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Summary

It is shown that several problems in outdoor sound propagation cannot be studied by using a small-angle parabolic
equation, and need a wide-angle parabolic equation for their solution. On the other hand, the wide-angle parabolic
equations for sound propagation in the atmosphere, used previously in the literature, do not allow one to describe
the effects of regular and random inhomogeneities in the density and wind velocity vector on sound propagation
and scattering. The main result of the paper is the derivation of the wide-angle parabolic equation and its Padé (1,1)
approximation which enable one to describe these effects. Several effects in outdoor sound propagation, which are
proposed to be studied numerically on a basis of the derived wide-angle parabolic equation, are enumerated.

PACS no. 43.20.Bi, 43.20.Fn, 43.20.Fp

1. Introduction

The classical "small-angle" parabolic equation was first in-
troduced by Leontovich and Fock in 1940s for the problem
of electromagnetic wave propagation near the ground. Since
that time, the equation has widely been used for investigating
the propagation of electromagnetic and acoustical waves in
various media. This equation employs the idea that there is
only one preferred direction of wave propagation. But for
many problems of atmospheric and oceanic acoustics and
geoacoustics, preferred directions of wave propagation are
in a cone with an angle greater than 30 — 40°. To solve such
problems, "wide-angle" parabolic equations were derived in
1970s and then used in different fields of physics.

In underwater acoustics, the wide-angle parabolic equa-
tion derived by Claerbout [1] is used for numerical computa-
tions of sound fields in the ocean with deterministic profiles
of the adiabatic sound speed and density, e.g. see [2, 3, 4].

In the field of wave propagation in random media, Osta-
shev and Tatarskii [5] derived the equation which describes
all waves multiply scattered forward. This equation is usually
written as an integral equation or an integro-differential one,
however it is actually analogous to the wide-angle parabolic
equation. This equation has widely been used for investigat-
ing waves in random media, e.g. see [6, 7, 8], and the review
article [9] recently published.

The effects of impedance ground on outdoor sound prop-
agation is practically always significant. That dictates us a
preferred direction which must be parallel to the ground.
For many problems of atmospheric acoustics, source and
receiver are only a few meters above the ground while the
distance between them is greater than one hundred meters.
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For such problems, the preferred direction of wave propa-
gation is also nearly horizontal and, hence, the small-angle
parabolic equation can be applied. Nevertheless, there are
also many problems where this direction significantly dif-
fers from the horizontal one so that a wide-angle parabolic
equation should be used. Examples of geometry of the latter
problems are shown in Figure 1. In Figure 1a, the horizontal
distance between the source and receiver is comparable to
their heights above the ground; in Figure 1b, the source (he-
licopter, airplane, etc.) is much higher above the ground than
the receiver located near it; and in Figure lc, sound waves
scattered by atmospheric turbulence propagate in directions
which may significantly differ from the horizontal one. Note
that the latter problem of sound scattering into the refractive
shadow zone attracts a great attention by scientists nowadays
and still needs a theoretical explanation.

In order to handle with the problems, the geometries of
which are shown in Figure 1, the wide-angle parabolic equa-
tion has been used in atmospheric acoustics in the last few
years, e.g. see [10, 11, 12, 13]. In these and other papers
dealing with the wide-angle parabolic equation, the approxi-
mation of the effective sound speed is used, in which the real
moving atmosphere is replaced by a hypothetical motionless
medium with the effective sound speed

Cof =CH+ vy . (1)

Here, c is the adiabatic sound speed, v, is the wind velocity
component in the direction of the z-axis which is hereinafter
assumed to be parallel to the ground and in the vertical plane
containing the source and receiver. This approximation was
reasonable as a first stage for studying outdoor sound propa-
gation. But, as we shall show in section 2, strictly speaking,
this approximation is not valid for the problems, the geome-
tries of which are shown in Figure 1. Furthermore, the effects
of density fluctuations on sound scattering in the atmosphere
were ignored in the previous investigations.
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Figure 1. Geometries of the problems, the solutions of which can be
obtained by using a wide-angle parabolic equation. Arrows indicate
the direction of sound propagation, points indicate sound scattering
by atmospheric turbulence.

The main object of the present paper is to give a derivation
of a correct wide-angle parabolic equation for sound propa-
gation in media with regular and random inhomogeneities in
the adiabatic sound speed ¢, density p and medium velocity
v. In subsequent papers, the derived equation will be used for
numerical simulation of various problems of sound propaga-
tion and scattering in the atmosphere. It should be noted here
that we are mainly interested in outdoor sound propagation;
however the wide-angle parabolic equation derived is valid
for a moving medium with an arbitrary equation of state and,
hence, can also be applied in other fields of acoustics, for
instance, in underwater acoustics.

