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ABSTRACT:

The scattering of the acoustic waves generated by a monopolar source propagating through a two-dimensional ellip-
tic vortex, fixed or convected by a uniform flow, is studied by solving the Linearized Euler Equations in Cartesian
coordinates using the Discontinuous Galerkin Method. For a fixed vortex position, the number, amplitudes, and
angular spreads of the acoustic interference beams resulting from the sound scattering are found to significantly
depend on the orientation of the vortex major axis with respect to the direction of the incident waves and on the vor-
tex maximum tangential velocity. In particular, additional interference beams are obtained at large observation
angles for a more elliptical vortex. For a convected elliptic vortex, the interference beams are curved as the angle
between the incident acoustic wave and the vortex major axis varies when the vortex travels in the downstream
direction. As expected, the scattering of the acoustic waves leads to spectral broadening in this case. Moreover, the
widths and the frequencies of the lateral lobes obtained in the spectra on both sides of the peak at the source fre-
quency are different for elliptic and round vortices. © 2024 Acoustical Society of America.
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I. INTRODUCTION

During measurements in open wind tunnels, the sound
generated inside the flow passes through a turbulent shear
layer before reaching the microphones placed in the far
field. When acoustic waves propagate through a volume of
turbulence such as a jet shear layer, the propagation is modi-
fied by the inhomogeneities in the medium properties, lead-
ing to spatial scattering. If the volume of turbulence is
convected, the sound scattered by the inhomogeneities is
affected by a Doppler effect, which leads to spectral broad-
ening. This phenomenon was first studied by Candel
etal." > In many instances, for a harmonic source, the result-
ing acoustic spectra exhibit a peak at the source frequency,
with a lower amplitude compared to the peak that would be
obtained without scattering, and sidelobes around the
peak**. Therefore, the sound properties change as the waves
exit the flow, which complicates the analysis of the sources
from the data obtained in the far acoustic field. Therefore, a
better understanding of this scattering phenomenon would
help in interpreting the data.

The modelling of a turbulent mixing layer is complex.
It can be achieved numerically, for example through direct
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numerical simulation, but at a high computational cost.
Alternatives exist, such as large eddy simulations,4 where
only the largest turbulent scales are resolved, or stochastic
methods such as the random particle-mesh method (RPM),5
where a turbulent field is synthesized from its statistical
properties. In previous work,'™ it was shown that the sound
scattering in jet flows was mostly due to the contribution of
the most energetic eddies in the shear layer. Thus, general
properties of spectral broadening can be understood by con-
sidering only the most energetic eddies instead of all the tur-
bulent scales.® These structures happen to be arranged as an
array of equally spaced vortices, convected in the jet shear
layers. When the acoustic wavelength is smaller than the
vortex size, the interactions of the acoustic wave and the
vortex mainly affect the sound field in the source-to-vortex
direction.'* Thus, the sound field scattered by a single vor-
tex interacts with neighbouring vortices when the incidence
angle of the acoustic wave is almost parallel to the shear
layer. In the literature on sound scattering and spectral
broadening,'*2® in most cases the jets have low Mach num-
bers, the source radiates at a high frequency, and the acous-
tic measurements are made near the sideline of the source
far from the shear layer. Under these assumptions, the vorti-
ces do not encounter acoustic perturbations caused by other
vortices. Therefore, the scattering induced by each vortex of
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the array does not depend on the other vortices and the scat-
tered field generated by the array of eddies can be consid-
ered as the sum of the scattered field of each eddy. As single
eddy configurations cannot be easily reproduced experimen-
tally, the sound scattering by a single vortex has been stud-
ied in previous work using analytical models’™"' and
simulations.”'?"'7 The eddies can be considered as tempera-
ture disturbances, velocity disturbances, or both. A few stud-
ies have dealt with the sound scattering for non-isothermal
structures,®'® but the majority are concerned with velocity
disturbances only. In that second case, when a single vortex
was considered, it was circular.”*!” However, in mixing
layers, the eddies are slightly elongated in the axial
direction.'®

Therefore, the present work aims to explore the scatter-
ing of sound waves by a single elliptic vortex by solving the
linearized Euler equations (LEE). In this work, a Kirchhoff
vortex model is considered as it can be defined analytically
in a parametric way. The effects of several parameters such
as the aspect ratio and the orientation of the vortex, which
are unique to the elliptic vortex, are investigated. The influ-
ence of the maximum tangential velocity of the vortex and
the ratio between the acoustic wavelength and the vortex
size is also studied. Finally, the sound scattering is examined
for a fixed elliptic vortex and an elliptic vortex convected by
a uniform mean flow.

