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 A B S T R A C T

A digital in-line holography technique (DIH) is applied to measure non-invasively the three-dimensional motion 
of micrometric bubbles in an acoustic field. In addition to the components of the bubble displacements, DIH 
also allows the measurement of the temporal evolution of the bubble radii. It is shown that the knowledge 
of these four variables allow assessing the various forces that the bubbles experience. In the absence of the 
acoustic field, the buoyancy and drag forces are assessed. When the acoustic field is switched on, the primary 
radiation force acting on a single bubble is quantified. The order of the magnitude of the force, as well as 
its evolution along the bubble trajectory, are captured. It is demonstrated that the location of pressure nodes 
and antinodes in the cavity are recovered when compared with numerical simulations of the acoustic pressure 
field. When two bubbles nucleated in the cavity are investigated, they can attract and coalesce under the 
action of the secondary radiation force. DIH technique allows the quantification of this attractive force acting 
between the bubbles. The evolution of the secondary Bjerknes force with the interbubble distance is shown to 
be consistent with theoretical models.
1. Introduction

Acoustic cavitation occurs when a sound field of sufficiently high 
amplitude allows rupturing a liquid, a phenomenon resulting in the 
nucleation and activities of gas bubbles [1]. Acoustic bubbly flows 
are frequently encountered in engineering problems, such as ultrasonic 
cleaning [2] and sonochemistry [3], but also in biomedicine where the 
use of acoustic bubbles is a very promising area of research. Amongst 
the potential health applications, one can mention the destruction of 
blood clots (sonothrombolysis [4]), the targeted drug delivery into 
biological materials [5], the bubble-induced opening of the blood–
brain barrier for the treatment of brain tumors and neurodegenerative 
diseases [6,7], or the disinfection of sensitive surfaces (like the skin or 
vegetables) [8]. In all these disciplines and related technologies, bub-
bles usually do not appear isolated, but rather in the form of a group of 
several bubbles. These bubbles are scarcely dispersed homogeneously, 
but instead self-organize into structured ensembles called a bubble 
cloud [9]. The understanding of the emergence and spatiotemporal 
dynamics of these clouds is quite challenging, due to the numerous 
complex phenomena acting at the scale of a single bubble and between 
them. Usually, the physics of a huge number of coupled nonlinear 
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oscillators is tackled using numerical modeling based on a contin-
uum approach of the bubbly liquid [10]. The important parameters 
in the characterization of multibubble cavitation fields are the size 
distribution of bubbles and their locations in the acoustic field. The 
knowledge of these two quantities allows assessing the different forces 
acting on each bubble, as well as the strength of the bubble interaction. 
Therefore, the size and dynamics of the cloud can be predicted over 
time.

The size of acoustic cavitation bubbles is usually difficult to predict 
due to the stochastic process of bubble nucleation and cavitation. Once 
nucleated, the size distribution of cavitating bubbles can evolve along 
with the various physical effects that each bubble can encounter in a 
sound field: coalescence between bubbles [11,12], fragmentation into 
several daughter bubbles [13,14], growth or shrinking due to rectified 
diffusion [15,16]. Various techniques have been designed for the mea-
surement of the size distribution of gas bubbles in a liquid including 
laser light diffraction and phase-Doppler techniques [17], the evolution 
of the void rate using electromagnetic methods [18,19], the estimation 
of the bubble dissolution time [20] or the acoustic monitoring of the 
scattering intensity of the bubble cloud [21,22]. All these techniques 
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provide reliable results on the overall size distribution of an ensemble 
of bubbles, whatever the bubble concentration, but do not allow the 
quantification of the bubble location nor the forces acting on them. 
Moreover, usually their time resolution is low, so that the temporal 
evolution of the bubble size distribution is captured at timescale much 
larger than the acoustic period.

The experimental characterization of the spatial organization of 
cavitating bubbles is a challenging task. The spatial dynamics of a 
bubble cloud is qualitatively captured by high-speed imaging, for a 
description of its macroscopic features [23–25]. The main limitations 
of these conventional imaging techniques are the lack of details on the 
individual bubble behaviors and locations, and that they do not allow 
resolving the three-dimensional nature of the cavitation field. High-
speed X-ray phase contrast imaging overcomes these limitations and 
has been used to investigate the onset of cavitation bubbles induced 
by an ultrasonic horn [26]. However, this technique is from being 
accessible for conventional laboratory use. Digital in-line holography 
(DIH) [27,28] is a technique relying on the numerical reconstruction 
of holograms (the interference of the coherent light scattered from 
particles with the incident beam) located at various depths into focus. It 
enables the simultaneous measurement of the particle size and spatial 
distribution, and has been widely used in the characterization of the 
evaporating droplet processes [29,30] and the study of fast-moving 
bubbles in mixture flows [31]. In the field of ultrasound cavitation, 
the volumetric oscillations of bubble clouds induced by high-intensity 
focused ultrasound beam was investigated by high-speed DIH [32], and 
the motion of individual bubbles was resolved but not discussed so far.

When considering a single bubble, the knowledge of both its size 
and location as a function of time, and so its velocity and acceleration, 
provides a way to assess the different forces acting on it. In addition to 
the added mass, drag and buoyancy forces, gas bubbles in a sound field 
are submitted to radiative forces, known as the primary and secondary 
Bjerknes forces [33]. These forces take their origin in the coupling 
of the volumetric bubble oscillations 𝑉𝑖(𝑡) (where the index 𝑖 runs for 
the 𝑁 bubbles in the cloud) with the spatial pressure gradient, that 
produces a net force 𝐅𝐑,𝐢 = −⟨𝑉𝑖(𝑡)𝛁𝑝(𝐫𝐢, 𝑡)⟩, where 𝐫𝐢 is the position 
vector of the 𝑖th bubble and the subscript 𝑅 stands for the radiative 
effect. When the pressure gradient comes from the acoustic field itself, 
the force 𝐅𝐑𝟏 is called the primary radiation force. When the pressure 
gradient is brought by a second neighboring bubble, the force 𝐅𝐑𝟐 is 
called the secondary radiation force. The primary Bjerknes force is 
responsible for the trapping of gas bubbles at nodes or antinodes of the 
ultrasound field [34,35], while the secondary Bjerknes force dictates 
the translational motion of interacting bubbles, giving to the bubble 
clouds their peculiar spatial organization [23]. The translational motion 
of each individual bubble 𝑖 in the cloud is then described by 

𝐅𝐌,𝐢 + 𝐅𝐁,𝐢 + 𝐅𝐃,𝐢 + 𝐅𝐑𝟏,𝐢 + 𝐅𝐑𝟐,𝐢 = 0, (1)

where 𝐅𝐌 is the added mass force, 𝐅𝐁 is the buoyancy force, and 𝐅𝐃 is 
the drag force.