In section 2, we consider a starting equation for deriving
the wide-angle parabolic equation and compare it with the
starting equation used in previous studies. In section 3, we
present the derivation of the wide-angle parabolic equation.
The Padé (1,1) approximation of a pseudo-differential oper-
ator is used in section 4 in order to obtain a relatively simple
form of the wide-angle parabolic equation. It is shown in
section 5 that in limiting cases, the equation derived in the
present paper coincides with the equations known in the liter-
ature. And in Conclusions we summarize the results obtained.

2. Starting equation

The sound field p propagating in an inhomogeneous moving
medium obeys the following equation [14]

V2 + k(1 +€) — (Vin(p/po)) - V

2 Ov;  O? 2ik
w 6xj 61:i6x]- + Co vV p(R) =0. (2)
Here, R = (z,y,z) = (x1,2,x3) are the Cartesian co-
ordinates with the z-axis in the vertical direction, V =
(8/611,3/81‘2,6/61‘3), v = (’1)1,1)2,’[)3), k = w/Co is
the wave number, w is the frequency, ¢ = cf/c® — 1,
co and po are mean values of the sound speed and den-
sity, ¢, p and v are functions of R, and repeated subscripts
are summed from 1 to 3 (summation convention). Equation
(2) is derived from the full set of linearized fluid-dynamic
equations provided that V - v = 0 and terms of the order
of p?* = max (v?/c?, |vé/cd|,|vp/copo|) are neglected,
where ¢ = ¢ — cg and § = p — pg are deviations of the
sound speed and density from their mean values. Note that
the equality Vv = Ois usually valid for turbulent media and
becomes an identity for the stratified moving media where
v = (vg(2),vy(2),0). Equation (2) is one of the most gen-
eral equations describing the propagation of sound waves in
inhomogeneous moving media and, in what follows, itis used
as a starting equation for deriving the wide-angle parabolic
equation.
When deriving the wide-angle parabolic equation for
sound propagation in the atmosphere, the following starting
equation was previously used

[VZ+ k(1 +eesr) | P(R) = 0. (3)

Here, €eg = c% / czﬂ — 1, and ceg is determined by (1). (Note
that in the paper [10], e.q also contains terms proportional
to the density p which is assumed to be dependent only on
z.) Equation (3) may be represented in the form

52
(s + Q0 ) 0B =o0. @
Here, the pseudo-differential operator Qe is given by

Qe = (1+ e + k2A,)"7 (5)

where A | = 02/0y® + 02 /022, If eoq and, hence, Qe do
not depend on z, equation (4) can be written as

7] . 7] .
(3% + Q) (2 ~ikQua)p=0.  (®
From this equation, we obtain the wide-angle parabolic equa-
tion for sound waves

Op

32 Qe D - (M

If €. depends on z, equation (4) cannot be reduced to (6).
However, in this case, equation (7) is still used in the literature
as a wide-angle parabolic equation.
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It follows from (7) and (5) that the sound field p is affected
only by the wind velocity component v, in the horizontal di-
rection from the source to the receiver. But it follows from
geometric acoustics in a moving medium that to an accuracy
of v/c, the sound field is affected by the component vg of
the medium velocity in the direction of sound propagation,
see, e.g. [15]. For the problems, the geometries of which are
shown in Figure 1a and 1b, v, and v differ significantly so
that equations (7) and (5), strictly speaking, are not applica-
ble. On the other hand, equation (2) is applicable for solving
these problems.

Furthermore, equations (7) and (5) do not allow us to study
the effects of the mean crosswind v, on sound propagation,
while equation (2) allows us to do it.

Finally, in the turbulent atmosphere the sound scattering
is mainly caused by fluctuations in ¢ and v,,, entering into (5)
via eeg, only if the scattering angle 6 is small. Here,  is the
angle between a given sound wave and a wave scattered by
atmospheric turbulence, see Figure 1¢. Butif 8 > 15 — 20°,
the scattering of a sound wave is also significantly affected
by fluctuations in density and wind velocity components v,
and v,, which are not included in the wide-angle parabolic
equation (7). On the other hand, equation (2) enables us
to describe the sound scattering by turbulence for arbitrary
values of §.

To illustrate this difference in scattering of sound waves,
let us compare the sound scattering cross-sections o{#) and
gerr(f) calculated on the basis of (2) and (3), respectively.
Equation for ¢(f) is well-known in the literature (e.g. [14])

B2(6)®r(q) = cos?Bcos® & F(q)
4T¢ o5

o(f) = 2nk*

Here, 8(0) = 8. + 28, sin® g, B, = %g—%, B, = %g%,
Ty is the mean value of the temperature T', ®7(q) and F(q)
are the three-dimensional spectral densities of temperature
and medium velocity fluctuations, where ¢ = 2ksin 6/2.
This equation for ¢ () is derived from (2) assuming that
fluctuations in ¢ and p are caused by fluctuations in 7.