This article is structured as follows. The parameters of
the Kirchhoff vortex are presented in Sec. II. The configura-
tion used in the numerical simulations is described in Sec.
III. In Sec. 1V, the effects of each parameter defining a fixed
elliptic vortex are presented. The case of a vortex convected
by a uniform flow is studied in Sec. V. Finally, concluding
remarks are provided in Sec. VL.

Il. VORTEX DEFINITION

The elliptic vortex chosen in this study was proposed
by Kirchhoff.'” The vortex parameters are represented in
Fig. 1. The major and minor semi-axes lengths of the vortex
are equal to a = ro(1 + €) and b = (1 — €), where € quan-
tifies the degree of ellipticity and ry is the radius of the cor-
responding round vortex obtained for € = 0. The aspect
ratio of the vortex is defined by a / . When the vortex is not
round, the extremities of the core of the vortex on both sides
of its major axis are named vertices of the vortex. The orien-
tation of the major axis with respect to the direction of the
acoustic waves passing through the vortex center is charac-
terized by the angle 0. The core of the vortex, in gray, is the
region Dy where the vorticity Q is uniform. It is defined as

[rcos(y — 0 — m/4) /a]

Dy = {(l‘, V)
+ [rsin(y — 0 — n/4) /b < 1}, (1)
where (r,7) are polar coordinates.”® The vortex induces

velocity fields ug and vy in the Cartesian directions x and y,
respectively, while the pressure and density fields are
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FIG. 1. (Color online) Numerical configuration for the vortex at a fixed
position. Only the physical domain is shown.

constant. For simplicity, the expression of the velocity field
is formulated through the stream function ¢ such that
up = —9¢ /0y, vo = O¢p/Ox. The definition of the stream
function is different inside and outside the core of the
vortex,

Q
2(a+0b)

+a(rsin(y — 0 — n/4))2} if(r,y) € Dy,

= o @)
%cos(zw —0— n/4))672cosh’ (r/va@=1?)

[b(r cos(y — 0 — 71/4))2

r

Va2 — b2

Qab
+ TaZczosh’1 ( ) if(r,y) & Dy.

This expression is deduced from the paper of Barré.”’ The
resulting velocity field is continuous, but not differentiable at
the boundary of Dy. This can be observed in Fig. 2, where the
horizontal velocity uy of a round vortex (a/b = 1) is plotted
along x=0. The velocity evolves linearly inside the core of
the vortex, shown in gray, and non-linearly outside. The maxi-
mal tangential velocity of the vortex is reached at the bound-
ary of Dy. It is given by U, = M,co = abQ)/(a + b), where
M, is the vortex Mach number associated with the velocity
U,, and ¢ is the speed of sound in the ambient medium.

In Sec. V, the vortex will be convected in the axial direc-
tion by a uniform mean flow with a velocity U. = M,cy, where
M. is the convection Mach number. In that case, the velocity
field will be the sum of the convection velocity and the vortex
velocity with the vortex position evolving in time due to the
convection.

lll. NUMERICAL PARAMETERS

In this study, a monopolar acoustic source is consid-
ered, placed below the elliptic vortex as shown in Fig. 1,
whose radiated field is scattered by the vortex. The acoustic
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FIG. 2. Profile of axial velocity ug/co for a round Kirchhoff vortex at x =0.

field is computed by solving the linearized Euler equations
written with the Goldstein pressure 7’,?' using a research
code provided by Siemens. The code is based on the nodal
discontinuous Galerkin method®**® with polynomial order
N=4, and a 6-stage, optimized, low-storage Runge-Kutta
scheme.”* The accuracy of the code when the acoustic
waves propagate in a uniform base flow has been assessed
previously in the literature.”> The validity of the code for
the scattering of sound has been verified by simulating the
scattering of acoustic plane waves by a Gaussian round vor-
tex. The results were in excellent agreement with those from
the literature."* It can be noted that the Kirchhoff vortex
does not verify the LEE. This results in the presence of
source terms on the right-hand side of the equations, that
may generate spurious acoustic waves. The amplitude of
these spurious waves in the present work has, however, been
checked to be negligible compared with that of the waves
radiated by the monopole source.