In this study we investigate the potential of DIH for assessing the 
bubble sizes, locations and the various forces appearing in Eq. (1) that 
act on moving acoustic bubbles. To do so, a step-by-step experimental 
methodology is proposed. In Section 2, the experimental setup and 
data analysis are presented. In Section 3, a single, free rising bubble 
is considered. It allows quantifying the added mass, buoyancy and 
drag force acting on it. In Section 4, a single bubble is driven in 
a standing wave field, and is trapped at a pressure antinode. The 
investigation of its translational motion results in the quantification of 
the primary radiation force. In Section 5, two bubbles coalescing at the 
same location are investigated, so that the secondary Bjerknes force can 
be predicted.
2 
Fig. 1. Schematics of the experimental setup. A single vapor bubble is gener-
ated using a focused pulsed laser beam. After its collapse, the bubble is now 
constituted of non-condensable gases and moves in the acoustic field until it 
reaches the trapping zone. Simultaneously, the bubble trajectory is recorded 
by the in-line holographic system.

2. Experimental setup and optical techniques

2.1. Bubble nucleation, driving and trapping

A schematics of the experimental setup is given in Fig.  1. A 8-
cm-edge cubic water tank is filled with filtered water. Single bubbles 
are nucleated inside the tank by focusing the second harmonic of a 
Nd:YAG pulsed laser (New Wave Research, Solo III, wavelength 𝜆YAG =
532 nm and 6 ns pulse duration). The laser beam is focused by a set 
of three lenses: it is enlarged by a beam expander (𝑓 = −25mm); 
(𝑓 = 125mm) and finally focused by an aspherical lens (𝑓 = 40mm) 
to minimize optical aberrations. After their collapse, bubbles contain 
a small amount of non-condensable gas coming from the surrounding 
liquid due to diffusion and plasma recombination. At this stage, the 
typical size of air bubbles ranges from 30 to 80 μm.

A plane, Langevin-type ultrasound transducer (SinapTec® , diameter 
of the active area 35mm) is attached to the bottom of the tank. Echo-
graphic gel is used to ensure (no air) impedance matching between the 
transducer and the tank. The transducer is driven by a sinusoidal wave 
field whose frequency is set to 31.25 kHz, corresponding to a resonant 
bubble radius 𝑅res ≈ 104 μm according to Minnaert’s theory [36]. The 
voltage amplitude of the transducer is varied between 5 and 7.5V, no 
gain amplifier is used. The driving frequency is set close to an acoustic 
mode of the cavity so that a standing wave field is established. As a 
consequence, once generated a bubble will move in the acoustic field 
until reaching a trapping zone. Because all the investigated bubbles 
are smaller than the resonant size, they are naturally driven towards 
the pressure antinodes due to the primary radiation force [16]. The 
different forces acting on the bubbles lead to a three-dimensional and 
non-intuitive trajectory. The characterization of the full bubble trajec-
tory along its lifetime (from nucleation to its trapping location) requires 
the temporal measurement of the Cartesian coordinates 𝑥(𝑡), 𝑦(𝑡) and 
𝑧(𝑡). The investigation of the forces that a bubble experiences also 
depends upon its radius 𝑅 and the applied acoustic pressure. Tracking 
these different quantities by classical optical imaging is tricky as the 
trajectory of the investigated bubble can escape from the focal plane of 
the camera. In addition, the observation of small objects requires high 
image magnification, which leads to a significant decrease in the depth 
of field.

2.2. Digital in-line holography setup

To overcome these problems, we propose an original approach 
based on the use of digital in-line holography (DIH). DIH makes it 
possible to realize a Lagrangian tracking of small objects in a large 
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Fig. 2. A sequence of in-line holograms in the case of a bubble trapped in an acoustic field. A superimposition of nine holograms of the same bubble along 
its trajectory is shown: (a) the raw sequence including image background correction, (b) the best-matching synthetic holograms, (c) the residuals obtained by 
subtracting the synthetic holograms from the recorded holograms and (d) close-up of the recorded, synthetic and residual holograms for a given bubble location.
volume [29,31] together with an accurate measurement of their di-
ameter. Bubbles are illuminated by a continuous wave laser beam 
(CNI MLL-FN, DPSS, 𝜆CW = 532 nm, 400mW). In order to ‘‘clean up’’ 
the laser beam, the later is focused by an objective microscope (20×
magnification) onto a pinhole of ⌀10 μm in diameter. The laser beam 
is then collimated by a spherical convex lens (𝑓 = 750mm). A full-
aperture obstruction target (obstruction diameter of ⌀492 μm) is used 
to determine the system magnification to 1.083. The holograms of the 
bubbles are recorded at a frequency of 400 fps on a 12-bit CMOS 
sensor (Vision Research V611) with a pixel size of 20 μm. This optical 
arrangement, shown in Fig.  1, allows us to probe an approximate 
liquid volume of 15 × 25 × 80mm3. This large volume includes both the 
nucleation and the trapping locations, and the motion of the bubble 
between them. The trajectories are recorded over a time interval of 
several seconds (up to 12 s) to ensure that the bubble has reached its 
trapping location and remained stable there.

2.3. Hologram processing

The reconstruction of holograms is performed with an inverse prob-
lem method [27] with an similar algorithm applied to the study of 
evaporating drops [30,37]. This approach is known to overcome the 
uncertainties and biases induced by the finite size of both the sen-
sor and its pixels. In many applications, this method allows one to 
significantly increase the accuracy of the measurements. The inverse 
method reconstruction is based on the minimization of a cost function 
defined as the difference between the recorded hologram and a model 
hologram. The method was first introduced in Soulez et al. [27]. The 
method and algorithm used in this paper, including pixel integration 
and contrast adjustment, is detailed in Seifi et al. [29]. The holo-
gram model describes the diffraction pattern of an opaque disk in the 
Fraunhofer approximation framework with summation of the incident 
beam [27]. Bubbles are first detected using a convolution process, from 
which a rough estimation of the 4 parameters x, y, z and diameter d is 
obtained. The minimization of the cost function is then performed by 
using a standard Levenberg–Marquardt algorithm.