On the other hand, if one starts from (3), the following
equation for the sound scattering cross-section oeg(f) can
be derived

Bar) | 0 FG)
4T2 c3

oo () = 2nk*

A comparison between equations for o (¢) and g (6) reveals
the difference in sound scattering cross-sections calculated
on the basis of (2) and (3). For sound propagation in an
atmosphere, 3, = —8, = 1 (see [14]) and it can be shown
from presented above equations for o(#) and oeq (6) that

0(0)/oeq(6) = cos® 8.

It evidently follows from this equation that (3) and, hence
(7), correctly describe the scattering of sound waves by at-
mospheric turbulence only if 8 is small.

Thus, equation (7) cannot be considered as a wide-angle
parabolic equation for sound waves propagating in media

with regular and random inhomogeneities in ¢, p and v. To
derive such an equation we shall start from equation (2).

3. Derivation of the wide-angle parabolic equation

Equation (2) contains the term ) = —(8v,, /0z)(8°p/0x?)
which should be removed when deriving the desired equa-
tion. To do that, we note that (2) may be rewritten in the
form

p
Oz?

where n = O (v/¢, |é/co|, |8/ pol). Using (8), we obtain
the following formula: ! = (Ov,/0z)(AL + k% + n)p.
But the product of v, and 7 is of the order of u? and
should be neglected in this formula in accordance with the
accuracy to which (2) is derived. That yields the formula
Q = (v, /0z)(A | + k?)p. Substituting €2 into (2) yields

=—(AL+kK+n)p, (8)

P o
<ﬁ+kQ>p:0. (9)

Here, @ is the pseudo-differential operator given by
Q=0+L)" (10)
where

9
L=F+Mg, (11)

and

F=ce¢+ 2i v, + <%’UL —k72V, 1n(p/Po)) V1
w O w
% Ov,
+k? (1+—“% )Ai
w Oz

. 3
21 0
Wk (Vaei) ¥ Oz;

2 ,dn(p/p)

M =2y, -
W Oz
21 8'UJ_
—m (VJ_Uw-i-'a—w) -V,. (12)

Note that the operator L does not contain the second or-
der derivative with respect to z, but contains the operator
MH/Ox, where M is proportional to the small parameter
o = max (v/co, |5/ pol) <.

Starting from (9) and using the standard approach de-
scribed in the previous section, we derive the wide-angle
parabolic equation for sound waves in moving media

dp

= =ikQp), 13

5 = QP (13)
where the operator () is given by (10)-(12). Equation (13) is
one of the two main results obtained in the paper.
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The explicit form of ¢} in (13) is given by the Taylor series
of the right-hand side of equation (10)

1.1 1
L—-L’+ —L*+... (14)

=14-
Q +2 8 16

Since L is determined by (11), the third term on the right-
hand side of equation (14) contains the operator M25? /9x?
which must not be present in a wide-angle parabolic equation.
But in accordance with (8), M28%/8z? can be expressed
as —M?(A + k® + n). Neglecting the term M 27 in the
latter operator, as we already did when deriving equation
(9), yields the operator —MZ2(A | + k?) which does not
contain 8 /8z2. The fourth term on the right-hand side of
equation (14) contains M 39 /8x® which can be represented
as —M3(A | + k?)0/0z neglecting the term M3nd/0x,
etc. Thus, using (8), the operator () can be represented in a
form which does not contain the operators 8 /9x?, 8% /0z2,
etc. Hence, (13) can be considered as a wide-angle parabolic
equation.

4. Padé approximation

For certain cases, the pseudo-differential equation (13) is
not very convenient for numerical computations of sound
fields. To do effectively such computations, the Padé (1,1)
approximation of the operator () is frequently used in the
literature

p1+poL

=1+ L) .
© ( ) 1+ gL

(15)
Here, p1, p2, 1 and g9 are numerical coefficients given by
Claerbout [1]

=1 p=3/4 a=1 ¢=1/4. (16)
Note that in some papers, e.g. [16, 2], the values of p;, p2,
q1, g2 are chosen in a slightly different form in order to
achieve a better approximation of the operator (). The Padé
(1,1) approximation allows one to treat wave propagation in
a cone with an angle up to 80° .

Substituting (15) into equation (13) yields

Op .. pi+p(F+ M3/0z)
¥ _ ik . 17
8z " qi + qo(F + M8/9z)* (17)

Multiplying both sides of (17) by the operator ¢; + ¢2(F +
M3 /), we obtain

. Op

F - M) —

((Il + q2 ’Lp2k ) am
» igeM 8?

