Tam and Auriault can be simplied for the case of
an uniform mean ow approximation and therefore
reduced to the inhomogeneous convected Helmholtz
equation
1 D2 p
− ∇2 p = ∇2 qs
Dt2

c2ext

This equation can be solved in the Fourier domain
using the convected Green function in free space G
dened by
1 D2 G
− ∇2 G = δ(~x − x~1 )
c2ext Dt2

ρext c2ext

2ρext c2ext cos (2θi )
(17)
cos (2θi ) + ρjet c2jet cos (2θe )

with the refraction angles θi and θr taken as shown in
Figure 3.

3.3. Divergence coecient

Z∞
ZZ
p(~x, t) =

G(~x, ~x1 , ω)∇21

−∞

By introducing the adjoint problem and some integrations by parts, it can be shown that the pressure
eld can be expressed as
p(~x, t) =

−1
c2ext

Z∞
ZZ
−∞

KD

r1e r2e
−−→  
−−→ 
r1e + k RM k r2e + k RM k

(23)

If a dimensional analysis is done on Eq (21) and Eq
(9) the following terms can be linked
Is ∼ ∇21 qs
G(~x, ~x1 , ω) ∼ T KD KT Φext

(24)

Therefore, in the case of a source domain and not
just a single ray, one has
T ∇21 qs e−iω(t−t1 )

−∞

× KD KT Φext dωd~x1 dt1
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(22)

Dqs −iω(t−t1 )
e
dωd~x1 dt1
Dt1

1 D
G(~x, ~x1 , ω)
c2ext Dt1

p(~xM , t) =

(18)

D
G(~x, ~x1 , ω)
Dt1

where the subscript 1 indicates a derivation with respect to ~x1 .
By linking this relationship (22) to Eq (5) it is found
by identication that

Z∞
ZZ
v
u
u
= t

(21)

× qs e−iω(t−t1 ) dωd~x1 dt1

pa (~x1 , ~x, ω) =

When propagating in a homogeneous medium, a pencil ray keeps a constant section but when passing
through a curved surface, the section will evolve depending on the curvature of the interface but also on
the characteristics of both medium through the reection angles. This has been described by Deschamps
[10], explaining how to obtain the principal radii of
curvature, r1e and r2e , of the wavefront after refraction. With the curvatures, the divergence coecient
can be expressed as

(20)

This gives

×
KT =

(19)

(25)
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M

R2
R1
r
S1
S2
Figure 4. Application of the cylinder modelisation on a
realistic source domain for two sources

S1

and

S2

Now a development analog as from Eq (21) to Eq
(22) must be perfomed. For it to be done, KD KT Φext
will be considered independent of xS , which is not
technically the case for KT and KD . Nevertheless, because this part of the formula handles the propagation
from R to M this assumption is done. That leads to
p(xM , t) =
Z∞
ZZ
DT Dqs −iω(t−t1 )
(26)
e
KD KT Φext dωd~x1 dt1
Dt1 Dt1
−∞

By linking this expression to Eq (5) it is found that
"

#
D
pa (~x1 , ~x, ω) = 2
T (~xR− , ~x1 , ω)
cext Dt1

will be then smaller for source closer to the jet axis
than for sources further away from the jet axis. Nevertheless, because the predictions are provided at the
far eld, this will not have that much of an inuence
on the quality of the nal noise spectra.
The following equations will be used to build a system in order to nd the position of the refraction point
R using the coordinates of the observer M and the
source point S . There are 5 unknown variables: the 3
coordinates of R and the two refraction angles so 5
equations are needed.
The refraction phenomenon occurs in a plan dened
by S ,R and M . The
following mixed product is then
−→ −−→
null: RS × RM · ~n = 0, with ~n the normal to the
cylinder in R
After calculation and with R expressed in cylindrical coordinates that leads to
cos θR (xM zS − zM xS + xR (zM − zS ))+
(28)
sin θR (yM xS − xM yS + xR (yS − yM )) = 0
−→
Note that in the presence of an external ow, RS ,
−−→
RM and ~n ar not coplanar anymore. The coordinates
of M to be used are the one if the velocity of the ex-

ternal ow would be null. The propagation will nevertheless be done with the proper coordinates.
The source point S and the refraction point R are
both on the same cylinder of radius r, as pictured in
Figure 4, so it is straightforward that
rR = rS = r

1

(27)

× KD KT Φext

This is can be directly substituted in Eq (7).