In the present study, the bubbles are micrometric and are considered 
spherical, as demonstrated by the smallness of the Bond number 𝐵𝑜: 

𝐵𝑜 =
4𝛥𝜌𝑔𝑅2

∼ 10−4 ≪ 1, (2)

𝜎

3 
where 𝛥𝜌 is the difference in density between water and air, 𝑔 is the 
gravitational acceleration, and 𝜎 is the surface tension between water 
and air. Also, the applied acoustic pressure is kept below the thresh-
old for triggering nonspherical instability on the bubble surface [38], 
ensuring that the bubbles remain spherical during their motion. In 
addition to the large recording distance, a simple scalar diffraction 
model can be used for the description of the light diffracted by the 
bubbles, in the Fraunhofer approximation: 

𝐹𝑟 =
𝑅2

𝐿𝜆CW
∼ 10−2 ≪ 1, (3)

where 𝐿 is the distance between the water tank and the CMOS sensor. 
The diffraction of a bubble is therefore modeled by the diffraction 
pattern of an opaque two-dimensional disk relying on a set of four 
parameters: the coordinates (𝑥, 𝑦, 𝑧) of their center and their radius 
𝑅.

An example of image processing is shown in Fig.  2. Nine recorded 
holograms are shown along the trajectory of a bubble trapped in 
the acoustic field (Fig.  2(a)). The bubble holograms are hard to dis-
tinguish even after background correction and are encircled to ease 
their observation. The synthetic holograms that minimize the difference 
between the model and each recorded hologram are shown in Fig.  2(b). 
The difference between the synthetic and the recorded holograms is 
displayed on Fig.  2(c). These residuals are quite low (see Fig.  2(d)), 
illustrating the good determination of the position and bubble size. The 
only exception is the first hologram corresponding to the nucleation 
site. Indeed, the nucleation is the site of violent and highly nonlinear 
phenomena leading to an aspherical collapse, the fragmentation into 
several daughter bubbles or local variation of the refractive index due 
to thermal effects. Therefore, the diffraction model obviously fails to 
describe the recorded hologram in the first moments of the bubble 
lifetime.

3. Free rising bubble

As indicated in Eq. (1), the bubble trajectory in the acoustic levitator 
is governed by four forces: the buoyancy force 𝐅𝐁, the drag force 𝐅𝐃, 
the primary 𝐅𝐑𝟏 and the secondary 𝐅𝐑𝟐 radiation forces. In absence of 
the acoustic field, the last two forces can be removed from the equation 
of bubble translation. As a consequence, after laser nucleation, a bubble 
rises freely to the top of the tank due to buoyancy. The bubble moves 
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along a rectilinear trajectory, and its ascension velocity is conditioned 
by the drag force. The holographic measurements allows assessing 
the bubble location (hence its velocity) and size (hence the buoyancy 
force), so that the appropriate modeling of the drag force experienced 
by the bubble can be deduced. Holographic measurements performed 
on a free rising bubble are shown in Fig.  3. The bubble motion in two 
orthogonal plane are displayed in Figs.  3(a, b). The smallness of the 
associated standard deviation highlights is the good accuracy of the 
measurement. It has been estimated to ∼ 2μm on the transverse direc-
tions 𝑥 and 𝑧 (parallel to the sensor) and about 0.3mm (roughly three 
bubble diameters) on the depth direction 𝑦. The temporal evolution of 
the bubble radius during its ascension is shown in Fig.  3(c). The slow 
decrease of the radius suggests that the bubble slightly dissolves during 
its ascension. The prediction of the gas diffusion at the bubble interface 
is well represented by the Epstein–Plesset model: 

𝑅̇ =
(

𝐶∞ − 𝐶surf
)

𝐷air

(

1
𝑅
+

1
√

𝜋𝐷air 𝑡

)

, (4)

where the overdot denotes the time derivative, 𝐶∞ and 𝐶surf  are the 
mass concentration in the saturated water and at the bubble interface, 
respectively, and 𝐷air = 2 × 10−9 m2 s−1 is the diffusion coefficient of 
air. Considering a bubble with an initial radius of 49.5 μm, with a mass 
concentration at its interface equal to 𝐶surf = 2.4 × 10−2 kgm−3 and 
located in a saturated water (𝐶∞ = 8.3 × 10−3 kgm−3), the evolution 
of its radius is shown in Fig.  3(c). A good agreement is obtained with 
the experimental evolution of the radius. The slight difference in the 
slope of the dissolution process may arise from the neglect of convective 
effects around the bubble in the Epstein–Plesset theory.

We can now infer the appropriate form for modeling the drag force. 
The knowledge of the bubble radius over time allows calculating the 
buoyancy force: 

𝐅𝐁 =
4
3
(

𝜌𝓁 − 𝜌𝑔
)

𝜋𝑔𝑅3𝐞𝐳 , (5)

where 𝜌𝓁 and 𝜌𝑔 are the liquid and the bubble densities, respectively. 
The general formulation of the drag force can be written by: 

𝐅𝐃 = −
1
2
𝜌𝓁𝜋𝑅𝐶𝐷 ‖𝐮‖ ⋅ 𝑢𝑧𝐞𝐳 , (6)

where ‖𝐮‖ is the magnitude of the bubble velocity (the liquid is sup-
posed at rest), 𝑢𝑧 is the velocity component along the 𝐞𝐳 direction, and 
𝐶𝐷 is the drag coefficient. This coefficient is analytically undetermined 
in its general form [40–43]. However, it can be experimentally deduced 
under the assumption of null acceleration: 

𝐶𝐷DIH
=

8
3
𝜌𝓁 − 𝜌𝑔

𝜌𝓁

𝑅2𝑔
‖𝐮‖ ⋅ 𝑢𝑧𝐞𝐳

. (7)

The validity of the assumption of null acceleration during the bubble 
motion is confirmed by the quantification of the different forces acting 
on the bubble, as shown in Fig.  4(a).