The positions of the vortex and the monopole within the
physical region of the computational domain are represented
in Fig. 1 when the vortex is fixed in space. The vortex is
centered on (0, 0) in this case. The monopole is introduced
through source terms on the right-hand side of the LEE

2 2
1 X—X:)" + — Ve
sp,(x,y) = p sin(wot) exp <_( ) > (y—ye) ))

S(pu)' (X7y) =Sy (xvy)u()(xvy)a
s(pv)'(x7y) =Sy (x,y)vo(x,y),

nO(xay)
sn/()gy):is ’(xay)v (3)
po(X,y) !
where x. =0, y. = —25r is the center of the monopole, and

o is the angular frequency. The wavelength of the acoustic
wave is Ao = 2nco/wp and the Gaussian half-width b, is
ro/10. The choice of a monopolar source leads to curved
acoustic waves. Then, the wavelength and the angle of inci-
dence of the acoustic waves reaching the vortex depend on
the position of the vortex and the mean flow velocity.

The physical domain extends over —25r¢ < x < 2519
and —35ry <y < 25rp, and a buffer zone with a width of 5r¢
is added on each side of the computational domain.
An unstructured triangular mesh is used. The average length
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of the side of the elements in the physical domain is /, and the
distance between nodes is A = /4 for a polynomial order
N =4. The size of the elements / is chosen to ensure at least
ten nodes per /g and r in all cases because the code requires
at least seven nodes per A, to propagate waves accurately. The
ratio between the acoustic wavelength and the vortex size
Z0/ro takes different values between 1/4 and 4. Therefore,
three meshes are considered, with A = ry/40, ro/20 and
r0/10, depending on g /ry. The time step At is chosen so that

CFL = At max {M} ~ 0.9,

ecmesh AnormRe

where u, ;4 is the maximal phase speed in the element e,
A, .o 18 the smallest distance between nodes of a normalized
element of side 7= 1, and R, is the radius of the inscribed cir-
cle in the element e.”* The element size at the outer boundary
of the buffer zone #,,, is twice the element size inside the
physical domain. This difference in size is obtained using a
stretching of the mesh inside the buffer zone, which is com-
bined with a dissipative high-order filtering procedure (see
section 5.3 in Hesthaven and Warburton®®) The filter intensity
varies linearly between the inner and outer boundaries of the
buffer zone, cancelling the terms of high order near the outer
border. A high-order filter is also applied everywhere in the
domain with a cut-off order N. = N — 1. In practice, the terms
of order N are cancelled at each time step.

When the position of the vortex is fixed, the pressure is
recorded on microphones located at a distance of 10ry of the
center of the vortex, as shown in Fig. 1. The angle indicating
the microphone position is denoted .

When the vortex is convected by a uniform flow, the
mesh with A = r(/10 is used. However, it is longer than previ-
ously and extends between —75r¢ < x < 75ry for its physical
part, as represented in Fig. 3. This allows the vortex to travel
over a large distance. Only three microphones, located at
x/ro = =30, 0, 30 and y/ry = 16 are considered in this case.

IV. VORTEX AT A FIXED POSITION

In this section, the position of the vortex is fixed at (0, 0).
There is no Doppler effect in this case since there is no relative

)
257“0
microphones
167"0 L] [ ] °
—
0=
vortex
—
725/’“0 Q) sound source
—
—3or x
—5rg  —30r( 0 30rg 757

FIG. 3. (Color online) Numerical configuration for the convected vortex.
Only the physical domain is shown.
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motion between the source, the vortex, and microphones. Thus,
only the spatial scattering of the acoustic waves is examined.

A. Influence of the vortex aspect ratio a/ b

The effects of the vortex aspect ratio a / b on the sound
spatial scattering are investigated for values of a / b ranging
from 1, for which the vortex is round, to 5. The other param-
eters, such as the vortex Mach number M, = 0.15 and the
acoustic wavelength Ag/ro = | are fixed. A vortex orienta-
tion of 6 = /4 is chosen because it allows to observation
of several strong interference beams over a wide range of
observation angles, as will be shown in the next section in
Fig. 7.

Instantaneous pressure fields are presented in Fig. 4 for,
a/b=1,2,3, and 5. Beams of high and low intensities can
be seen above the vortex. They are created by the construc-
tive and destructive interferences between the acoustic
waves scattered by the vortex and the waves coming directly
from the source. More beams are visible on the left of the
vortex than on the right. The beams close to iy =0 are also
more marked than the ones found at large values of . The
angular positions of the beams do not seem to significantly
change with the vortex aspect ratio, but their number clearly
increases as the vortex becomes more elongated.