3.5. Equations for the localisation of the refraction location

In this model, the jet will be seen as a cylinder oriented in the direction of ~x, the downstream jet axis.
Inside this cylinder is the rst propagation medium,
the jet, and outside is the second, the external ow.
The mixing layer is therefore considered as innitely
thin. That means that all the sources are located on
the cylinder surface and the refraction will happen
also on the same cylinder.
In a more realistic conguration, the source domain
is not a cylinder but a volume. Using only one radius
for the source modelisation will induce the omition of
a large portion of the sources. To x this issue, the
system of equation will be solved for a given number of coaxial cylinders so that all the sources of importance depending on the frequency are considered
as explained above as shown in Figure 4. One of the
drawback of this method is that the path in the jet
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(29)

The refraction angles are introduced using the
−→
scalar product of the incident ray SR and of the
−−→
emerging ray RM with the normal vector ~n to the
cylinder surface.
−→
RS · ~n = (yS − yR ) cos θR
+ (zS − zR ) sin θR
−→
=k RS k cos θi

(30)

−−→
RM · ~n = (yM − yR ) cos θR
+ (zM − zR ) sin θR
−−→
=k RM k cos θe

(31)

Finally, the last equation is the Snell's law
Ujet Xt +

cext
cjet
=
sin θi
sin θe

(32)

The numerical resolution gives a map of the position of the refraction point as pictured in Figure 5.
The red points represents the source locations and in
blue are pictured the refraction location for an oberver
at a polar angle of 90◦ .

EURONOISE 2018
28 May – 31 May, Hersonissos

Euronoise 2018 - Conference Proceedings

0.2
0.1
Z 0.0
−0.1
−0.2
−0.2

−0.1

0.0
Y

0.1

0.2

6

5

4

1
2
3 X

0

Figure 7. OASPL prediction for the direct sources
Figure 5. Representation of the sources (in red) and their
corresponding refraction locations (in blue) for an observer
◦
located at 90

Figure 8. OASPL prediction for all the sources

Figure 6. OASPL prediction for the refracted sources

4.

Results

In the following section, results of the jet mixing
noise prediction will be presented and compared to
the EXEJET test case. For this nozzle, the diameter
of the core and the bypass are respectively 130mm
and 220mm. The measurements and the prediction
are both made for an isolated conguration at sideline condition with an external ow. That means
Mjet = 0.78 and Mext =0.23. As a side note, the
jet is coaxial even though this is not taken into account in the model and with a temperature ratio
Tcore /Tf an = 2.43.
In a rst time, the OASPL for the refracted part
in Figure 6 and for the direct part in Figure 7 are
compared in order to weigh each contribution on the
total noise. First of all, by looking at the noise prediction for the refracted contribution, it can be observed
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that there is in fact a sharp reduction of noise when
going further from the polar angle of 120◦ . The two
reductions are due to the fact that for an observer
way upstream or downstream, the incident angles of
all the rays will be quite high thus leading to a greater
attenuation by both the transmission factor and the
divergence factor. The reason behind a maximum of
energy at around 120◦ is because it corresponds to an
observer at an axial position corresponding to the center of the useful jet domain, meaning the part of the
jet where sources are present. Then, by comparing the
noise level of the two contributions, it can be expected
that the total noise level will be mainly driven by the
direct sources with only an impact around 120◦ .
The OASPL of the total ne scale jet mixing noise
is plotted in Figure 8. As expected the noise level is
equal to the one from the direct part for an observer
at a polar angle of 30◦ to 75◦ and above 135◦ with a
bump from the refraction part around 105◦ . There is
a constant augmentation of the noise level with the
angle until 120◦ where it stops increasing and plateau