Here, the inertia and buoyancy forces are calculated from the holo-
graphic measurements, while the drag force is deduced from the bal-
ance between the three involved forces. The buoyancy force decreases 
because of the bubble dissolution, and inertia remains negligible along 
the bubble trajectory. Fig.  4(b) shows the drag coefficient 𝐶𝐷DIH

 as a 
function of the Reynolds number in the log–log representation, for four 
different rising bubbles. It is worth noting that, because the bubble 
equilibrium radius decreases with time, its velocity decreases along 
the trajectory. As a consequence, Fig.  4(b) maybe read from the right 
to the left during the bubble ascension. The drag coefficient 𝐶𝐷DIH

 is 
compared to the cases of a bubble moving in a clean water (Hadamard 
and Rybczynski model [44]) or of a contaminated bubble (Oseen 
model [44]). Just after its nucleation, the bubble behaves like moving 
in a clean water. It becomes contaminated as it rises in the fluid and the 
associated drag coefficient tends to the Oseen relationship. Since there 
is no universal law for bubbles in a wide range of Reynolds number, 
4 
Fig. 3. DIH measurements using inverse problem approach (IPA) for a free 
rising bubble. Evolution of the bubble position in (a) the (𝑥, 𝑦) plane and (b) 
the (𝑦, 𝑧) plane, where the 𝑦 axis refers to the optical axis. Black errorbars 
correspond to the standard deviation. (c) Evolution of the radius of the free 
rising bubble as a function of time. The dashed line corresponds to the Epstein–
Plesset model [39] for bubble dissolution. The first (open circle) and last (filled 
circle) measured bubbles are shown for readability.

it is appropriate to consider the drag coefficient given by the standard 
drag curve (SDC), which is valid for bubbles in an untreated (tap) water 
for 𝑅𝑒 < 10 [40,41]. An approximation of the SDC has been proposed 
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Fig. 4. (a) Temporal evolution of the forces acting on a rising bubble. 
The adjustment of the drag law with the Brauer and Mewes modeling is 
shown (dashed line). (b) Evolution of the drag coefficient 𝐶𝐷DIH

 as a function 
of the Reynolds number 𝑅𝑒 for four rising bubbles. The Hadamard and 
Rybczynski [44] (clean bubble) and the Oseen [44] (contaminated bubble) 
modeling are superimposed to the experimental data. The drag coefficient 
is also adjusted using the Brauer and Mewes [40] law once the bubble has 
reached its terminal velocity. Fitting parameters for the Brauer and Mewes 
model are 𝐶1 = 10 and 𝐶2 = −5.

by Brauer and Mewes [40]: 

𝐶𝐷SDC
= 𝐶1 +

𝐶2

𝑅𝑒0.5
+

24
𝑅𝑒

, (8)

where 𝐶1 and 𝐶2 are fitting parameters. A good agreement of Eq. (8) 
with the experimental data is obtained for 𝐶1 = 10 and 𝐶2 = −5, as 
shown in the Figs.  4(a, b). We will therefore keep these values of the 
fitting parameters for the rest of the study.

4. A single bubble trapped in a stationary acoustic field

Now that the holographic measurements on a free rising bubble 
have shown their interest for the determination of the drag force, 
we consider the case of a single bubble submitted to an external 
acoustic field. After nucleating a single bubble when the acoustic field 
is activated, it moves until reaching a stable location. Fig.  5 shows the 
three components of the bubble location as a function of time measured 
by DIH. The motion of the bubble is obviously three-dimensional. The 
bubble coordinates were filtered using cubic spline interpolation in
SciPy (open source Python library) to obtain smooth, regularized 
trajectories from noisy data. Velocity and acceleration were then de-
rived analytically from the first and second derivatives of the splines, 
providing stable and accurate estimates of the bubble dynamics. In the 
5 
Fig. 5. DIH measurements using inverse problem approach (IPA) for a single 
bubble in the ultrasonic field. (a–c) Temporal evolution of the bubble position 
along the 𝑥, 𝑦 and 𝑧 direction, respectively.

(𝑥, 𝑦) plane, the bubble reaches the center of the cavity (with identical 𝑥
and 𝑦 coordinates) after nearly eight seconds. Along the 𝑧 direction, the 
bubble rises in the cavity until reaching a constant height (around 𝑧 =
67mm). Due to its entrainment, the bubble shortly exceeds the trapping 
altitude around 𝑡 = 5 s. The experimental results clearly illustrate the 
trapping of the bubble at a particular location after 𝑡 = 10 s.

The trapping of the bubble takes its origin from the primary ra-
diation force 𝐅𝐑𝟏 induced by the ultrasound wave on the oscillating 
bubble: 

𝐅 = −⟨𝑉 (𝑡)𝛁𝑝(𝐫, 𝑡)⟩, (9)
𝐑𝟏
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where ⟨ ⟩ denotes the time-averaging process over an acoustic period. 
The acoustic pressure field is 
𝑝 (𝐫, 𝑡) = 𝑝ac𝑝 (𝑥, 𝑦, 𝑧) sin (𝜔𝑡) , (10)

where 𝑝ac is the maximum acoustic pressure in the cavity, 𝑝 (𝑥, 𝑦, 𝑧)
is the dimensionless acoustic pressure at the coordinate (𝑥, 𝑦, 𝑧), and 
𝜔 is the angular frequency. Under moderate acoustic driving, the 
bubble undergoes linear oscillations, so that its radius writes 𝑅(𝑡) =
𝑅0

[

1 − 𝑎0 sin(𝜔𝑡)
]

, with 𝑅0 the time-averaged radius over an acoustic 
period, and 𝑎0 ≪ 𝑅0. The radial expansion coefficient 𝑎0 can be 
obtained by linearizing the Rayleigh-Plesset equation and retaining 
only the steady-state solution for undamped oscillations [1]: 

𝑎0 = −
𝑝ac𝑝 (𝑥, 𝑦, 𝑧)

𝜌𝓁𝑅0
(

𝜔2
0 − 𝜔2

), (11)

where 𝜔0 is the natural angular frequency of the bubble, first derived 
by Minnaert [36]. When surface tension and viscosity are taken into 
account in the Minnaert frequency, the natural angular frequency is 
given by 

𝜔2
0 =

1

𝜌𝓁𝑅2
0

[

3𝜅(
2𝜎
𝑅0

+ 𝑝0 − 𝑝𝑣) −
2𝜎
𝑅0

]

, (12)

where 𝜅 is the gas polytropic index, 𝜎 the liquid–gas surface tension, 
𝑝0 the atmospheric pressure and 𝑝𝑣 is the vapor pressure. Replacing the 
linearized bubble volume 𝑉 (𝑡) = 𝑉0

[

1 − (3𝑎0∕𝑅0) sin (𝜔𝑡)
] into Eq. (9) 

leads to the theoretical prediction of the primary radiation force 

𝐅th
𝐑𝟏 = +

2𝑅0𝑝2ac
𝜌𝓁

(

𝜔2
0 − 𝜔2

)𝑝(𝑥, 𝑦, 𝑧)𝛁𝑝(𝑥, 𝑦, 𝑧). (13)

The analysis of Eq. (13) indicates that the primary radiation force is 
canceled when the pressure field or its gradient is null, meaning at the 
pressure nodes or antinodes. For bubbles smaller than the resonant size, 
or in other words, for bubbles driven below their resonance frequency 
𝜔 < 𝜔0, the force is always directed towards a pressure antinode, 
whereas for bubbles larger than the resonant size (equivalently 𝜔 > 𝜔0), 
the force is always directed towards a pressure node. Also, dividing 
Eq. (13) by 𝑝2ac allows us to free ourselves from the maximum acoustic 
pressure within the cavity, which remains unknown at this stage. We 
will see later how we can estimate this value from the holographic 
measurements.