The sound scattering is quantified by the normalized
difference between the root mean square pressure values
obtained at 107y from the vortex with and without the vortex
Plns = Dlof sms| /Pref rms- This quantity is shown in Fig. 5 as a
function of the ratio a / b and of the observation angle .
Horizontal stripes are observed. They correspond to the
interference beams visible in the pressure fields of Fig. 4. As
expected, given the latter figure, the stripes are nearly all
found for Yy > 0, and the widest and most intense ones are
located near y = 10°. Moreover, as the vortex aspect ratio
is larger, the angular positions of the stripes do not vary
appreciably but their amplitudes slightly increase.
Additional stripes also appear progressively for large angle
y as the value of a / b increases.

To explain these trends, the ray tracing method is
implemented to compute the paths followed by the acoustic
rays as they propagate. One hypothesis in this method is that
the acoustic source emits at a very high frequency. This will
most likely lead to differences between the LEE and the ray
tracing results, as will be discussed later. The acoustic rays
are obtained by solving the equations given in Candel,'?

ox O\ _ (kuk)

<5’5> = —¢ + (uo, vo), “)
Buo 6110

ok, ok oy

(575) = —kVco — (k)ﬁky) % % ) (5)
Ox 0Oy

where (k,, k,) is the wave vector, and k its norm. The equa-
tions are solved using a 4-stage Runge-Kutta method.
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FIG. 4. (Color online) Pressure fields p’ obtained for (a) a/b=1, (b)
a/b=2,(c)a/b=3,and (d) a/b = 5 for a vortex with an orientation angle
0 = n/4, a maximal Mach number M, = 0.15, and for an acoustic wave-
length Ao /ro = 1.

In practice, 18 rays are launched from the monopole posi-
tion toward the vortex, with initial directions ranging from
—n/20 to 7/20 relative to the vertical direction, as can be
seen in Fig. 6.

The rays obtained for a/b =1 and 5 are presented in
Fig. 6. For the round vortex in Fig. 6(a), the most deviated
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FIG. 5. (Color online) Variations of |p;,,.c = Py sl /Prer oms 8 @ function of
a /b and y for a vortex with an orientation angle 0 = n/4, a maximal Mach
number M, = 0.15, and for an acoustic wavelength /o/ro = 1.

rays are those passing through the center of the vortex. For
the elliptic vortex in Fig. 6(b), the deviation of the rays pass-
ing through the center is weaker than for the round vortex.
On the contrary, the rays passing near the vertices of
the elliptic vortex are more refracted for a/b = 5 than any
ray in Fig. 6(a). This is consistent with the increase in the
scattering angle with a / b observed in Figs. 4 and 5. The
stronger deviation of the rays passing near the vertices of
the vortex is due to the variations of the derivatives of the
vortex velocity field. As seen in Eq. (5), the time derivative

5 7.5

FIG. 6. (Color online) Ray trajectories for (a) /b =1 and (b) a/b =5 for
a vortex with an orientation angle 6 = /4, a maximal Mach number
M, = 0.15, and for an acoustic wavelength 4o /ro = 1.
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of the wave vector is proportional to the product between
the vortex velocity gradient and the wave vector. Thus, the
regions with stronger velocity gradients are likely to cause
more significant changes in the wave vector direction. As
the value of a/b increases, the maximal gradient of the
velocity field becomes more important near the vertices of
the vortex core. This explains the increase in the angle of
refraction near the vertices when the vortex is more elon-
gated. Since the acoustic waves are scattered at greater
angles /, they overlap with the waves coming directly from
the source, generating constructive and destructive interfer-
ences far at the left of the vortex. The thinner interference
beams obtained at greater angles i/ can also be explained by
the fact that at such angles, the angle between the directions
of propagation of the scattered and direct waves is larger.
Finally, the angular range containing the beams in Fig. 6(a)
is narrower than the one in Fig. 5 for a/b = 1. This differ-
ence may be explained by the ray tracing assumption that
Z0/ro < 1, while the simulation of Fig. 5 are performed for
io / ro = 1.

B. Influence of the vortex orientation 6

The effects of the vortex orientation 6 on the scattering
of the sound waves are discussed in this section. The vortex
has a Mach number M, =0.15, a radius such that
Jo/ro = 1, and an aspect ratio a/b = 3. Simulations are per-
formed for the range of vortex orientations —n < 0 < 7.