We now use (8) to replace the operator 92 /0x? on the right-
hand side of (18) by —(A, + k2 + 7). Moreover, in the
equation obtained we neglect the term proportional to M7

since such a term has already been neglected when deriving
(9). Finally, representing p in equation (18) in the form

P(R) = exp(ikz)y(R) , (19)

we obtain the following equation for the complex amplitude
1) of a sound field

. 53]
(g1 + 2 F — ipok M) a—f
=ikipr—q +(p2 — @)F (20)

+ i(p2 - QQ)]CM —

iqg M
A .
ALY
Substituting the operators " and M given by (12) into equa-
tion (20) yields the desired wide-angle parabolic wave equa-
tion

oY .
where
2iqy Ovg,  ipy O1 2pyvg
A= gt et 20200 2 Oolpy) | 2pov
w O k oz co
i [ 2 (1 20)
Co w oz
- %VL In(p/po)| - VL
2i O,
+QQk_2|:<1 ;lal;‘)AJ_
% o
— Z Z (VJ_’U]‘) . VJ_ a—]jl s (22)
Jj=2
and
2i Ov,
B=p —q+(p:—@) 6+; 9z
_ ialn(l’/ﬂo) _ v
k Oz Co
2iv
+ (p2 — g2)k ! TOL— —k~'V1 In(p/po)
2 0
+ = (Vivw + —“—) V.
w Ox
_ 21 O,
+ k7% (p2 — q2) <1+Z 83:)
o i 0lnlp/po) | 2va AL
k Oz Co
2i(py — q2) 0
wk2 j;(vﬂh) VLa—xj
2(]2 a’UJ_
—W(VLUQE—FE)'V_LAL. (23)
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Equation (21) is the second main result of the paper. It allows
us to describe the propagation of sound waves in a cone with
an angle, at least, up to 80°. Therefore, equation (21) can be
applied for solving the problems, the geometries of which
are shown in Figure la, 1b and lc.

Note that the derived equations (21) and (13) seem to be
rather complicated. They can, however, be solved numeri-
cally by a marching technique without any principal prob-
lems because they are first order differential equations with
respect to . On the other hand, equation (2) does not contain
so many terms as do (21) and (13). Nevertheless, a numerical
solution of (2) is much more complicated since it is a second
order differential equation with respect to z.

5. Comparison with equations known in the literature

In this section, we shall show that for certain particular cases,
equation (21) coincides with equations known in the litera-
ture.

To get the small-angle parabolic equation for sound waves
in moving media, we put

p=po, v =0, 0v,/0z=0, V,v,=0, (24
and
m=1,  p=1/2, q=1, ¢=0. (25

In this case, equation (21) becomes

(1 + ”—“‘) o _ ik (e _ 2 + k2A_L> P . (26)

Co 6_m - 2 Co
Dividing both sides of equation (26) by 1 + v, /co and ne-
glecting terms of the order of u? yields

1oLy, zk[ 2v,
AL

Ox 2

Note that the term k=2A, v ~ (kl)~21), where [ is the
scale of inhomogeneities in the medium. Since v/c <« 1, and
kl < 1in the small-angle approximation, the last term in the
square brackets in (27) should be neglected in comparison
with the second and third ones. This yields the equation for

Y

FET2AL - U—zk‘QAL] v, (27)

Co Co

o ik vy _9
55—2 € — o +k AJ_ ’(ZJ, (28)

which coincides with the small-angle parabolic equation used
in atmospheric and oceanic acoustics , e.g. [17].

To get the wide-angle parabolic equation used in under-
water acoustics, we put

v =0, p = const . (29)

In this case, equation (21) becomes

0
(q1 + q2e + CIzk_QAL)a—f

= ik[p1 — @1 + (P2 — @2)e + (P2 — @2)k > A L]y . (30)

This equation agrees with equation (10) of the paper by
Knightly et al. [2].

6. Conclusions

In the present paper, we have enumerated several problems
in atmospheric acoustics, the solutions of which cannot be
based on a small-angle parabolic equation but can be obtained
by making use of a wide-angle parabolic equation. We have
also shown that the wide-angle parabolic equation used in the
literature cannot describe the effects of regular and random
inhomogeneities in the wind velocity v and density p on
sound propagation and scattering in the turbulent atmosphere.

The main results of the paper are the derivation of the wide-
angle parabolic equation (13) for sound waves in moving
media and its Padé (1,1) approximation (21). In limiting
cases, the latter equation coincides with equations known in
the literature.

In subsequent papers, we will use the derived equations
(13) and (21) for a numerical simulation of sound propaga-
tion and scattering in the stratified and turbulent atmosphere.
We expect to reveal and describe numerically several effects
which can not obtained on the basis of a small-angle parabolic
equation. Among those are the following:
the effects of density fluctuations and fluctuations in all com-
ponents of the wind velocity vector on sound scattering into
the refractive shadow zone;
the effects of the mean cross wind component v, on sound
propagation near the ground;
the effects of the component vy of the wind velocity in
the direction of sound propagation on the sound field in the
problems the geometries of which are shown in Figure la
and 1b.
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