In order to predict 𝐅th
𝐑𝟏 according to Eq. (13), one needs to know 

the spatial distribution of the dimensionless acoustic pressure 𝑝 (𝑥, 𝑦, 𝑧)
within the cavity. Since the cavity is closed, it is impossible to mea-
sure the acoustic pressure field without any perturbation of the field 
itself. We therefore propose to calculate the linear acoustic pres-
sure field within the cavity using a multiphysics software (Comsol 
Multiphysics®).

The numerical simulations have been performed using Comsol Mul-
tiphysics 6.3, with the Geometry and Frequency domain module, as-
suming linear acoustic propagation. An optically transparent (PMMA) 
cubic tank (79mm edge and 3mm thickness per face) has been mod-
eled in the Geometry module. The ultrasonic transducer is designed 
by a cylindrical surface (diameter 35 mm) centered at the bottom 
of the tank. The boundary conditions are set to zero pressure on 
each wall, and with a normal displacement amplitude of 1 μm at the 
transducer surface. Due to the cubic design of the tank, the simulation 
is three-dimensional. The mesh generation chosen is an unstructured 
tetrahedral volumetric mesh with an extremely fine size. The Frequency 
Response Function of the tank has been obtained using the Frequency 
domain module, and an acoustic resonance of the cavity is obtained at 
31.25 kHz that correspond to the nominal frequency of the transducer. 
The simulated displacement amplitude of the transducer is unrealistic 
and leads to indicative pressure amplitudes. As a consequence, the 
dimensionless pressure field 𝑝num (𝑥, 𝑦, 𝑧) is obtained by dividing the 
simulated pressure amplitude by the maximum pressure in the cavity. 
6 
Fig.  6(a) presents the isocontours of pressure in the tank. The sectional 
views (Figs.  6(b, c)) show the spatial distribution of the pressure field in 
two orthogonal planes. The antinode with the highest amplitude (white 
star in Figs.  6(b–c)) is located above the transducer (at the center of the 
tank) and at roughly two thirds of the height. The superimposition of 
the bubble trajectory and the numerical dimensionless pressure field in 
the cavity is presented in Fig.  7(a).

As expected, the bubble is trapped slightly above the pressure 
maximum due to the balance with the buoyancy force. Along the 
bubble trajectory, the profile of the dimensionless acoustic pressure is 
extracted and displayed in Fig.  7(b). It is worth noting that the bubble 
is supposed to cross a pressure node in the first moments following the 
nucleation. The evolution of the bubble radius as a function of time 
is shown in Fig.  7(c). Similarly to the case of a free rising bubble, 
the mean bubble radius decreases with time due to the dissolution 
process. The relatively small variations of the bubble radii around its 
equilibrium value indicates that linear radial bubble oscillations can 
be assumed. The expansion coefficient 𝑎0 of the bubble oscillations 
is therefore estimated by replacing the numerical prediction of the 
acoustic pressure along the path of the bubble (Fig.  7(b)) in Eq. (11). 
In fact, it is more appropriate to replace the numerator of Eq. (11) 
by 𝛼𝑝ac𝑝f it (𝑥, 𝑦, 𝑧), where 𝑝f it (𝑥, 𝑦, 𝑧) is the numerical acoustic pressure 
shown in Fig.  7(b) and approximated by a polynomial expansion, 
and 𝛼 = 0.257 is a adjustment factor ensuring an identical baseline 
dispersion between the data with (Fig.  7(b)) and without (Fig.  3(c)) 
activation of the acoustic field. The value of 𝛼 is chosen in order to fit 
the predicted primary radiation force at the end of the trajectory. We 
will see in Section 5 that this value is also relevant for the estimation of 
the secondary radiation force. The only fitting parameter is the maximal 
acoustic pressure 𝑝ac that is estimated to be 7.3 kPa. The predicted radial 
oscillations are superimposed on the measured bubble radii in Fig.  7(c). 
A relatively good agreement is obtained between the measured bubble 
radii and the predicted ones.

The primary radiation force 𝐅DIH
𝐑𝟏  obtained by DIH can now be 

quantified. To do so, the components of the bubble velocity and the 
acceleration are calculated from the interpolated components of the 
bubble displacement (Figs.  5(a–c)), in order to remove high-frequency 
noise. The inertia, buoyancy and drag forces are obtained in a similar 
way to the one discussed in Section 3. The remaining unknown in 
Eq. (1) is therefore the primary radiation force. Figs.  8(a–c) shows the 
𝑥, 𝑦 and 𝑧 components of the four involved forces, and the magnitude 
of the primary radiation force 𝐅DIH

𝐑𝟏  is presented in Fig.  8(d). From the 
nucleation site (𝑡 = 0 s) towards the trapping location (𝑡 > 12.5 s), the 
bubble is not experiencing a significant acceleration, so that the inertia 
term can be disregarded from the force balance equation. Along the 𝑥
and 𝑦 direction, the components of the primary radiation force and of 
the drag force are hence of the same amplitude but with opposite sign, 
because the buoyancy plays no role in the (𝑥, 𝑦) plane. At 𝑡 ∼ 1.5 s, both 
the 𝑥 and 𝑦 components are null, suggesting that the bubble has crossed 
a pressure node. This is confirmed by the simultaneous cancellation of 
the 𝑧 component of 𝐅DIH

𝐑𝟏  (Fig.  8(c)). The vertical component of 𝐅DIH
𝐑𝟏

slightly differs from the balance with the drag force due to the buoy-
ancy term. When reaching the trapping zone, the primary radiation 
force is exactly opposite to the buoyancy force with a magnitude of 
𝐅DIH
𝐑𝟏 ∼ 3 nN. The cancellation of the 𝑥 and 𝑦 components of the radia-
tion force for 𝑡 > 10 s indicates that the bubble is trapped exactly at the 
vertical of the theoretical trapping location. The numerical prediction 
of the primary radiation force is also shown in Fig.  8. The numerical 
prediction is deduced by replacing the numerical pressure field and its 
gradient in Eq. (13), and by considering the maximal acoustic pressure 
𝑝ac to be 7.3 kPa. A good agreement is obtained between the trend of 
the numerical and experimental radiation forces, with a slight temporal 
shift. Particularly, similar magnitudes of the order of a few nN are 
obtained.