The levels of |p],,; — Pres yms|/Pref.ms are displayed in
Fig. 7 as a function of the orientation angle 0 and the obser-
vation angle . Because of the geometry of the vortex, the
interference patterns have a w-periodicity with 6. The angu-
lar positions i and the widths of the interference beams do
not change much with the angle 6. The two main beams are
found around y = 10° and = 20°. Their amplitudes vary
with the angle 0. In particular, the amplitude of the beam at
W = 10° is maximal for 0 = *7n/4 and 0 = *=3n/4. Its min-
imal amplitude is reached for 0 =0 and 0 = *=. The ampli-
tude of the beam centered around iy = 20° is also lowest
around 0 =0 and 0 = *mr. In addition, several narrow beams

100 1.0

70 0.8

/§ 0.6
= 40

= 0.4

10 0.2

20 0.0

-1 -0.5 0 0.5 1

0/

FIG. 7. (Color online) Variations of |p],.c = Py yms|/Plef ms 2 @ function of
the vortex orientation 0 and the observation angle  for a vortex with an
aspect ratio a/b =3, a maximal Mach number M, = 0.15, and for an
acoustic wavelength Ao /ro = 1.
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with low amplitudes are visible for i > 40°, but only for
values of 0 roughly between 0 and 7 /4.

To explain the present results, the paths followed by
acoustic rays have been calculated using the ray tracing
method described previously, for an elliptic vortex with
a/b =73 and M, = 0.15. The rays obtained for the vortex
orientation angles 6§ = n/4 and 6 = /2 are presented in
Fig. 8. For 0 = ©/4 in Fig. 8(a), the most refracted rays are
deviated approximately by 100°. For 0 = /2 in Fig. 8(b),
as the vortex is oriented horizontally, the rays are poorly
affected by the vortex. In this case, the angle of refraction
for all rays is lower than 10°. The strong dependency of the
deviation of the rays with the vortex orientation angle is due
to the vector-matrix product between the wave vector and
the vortex velocity gradient in Eq. (5). The wave vector in
Eq. (5) verifies that k, ~ 0 and then the time derivative of
the wave vector is parallel to (Qvy/0x, dvy/dy). Thus, for
the case 0 = n/2, the time derivative is vertical near the ver-
tices of the vortex and almost zero elsewhere, meaning that
the direction of the wave vector does not vary anywhere.
This explains the weak scattering angle for the vortex with
0 =m/2.

C. Influence of the vortex Mach number W

In this section, the influence of the vortex Mach number
M, is investigated. Round vortices and elliptic ones with

5 75
(b)
7.5
5,
£ 25
o
0
2.5
75 5 5 75

FIG. 8. (Color online) Rays trajectories obtained for (a) 0 = n/4 and (b)
0 = 7/2 for a vortex with an aspect ratio a/b =3 and a maximal Mach
number M, = 0.15.
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a/b =3 and 0 = ©t/4 are considered for values of M, rang-
ing from 0 and 0.5. The ratio /o/ro is equal to 1.

The levels of |p;ms - p;'ef,r‘ms|/p;'ef,rms are plotted in Flg
9 as a function of the vortex Mach number M, and the obser-
vation angle . Similar patterns are obtained for the round
and the elliptic vortices. The interference beams take the
form of lobes existing within limited ranges of Mach num-
bers. Four dominant lobes are observed around s = 0, verti-
cally above the vortex. They are oriented towards higher
observation angles as the vortex Mach number increases.
Lobes are also found at large angles i > 0 on the left of the
vortex. However, they are more numerous and appear over a
much wider range of angles y for a higher Mach number. In
addition, for large observation angles, there are more numer-
ous but less intense lobes for the elliptic vortex in Fig. 9(b)
than for the round vortex in Fig. 9(a). For a given Mach
number, they reach higher observation angles for the elliptic
vortex, as was reported in Sec. IV A.

As previously, the ray tracing method has been used to
compute the paths of the acoustic rays passing through the
vortex. The rays obtained for M, = 0.05 and M, = 0.25 are
shown in Figs. 10(a) and 10(b), respectively. In both cases, the
most deviated rays are those passing near the vertices of the
vortex. The maximum deviation angles, however, strongly
increase with M, from approximately 10° for M, = 0.05 up
to 115° for M, = 0.25. This result explains the increase in the
number of interference beams for large observation angles as
the vortex Mach number is higher in Fig. 9.

0.4
0.2
0.0

FIG. 9. (Color online) Variations of |p},,.c = P} sl /Pref ms @s a function of
M, for (a) a/b =1 and (b) a/b = 3 for a vortex with an orientation angle
0 = /4 and for an acoustic wavelength o /ro = 1.
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FIG. 10. (Color online) Ray trajectories obtained for (a) M, = 0.05 and (b)
M, = 0.25 for a vortex with an aspect ratio /b =3 and an orientation
angle 0 = /4.