EURONOISE 2018
28 May – 31 May, Hersonissos

Figure 9. PSD prediction at a polar angle of

Euronoise 2018 - Conference Proceedings

60◦

Figure 10. PSD prediction at a polar angle of

90◦

until 150◦ . This is the cone of silence phenomenon as
described by Tam et al. [4]
A few comments on the experimental data and more
generally the frame of this sutdy is required. The
aforementionned cone of silence cannot be observed
on the EXEJET measurements. This is due to the fact
that downstream, the jet mixing noise is driven by a
source that is currently not predicted by the model:
the large scale turbulence. This is especially clear by
looking at the PSD curves at a polar angle of 150◦ as
presented in Figure 12. A secondary spectrum appears
with a peak at a slightly lower frequency and a much
higher amplitude. This source appears approximately
at the same angle where the ne scale turbulence noise
contribution plateau. Therefore, the noise level will
not stagnate or reduce as expected but sharply increase. This aspect renders any absolute prediction of
the noise level downstream impossible.
The next comparisons will be done using the PSD
for the polar angles of 60◦ in Figure 9, 90◦ in Figure
10, 120◦ in Figure 11 and 150◦ in Figure 12. As a
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Figure 11. PSD prediction at a polar angle of

120◦

Figure 12. PSD prediction at a polar angle of

150◦

reminder, no constant t has been performed, the ones
used in the present paper are those from Tam and
Auriault [1]. The aim here is to observe the impact of
the refraction on the evolution of the radiated noise
compared to the experiment rather than optimizing
the model for one particular test case.
The agreement with the experiment for polar angle
below 90◦ is good in term of peak amplitude despite
a slight frequency shift toward the high frequencies.
This frequency shift increases with the polar angle
too. The shape of the spectrum is slightly broader
than the experiment and leads to a few overprediction in term of OASPL as seen in Figure 8. As much
as these results are encouraging, the eect of the refraction is only slightly visible at a polar angle of 90◦
and not at all below. Therefore the good results can
mainly be attributed to the correct estimation of the
volume of sources able to propagate sound directly.
The impact of the refraction will be seen more downstream.
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As stated before, the comparison with the experiment is quite tricky above 120◦ because the noise level
will be driven by the large scale turbulence. This can
be seen in both Figure 11 and Figure 12. One can
imagine two spectra, one that is present on all frequencies with a peak frequency of 500Hz and another
that slowly grows in amplitude until overpassing the
rst one around 120◦ . This second spectrum is centered at a slighlty lower frequency but is a lot narrower. This second spectrum is not predicted by this
model.
The peak amplitude continues to grow but not as
fast as the experiment because of the presence of the
large scale turbulence. That behaviour was expected
although the precision of the increase rate of the peak
amplitude cannot be judged with this set of experiment. Nevertheless, one can also see that the peak
frequency is clearly shifted back toward the lower frequencies matching in a better way the experiment. Because this local shift to the low frequencies gains in impact between 90◦ and 105◦ but slowly reincreases until
reaching at 135◦ the same peak frequency as at 75◦ ,
it is clear that it is an eect of the refraction. This is
explained by two facts. First, through the divergence
and transmission coecients, the ray with high incident refraction angles will be more attenuated than
to the other rays. That means that sources located at
an axial position close to the observer will be more
dening in the frequential signature of the spectrum.
Moreover, it is observed via the source model used
presently that the sources responsible for the higher
frequencies are located closer to the nozzle exit. It
is a given that at polar angles around 120◦ , the observer axial position is quite downstream and therefore sources upstream will reach the observer with an
incident refraction angle that is high. That means that
the higher frequency sources will be higly attenuated
by the dierent coecients thus the refraction part
is adding more energy to the total noise at lower frequency, inducing the shift of the peak frequency.

contribution of the refracted sources can be seen for
an observer at a polar angle between 90◦ and 135◦
with a local increase of amplitude when integrating
over the frequencies. The refraction part also induces
a shift toward the lower frequencies of the peak of
the PSD spectra. With the refraction part contribution slowly reducing and the direct part increasing,
the cone of silence is highlighted with a plateau of the
OASPL for polar angles above 135◦ .
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