The amplitudes of the 𝑦 and 𝑧 components of the involved forces 
are shown in Fig.  9 along the bubble trajectory and superimposed on 
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Fig. 6. Distribution of the dimensionless acoustic pressure within the acoustic chamber. (a) Three-dimensional representation for different isocontours of the 
pressure field at the driving acoustic frequency. (b) Distribution of the acoustic pressure in the diagonal plane of the cavity. (c) Distribution of the acoustic 
pressure in a horizontal (at a constant height 𝑧) plane. The height has been chosen such that it corresponds to the location of the pressure antinode in the upper 
part of the cavity. The white star indicates the location of the antinode with the highest amplitude.
the numerical pressure field. Five instants between the nucleation and 
the trapping are displayed. The corresponding pressure and pressure 
gradient along the 𝑧 direction are shown in Fig.  9(f). The positioning of 
the nucleation site (location (a)) near a pressure node is clearly visible 
and results in a negligible primary radiation force. Then the bubble 
rises only vertically (location (b)) until the 𝑦 component of the radiation 
force becomes large enough to deviate the bubble trajectory (location 
(c)) towards the pressure antinode. Midway, between locations (b) and 
(c), the 𝑧 component of the radiation forces is canceled as the vertical 
pressure gradient cancels (Fig.  9(f)). Then the bubble slowly reaches the 
trapping site: the magnitude of the drag force decreases significantly 
(location (d)) and the remaining forces are the buoyancy force and the 
vertical component of the radiation force (location (e)).

5. The case of two colliding bubbles

The designed levitation chamber allows one to observe the coales-
cence between a bubble trapped near a pressure antinode and another 
incoming bubble. This technique has been used to trigger axisymmetric 
nonspherical oscillations in a controlled way in a sufficiently strong 
acoustic field [45]. Here the same methodology is performed in order 
to assess the secondary radiation force by DIH. To do so, the following 
procedure is conducted: a single, micrometric bubble is nucleated at 
a few millimeters from a pressure antinode of the acoustic field. The 
bubble is then driven towards, and trapped at, the pressure antinode as 
discussed in Section 4. A second bubble is nucleated, and its trajectory 
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is influenced both by the primary radiation force and the secondary 
radiation force acting between the two bubbles. Due to the primary 
Bjerknes force, the second bubble will reach the same pressure antinode 
where the first bubble has been trapped. The two bubbles will then 
mutually attract as they are both smaller than the resonant size [46], 
and coalesce. Figs.  10(a–c) shows the three components of the dis-
placement of the incoming, already-trapped and coalesced bubbles. The 
temporal evolution of the radii of the three bubbles is shown in Fig. 
10(d). Since no influence of the trapped bubble on the incoming one is 
expected at large distances, only the last two seconds of the trajectory 
are displayed. At the exception of the last moment of the recording 
when the encounter of the two bubbles occurs, the components of 
the displacements of both bubbles are smooth functions of time. The 
trapped bubble remains at the trapping location until the very last 
moments preceding the coalescence. During the first 7.5 s, the incoming 
bubble approaches the trapped site as if the trapped bubble were ab-
sent. It means that the incoming bubble is subjected only to the primary 
radiation force on that duration. During the last 0.5 s of the recording, 
the two bubbles deviate from their quasi-rectilinear trajectory. Their 
velocities increase significantly just before they encounter. The results 
demonstrate that the DIH technique allows us to probe the encounter 
of the two bubbles with a high temporal resolution.

It can be noticed in Fig.  10(d) that the bubble radii do not evolve 
much with time in the time interval. Indeed, the dissolution process 
is predominant during the first 5 s of the bubble motion, as observed 
in Fig.  7(c) in the case of a single trapped bubble. The equilibrium 
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Fig. 7. DIH measurements using inverse problem approach (IPA) for a single bubble in the ultrasonic field. (a) Superimposition of the measured bubble trajectory 
and the numerical acoustic field. (b) Temporal evolution of the dimensionless pressure experienced by the oscillating bubble along its trajectory. (c) Temporal 
evolution of the bubble radius. The prediction of the linearized Rayleigh-Plesset equation is superimposed. The insert shows the numerical and experimental 
bubble oscillations on a dozen of acoustic periods. For all the graphs, blue circles indicate the DIH measurements, the dashed line refers to the interpolated data, 
the solid line to the solution of the linearized Rayleigh-Plesset equation, and the red circles to the numerical prediction from Comsol Multiphysics®.

Fig. 8. Temporal evolution of the forces acting on a bubble moving in a standing wave field. The three components of each force are displayed (a–c) as well as 
the magnitude of the primary radiation force (d). The numerical prediction of the primary radiation force is provided for comparison.
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Fig. 9. (a–e) Superimposition of the 𝑦 and 𝑧 components of the involved forces and of the numerical pressure field. Five times are displayed along the bubble 
trajectory. (f) Evolution of the amplitudes of the acoustic pressure and of the vertical component of the pressure gradient.
radii of the incoming and already trapped bubbles are 𝑅01 ∼ 45 μm
and 𝑅02 ∼ 47 μm, respectively. The resulting coalesced bubble should 
have an equilibrium radius 𝑅03 ∼ 58 μm using the conservation of 
volume. The DIH measurement of the radius of the coalesced bubble 
around 𝑡 = 7.7 s predicts a singular value of 70 μm followed by a stable 
equilibrium radius around 58 μm. The singular value is attributed to the 
nonsphericity of the bubble at the moment of coalescence. One frame 
later, the equilibrium radius measured by DIH reaches the expected 
radius for the coalesced bubble. It is worth noticing that the appearance 
of the singular radius can be used as a signature of the exact occurrence 
of coalescence.