D. Influence of the acoustic wavelength ig

Finally, the effects of the ratio between the acoustic
wavelength 1y and the size of the vortex ry are studied. The
ratio between the acoustic wavelength and the vortex size r(
varies between 1/4 and 4. A round vortex and an elliptic vor-
tex with @/b = 3 and 6 = /4 are considered. Both have a
Mach number M, = 0.15.

Colormaps of [P}, = Pyt yms|/Pref sms @re plotted in Fig.
11 as a function of the wavelength Ay /r( and the observation
position /. The distributions of the interference beams are
similar for the round and elliptic vortices. For values of
Jo/ro lower than 0.5, the scattered field consists of a large
number of narrow but intense interference beams. For values
of Ag/ro greater than 1, the interference beams are much
weaker and only a few wide beams are visible. This trend is
consistent with the results of existing works.'* For y > 10°,
the lobes are oriented upwards. Therefore, in this case, the
interference beams shift to greater angles iy when the wave-
length increases. For iy < 10°, on the contrary, the lobes are
oriented downward indicating a shift of the beams to lower
angles 1. In general, the interference lobes seem to widen
with the acoustic wavelength /o. Note that, as the wave-
length 4y is larger than the vortex radius, especially when
Ao > 2rg, the geometry of the vortex does not have much
influence on the scattered field. On the contrary, when
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/\0/7’()

FIG. 11. (Color online) Variations of |p],,; = P}of sl /Prof.sms @S @ function
of o/ro for (a) a/b =1, (b) a/b = 3 for a vortex with an orientation angle
0 = 7/4 and a maximal Mach number M, = 0.15.

Jo/ro < 0.5, more beams of lower amplitude are observed
for the elliptic vortex than for the round one. The sound is
also scattered for larger observation angles for the elliptic
vortex, as mentioned previously.

V. VORTEX CONVECTED BY A UNIFORM FLOW

In this section, the vortex is convected in the x-direction
by a uniform flow. The convection Mach number M. and
the aspect ratio of the vortex vary. As shown in Fig. 3, the
vortex is located at y =0 and its major axis is parallel to the
x-direction. This choice has been made because the turbu-
lent structures in a shear layer are typically stretched in the
flow direction.'® The monopolar source, located at x=0,
y/ro = —25, emits at a frequency such that 4o/ro =1 in a
medium at rest and the vortex Mach number is M, = 0.15.
The scattering of acoustic waves by a round convected vor-
tex was also investigated in Clair and Gabard'* for a
Gaussian vortex.

A. Spatial scattering

The pressure fields obtained for a round vortex and an
elliptic vortex with a/b = 3 convected at a Mach number
M, = 0.3 when the vortex is located at x/ry = —30, 0, and
30 are presented in Fig. 12. The convection effects of the
uniform flow on the acoustic waves are clearly visible,
yielding shorter wavelengths and higher amplitudes
upstream of the source, and larger wavelengths and lower
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FIG. 12. (Color online) Pressure fields p" obtained for a vortex convected at a Mach number M, = 0.3, when the vortex is located at (a) and (b) x/ro = —30,
(c) and (d) x=0, and (e) and (f) x/ro = 30: (a), (c,) (e), round vortex, and (b), (d), (), elliptic vortex with a/b = 3, maximal vortex Mach number

M, = 0.15 and acoustic wavelength in a medium at rest 49/ro = 1.

amplitudes downstream. The interference patterns due to the
scattering of the acoustic waves by the vortex differ for
the three positions. As the vortex is convected downstream,
the interference patterns rotate clockwise because the inci-
dence angle of the acoustic waves on the vortex varies. The
number, width, and angular range of the interference beams
also change with the position of the vortex. These changes
can be attributed to the differences in the orientation of the
incident wavefronts and in the wavelength, whose effects
are illustrated in Secs. IV B and IV D, respectively. Indeed,
the angle between the direction of the incident waves and
the direction of the vortex major axis varies from 0 ~0
when the vortex is far upstream up to 0 ~ 7 when it is far
downstream. At the same time, the acoustic wavelength
varies nearly between Ao(1 —M.) and Ao(1 + M,). Thus, a
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large number of narrow interference beams appears over a
wide angular range in Figs. 12(a) and 12(b), while the
number of beams is smaller and they extend over a more
limited angular range in Figs. 12(e) and 12(f). The results
obtained for the two vortex geometries are very similar
when the vortex is just above the source in Figs. 12(c) and
12(d), but show slight differences in the two other cases.
More precisely, when the vortex is located upstream, addi-
tional interference beams are observed for large observa-
tion angles y > 0 for the elliptic vortex in Fig. 12(b)
compared with the round vortex in Fig. 12(a), whereas less
beams are found when the vortex is downstream in Fig.
12(f) than in Fig. 12(e).