In a similar way to the method proposed in Section 4, the ampli-
tude of the acoustic radiation forces can be deduced from the DIH 
measurement. The components of the bubble velocity and the acceler-
ation are calculated from the interpolated components of the bubble 
displacement (Figs.  10(a–c)). The inertia, buoyancy and drag forces 
are obtained as in Section 3. The remaining unknowns in Eq. (1) are 
therefore the sum of the two radiation forces 𝐅𝐑𝟏,𝐢+𝐅𝐑𝟐,𝐢, shown in Fig. 
11(a).

In order to separate the contribution of the each force in this 
summation, we assume that the long-range influence of the secondary 
radiation force is negligible in comparison to the primary radiation 
force, and that the attracting force only acts when the two bubbles 
are sufficiently close. This hypothesis is confirmed by analyzing the 
amplitude of the measured radiation forces in Fig.  11(a). Indeed, the 
amplitude of the term 𝐅 + 𝐅  remains constant over a wide 
𝐑𝟏,𝐢 𝐑𝟐,𝐢
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temporal range, until the very last moment preceding the coalescence. 
Near the trapping location, the primary radiation force is supposed 
to be constant in a small spatial area. The primary radiation force is 
therefore extrapolated by a linear fit (dashed line in Fig.  11(a)), and the 
secondary radiation force is deduced by removing the fitted component 
𝐅𝐑𝟏,𝐢 from the measured forces. The amplitude of 𝐅𝐑𝟐,𝐢 is 0 far from the 
coalescence moment and increases to 70 nN at the last frame preceding 
the coalescence. The secondary Bjerknes force 𝐅𝐑𝟐,𝐢 can be deduced 
from Eq. (1) applied to each bubble along the whole trajectory. A close-
up on this attractive force is given in Fig.  11(b), not as a function 
of time but as a function of the inverse of the squared interbubble 
distance 1∕𝑑2. When the two bubbles are far from each other, the 
secondary radiation force has a negligible amplitude around 20 pN that 
corresponds to the measurement noise. For the interbubble distance 𝑑 ∼
1.8mm (corresponding to 1∕𝑑2 ∼ 0.3), the amplitude of the secondary 
radiation force suddenly increases and tends to a linear relationship 
with 1∕𝑑2. This behavior is expected from the theoretical modeling of 
the secondary radiation force first developed by Bjerknes [33] in the 
form: 
𝐅𝐑𝟐,𝐢 = 2𝜋𝜌|𝐶|

2𝐺𝐵𝐮, (14)

where 𝐶 is the complex amplitude of the liquid velocity potential, 𝐮 is 
the unit vector directed from the center of the 𝑖th bubble to the one 
of the 𝑗th bubble, and the coefficient 𝐺𝐵 (𝐵 stands for Bjerknes) is a 
function of the mechanical properties of the system (bubble equilibrium 
radii, damping coefficient), the driving angular frequency and the 
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Fig. 10. DIH measurements using inverse problem approach (IPA) for the case of two coalescing bubbles. (a–c) Temporal evolutions of the bubble position along 
the 𝑥, 𝑦 and 𝑧 direction, respectively. (d) Temporal evolution of the bubble radii. Only the last two seconds of the trajectories are shown.
interbubble distance. This parameter is given by: 

𝐺𝐵 =
𝑅01𝑅02

𝑑2
(1 − 𝜔2

1∕𝜔
2)(1 − 𝜔2

2∕𝜔
2) + 𝛿1𝛿2

[

(1 − 𝜔2
1∕𝜔

2)2 + 𝛿21
] [

(1 − 𝜔2
2∕𝜔

2)2 + 𝛿22
] , (15)

where 𝛿𝑗 = 3𝛾𝑝𝑗0𝑑𝑗∕(𝜌𝜔2𝑅2
0𝑗 ) is the damping coefficient for bubble 𝑗

with 𝑗 = 1, 2 and 𝑝𝑗0 = 𝑝0 + 2𝜎∕𝑅0𝑗 . The coefficient 𝑑𝑗 is calculated by 
using the following equations:
𝑑𝑗
𝑏𝑗

= 3(𝛾 − 1) ∗ (16)

𝑋 sinh(𝑋) + sin(𝑋) − 2(cosh(𝑋) − cos(𝑋))

𝑋2(cosh(𝑋) − cos(𝑋)) + 3(𝛾 − 1)𝑋(sinh(𝑋) − sin(𝑋))
,

𝑏𝑗 =

[(

1 +
𝑑2𝑗
𝑏2𝑗

)(

1 +
3(𝛾 − 1)(sinh(𝑋) − sin(𝑋))

𝑋(cosh(𝑋) − cos(𝑋))

)]−1

, (17)

𝑋 = 𝑅0𝑗 (2𝜔𝜌𝑔𝑗𝑐𝑝𝑔∕𝑘𝑔)1∕2, (18)

where 𝛾 is the specific heat ratio, 𝜌𝑔𝑗 = 𝜌𝑔𝐴𝑝𝑗0∕𝑝𝐴 is the equilibrium 
density of the gas inside bubble 𝑗, 𝜌𝑔𝐴 is the gas density at the 
atmospheric pressure 𝑝𝐴, 𝑐𝑝𝑔 is the specific heat of the gas at constant 
pressure, and 𝑘𝑔 is the thermal conductivity of the gas. Eq. (15) is valid 
when the spacing between the bubbles is much larger than their radii, 
or equivalently, when 𝑑∕(𝑅01 + 𝑅02) ≫ 1. In order to impose no re-
striction on the separation distance between the bubbles, Doinikov and 
Zavtrak [47] have developed a modeling in which the interaction force 
is expressed in terms of an infinite sum of powers of the small parame-
ter 𝑅01∕𝑑. We have checked that, in the case of bubbles smaller than the 
resonant size, accounting for multiple scattering between bubbles does 
not modify the behavior of the secondary radiation forces for all the 
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investigated interbubble distances. Indeed, when the two bubbles are 
larger than the resonant size, accounting for multiple scattering leads 
to a change in the sign of the secondary radiation force. Due to the 
sign reversal of the interaction force, the motion of the two bubbles can 
change from attraction to repulsion. The sign reversal of the interaction 
force occurs at short separation distances between the two bubbles, and 
is at the origin of a new dynamically-stable equilibrium between the 
two bubbles which, instead of coalescing, stay close to each other at a 
distance less than a bubble radius [48]. In the present study, bubbles 
smaller than the resonant size are considered. In such as case, the 
behavior of the secondary radiation force with the interbubble distance 
shows no significant modification when accounting for multiple scat-
tering or not. Due to the complexity of the mathematical form of the 
interaction force accounting for multiple scattering effects, the bubble-
bubble interactions have been disregarded when discussing the form of 
the coefficient 𝐺𝐵 appearing in the Eq. (14), given in a simplified form 
by Eq. (15). The secondary radiation force given by Eq. (14) is shown 
in Fig.  11(b). The extrapolated secondary radiation forces follows the 
1∕𝑑2 dependency predicted by the modeling for interbubble distance 
smaller than 𝑑 ∼ 1mm. The amplitudes of the measured attraction 
forces by DIH are in excellent agreement with the theoretical modeling, 
even when the two bubbles are close to the coalescence moment.