The effects of the convection Mach number M, are
then investigated. For that, the pressure fields obtained for
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M.=0, M. =0.3 and M, = 0.6 are displayed in Figs.
13(a) and 13(b), 13(c) and 13(d), and 13(e) and 13(f),
respectively, when the incident wavefronts impinge per-
pendicularly to the direction of the vortex major axis. In
all cases, this happens when the center of the vortex is
located at x/rg = 25M,. The results are very similar for
the round and the elliptic vortices. When the vortex is in
motion, the interference beams are curved, as previously
seen in Fig. 12, due to the clockwise rotation of the angle
of incidence of the acoustic waves on the vortex. The cur-
vature is more marked for a higher convection Mach num-
ber as the vortex travels more rapidly. In addition, more
numerous but narrower interference beams are observed,
as the acoustic wavelength decreases upstream with the
convection Mach number.

B. Spectral broadening
1. Time signals

The pressure field scattered by a convected elliptic vortex
is first analyzed from the time signals recorded at the two posi-
tions (x/rg = —30,y/ro = 16) and (x/ro = 30,y/ro = 16).

The signals obtained at the upstream position for an
elliptic vortex with a/b = 3 and M, = 0.13, are presented in
Fig. 14 for convection Mach numbers M, = 0.3 and 0.6.
They are plotted as a function of #/1y,., where 2t is the
time taken by the vortex to travel through the physical
domain. Thus, the vortex enters the domain at t = —¢y,, is
located at x=0 at +=0, and exits at ¢ = £y, . For both
M. = 0.3 and 0.6, the signals exhibit amplitude modulation
due to the interference beams passing over the observation

FIG. 13. (Color online) Pressure fields p’ obtained for a vortex convected at a Mach number (a) and (b) M.=0, (c) and (d) M, = 0.3, and (e) and (f)
M. = 0.6: (a) (c), (e) round vortex, and (b), (d), and (f) elliptic vortex with a/b = 3, maximal vortex Mach number M, = 0.15 and acoustic wavelength in a

medium at rest Ao /ro = 1.
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FIG. 14. Pressure signal at x/ro = —30 and y/ro = 16 for an elliptic vortex
with an aspect ratio a/b = 3 and a maximal Mach number M, = 0.15 con-
vected at Mach number (a) M. = 0.3, (b) M. = 0.6, for an acoustic wave-
length Ao/ro = 1.

position. In Fig. 14(a), for M, = 0.3, the modulations occur
between —0.2 < 1/, < 0.2 and can be related to the inter-
ference beams visible in the pressure field in Fig. 12(b). In
Fig. 14(b) for M. = 0.6, the modulation pattern is relatively
similar to that in Fig. 14(a), but appears later since the inter-
ference beams are trailing further behind the vortex for
M. = 0.6 than for M. = 0.3, as shown in Fig. 13.

The signals obtained downstream at x/ro = 30 and
y/ro = 16 for M. = 0.3 and M, = 0.6 are plotted in Fig. 15.
The amplitude modulations are visible over a shorter time
period, and the number of modulations is smaller than at the
upstream observation point in Fig. 14. This is due to a
smaller number of interference beams downstream than
upstream, as is visible in Fig. 12. The modulations appear
latter for M, = 0.6 than for M. = 0.3 as in Fig. 14, but the
time shift is less important than for the upstream signals.

FIG. 15. Pressure signal at x/ro = 30 and y/ro = 16 for an elliptic vortex
with an aspect ratio a/b = 3 and a maximal Mach number M, = 0.15 con-
vected at Mach number (a) M. = 0.3, (b) M. = 0.6, for an acoustic wave-
length 2o /rog = 1.
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2. Spectral densities

The power spectral densities (PSD) of the pressure fluc-
tuations have been calculated using the signals recorded at
y/ro = 16 and x/rp = —30, 0, and 30 between ¢ = —t,;, and
t=1y,.

These PSD obtained for a round vortex and an elliptic
vortex with a/b =3, for M, = 0.15, M, = 0.3, and Zo/ro
= 1, are plotted in Fig. 16 as a function of the centered nor-
malized frequency (f —fy)ro/(M.co). The spectra show a
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FIG. 16. (Color online) PSD levels obtained at (a) x/rp = —30, (b) x=0,
and (c) x/ro = 30, y/ro = 16 for M, = 0.3 and (black solid line) a/b =1
and (red solid line) a/b = 3. The other parameters are the maximal Mach
number M, = 0.15 and the acoustic wavelength 4y /ro = 1.
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central peak at f=f,, and sidelobes on both sides corre-
sponding to the energy shifted from f;, due to Doppler effects
resulting from the scattered field radiated by the moving
vortex. The existence of lobes in the scattered pressure field
gives rise to sidelobes on the PSD. The frequency shift of a
sidelobe is larger for lobes that are located further away
from y = 0°. Overall, similar trends are found for the round
and the elliptic vortices. A single large lobe is observed for
f < fo, while several narrower lobes are noted for f > f. As
the observer position moves downstream, the lobe at f < fj
becomes wider and its maximum gets closer to fj, to even
disappear in Fig. 16(c) for x/ry = 30. The maximum values
of the lobes at f > fy are reached at higher frequencies.
Regarding the differences between the round and the elliptic
vortices, the sidelobes are significantly narrower for the
elliptic vortex, for example in Fig. 16(b), yielding maxima
closer to each other. In particular, the maxima of the first
lobes on both sides of the central peak at f=f, are closer to
the source frequency.

The spectra obtained for the same vortices and acoustic
wavelength as in Fig. 16, but with a convection Mach num-
ber M. = 0.6 instead of M, = 0.3, are presented in Fig. 17.
The results are similar in the two Figs. 16 and 17. This is
particularly the case in Fig. 16(c) and Fig. 17(c) downstream
of the source. Upstream and above the source, however, dif-
ferences can be noted as the convection Mach number
varies. The sidelobes are narrower for M, = 0.6 than for
M. =0.3. At x/rp = =30, in addition, they reach their
maximum values at different frequencies for the round and
the elliptic vortices in Fig. 17(a), which was not the case in
Fig. 16(a).

VI. CONCLUSIONS

In this work, the scattering of acoustic waves by an
elliptic vortex is investigated with the aim of understanding
the effects of the parameters defining the vortex, especially
those unique to elliptic vortices, such as the aspect ratio and
the orientation with regard to the incident wavefronts. The
velocity magnitude of the vortex and its size relative to the
incident acoustic wavelength are also studied.

In the first section, the effects of each of the first four
parameters were investigated separately for a stationary vor-
tex scattering the acoustic waves radiated by a monopole.
The vortex aspect ratio appears to have a weak effect on the
scattered field. In particular, for the orientation angle
0 = /4, a more elliptic vortex leads mostly to the appear-
ance of additional, low amplitude interference beams at
large observation angles. This is due to the refraction of the
acoustic waves towards greater angles because the velocity
gradient increases with the ellipticity of the vortex. The vor-
tex orientation has a significant influence on the amplitude
and the angular range of interference beams because the
angle between the velocity gradient and the incident wave
vector affects the deviation of the wave direction. This devi-
ation is minimal when the elliptic vortex major axis is
aligned perpendicularly to the wave direction. The effects of
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FIG. 17. (Color online) PSD levels obtained at (a) x/ro = —30, (b) x=0,
and (c) x/ro = 30, y/ro = 16 for M, = 0.6 and (black solid line) a/b = 1
and (red solid line) a/b = 3. The other parameters are the maximal Mach
number M, = 0.15 and the acoustic wavelength 4o /ro = 1.

the Mach number are similar for the round vortex and the
elliptic vortex. However, for a given Mach number, addi-
tional interference beams are observed at large observation
angles when the vortex is elliptic.

In the second section, the vortex was convected by a
uniform mean flow. The effect of the ellipticity, the position,
and the convection Mach number of the vortex were studied.
Because of the convection, the elliptic vortex orientation
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evolves while the vortex is traveling. As a result, differences
between the elliptic and round vortices can be observed in
the interference patterns, with more interference beams for
the elliptic vortex when it is located upstream, and less
when it is located downstream. These differences are consis-
tent with the observations made on the effects of the param-
eters of the elliptic vortex at a fixed position. Finally, the
spectra obtained upstream, vertically, and downstream of
the source present similarities, with sidelobes around the
source frequency associated with the scattered field and a
Doppler shift, as described in previous work for round vorti-
ces. Nevertheless, the differences observed in the interfer-
ence patterns for the pressure fields result in sidelobes that
appear narrower for the elliptic vortex, with maxima that are
located closer to the source frequency.
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