6. Discussion

The motion of micrometric bubbles in a field of view of several cubic 
centimeters is captured using an original digital in-line holography 
setup adapted to the visualization of small objects in a large region 
of interest (ROI). Indeed, the investigated bubble diameters are a 
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Fig. 11. Estimation of the acoustic radiation forces using the DIH measure-
ments. (a) The secondary radiation force is deduced by removing the fitted 
component of the primary radiation force from the measured forces. (b) The 
extracted secondary radiation forces on the incoming and trapped bubbles 
are plotted in a logarithmic scale as a function of 1∕𝑑2, where 𝑑 is the 
interbubble distance. A theoretical modeling accounting for multiple scattering 
is superimposed.

hundred micrometers, while the probed volume is 15 × 25 × 80mm3, 
with one order of magnitude between each space dimension of the ROI 
in comparison to the bubble size. The limit size of the ROI is ruled by 
the size of the camera sensor, and can be adjusted using appropriate 
optical lenses. After nucleation in a medium at rest (no ultrasound), the 
bubble rises towards the upper surface due to buoyancy force. The large 
field of view allows capturing the bubble rise during several seconds. 
The dissolution process acting on the bubble volume is recovered using 
the Epstein–Plesset diffusion law (Fig.  3(c)). In parallel, the analysis of 
the bubble rising velocity allows determining the appropriate modeling 
of the drag force acting on it. The Brauer and Mewes approximation of 
the standard drag curve is found to coincide with the experimental drag 
force over a wide range of Reynolds number (Fig.  4).

While the rising motion of a free bubble is rectilinear, switching 
the ultrasound on implies the appearance of a radiation force acting on 
the bubble. Due to the three-dimensional characteristics of the acoustic 
field within the cavity (Fig.  6), the primary radiation force acting 
on the bubble acts along the three space dimensions and generates a 
complex 3D motion of the bubble (Fig.  5). Capturing the bubble motion 
during a dozen of seconds along three dimensions of space is out of the 
capability of common imaging techniques, where the bubble trajectory 
has to belong to the camera focal plane. Due to this limitation many 
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studies have investigated the ultrasound-induced trapping of bubbles 
only in the last moment of the trajectory [35,45,49] and therefore only 
focus on the final quasi-rectilinear motion of the bubble approaching 
its trapping location. The scanning of the bubble trajectory within 
the cavity on a long path allows calculating the radiation force (Fig. 
8), and hence the acoustic pressure and its gradient (Fig.  9) along 
the bubble trajectory. This methodology can be repeated with several 
bubbles nucleated at randomized locations in the cavity in order to map 
indirectly the acoustic pressure field, without using any hydrophone or 
other invasive probe. When a second bubble is nucleated while the first 
one has been already trapped, coalescence occurs and can be captured 
by DIH far before the coalescence moment, during and after the two 
bubbles have merged. It is shown that the exact moment of coalescence 
can be extracted from a singular value of the predicted bubble radius, 
which probably originates from the temporarily nonspherical shape of 
the bubble at the moment of merging. By analyzing separately the 
bubble trajectory far from the trapping location (where the primary 
radiation force is dominant over the secondary one) from the final 
moments preceding coalescence, the primary and secondary radiation 
forces acting on each bubble are deduced (Fig.  11). The estimated 
secondary radiation force is found to be in excellent agreement with 
the Bjerknes modeling of interacting forces between bubbles. Both the 
quadratic dependence of the force with the interbubble distance, and 
its absolute value of the order of some nN, are recovered.

To the best of our knowledge, this is the first time that a unique 
experimental setup allows quantifying the various phenomena investi-
gated here: the dissolution process, the viscous drag, the ultrasound-
induced and the bubble-induced radiation acting on a bubble. Usually 
specific setups are designed for investigating these different effects, 
particularly when one wants to quantify the interaction force acting 
between two acoustic bubbles [49,50]. The DIH setup possesses the 
advantages of being non invasive, simple to set, and providing an 
excellent resolution in the (𝑥, 𝑧) camera plane. The resolution is slightly 
degraded in the third (optical) dimension but can be significantly 
improved using an inverse approach for the hologram detection. It is 
worth noting that several limitations need further investigations for im-
proving the applicability of the DIH techniques for real-time monitoring 
of bubble clouds. Firstly, the analysis of a thousand holograms (corre-
sponding to a single bubble trajectory tracked with a high-frame rate 
camera during several seconds) requires a full day when using 32 com-
puting cores. The development of new reconstruction algorithms and 
the use of parallelized computer facilities can significantly reduce the 
duration of the post-analysis. Secondly, the hologram reconstruction is 
here adapted to spherical bodies only. With the aim of extending these 
techniques to nonspherical bubbles, new algorithms are required with 
an expected longer calculation time. Finally, dense bubble ensembles 
can theoretically be investigated since superimposed holograms can be 
distinguished using an inverse approach. However, due to the weak 
signal-to-noise ratio of the bubble hologram and the complex physics 
underlying acoustic bubble clouds, such an analysis is yet far from our 
experimental capabilities, and remains challenging.

7. Conclusion

A digital in-line holography technique (DIH) is proposed to capture 
non-invasively the three-dimensional motion of micrometric bubbles 
in an acoustic field. Both the dissolution process, viscous drag force, 
primary and secondary radiation forces acting on a single bubble or on 
two merging bubbles are quantified. All these forces are in excellent 
agreement with the theoretical predictions of each of these phenomena. 
The DIH technique thus appears as a simple, non invasive technique 
for investigating bubble phenomena in complex acoustic environments, 
where three-dimensional motion, bubble fragmentation or merging 
may occur.
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