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ABSTRACT:

Parabolic equations are among the most popular numerical techniques in many fields of physics. This article
considers extra-wide-angle parabolic equations, wide-angle parabolic equations, and narrow-angle parabolic equa-
tions (EWAPEs, WAPEs, and NAPEs, respectively) for sound propagation in moving inhomogeneous media with
arbitrarily large variations in the sound speed and Mach number of the (subsonic) wind speed. Within their ranges of
applicability, these parabolic equations exactly describe the phase of the sound waves and are, thus, termed the
phase-preserving EWAPE, WAPE, and NAPE. Although variations in the sound speed and Mach number are often
relatively small, omitting the second-order terms pertinent to these quantities can result in large cumulative phase
errors for long propagation ranges. Therefore, the phase-preserving EWAPE, WAPE, and NAPE can be preferable
in applications. Numerical implementation of the latter two equations can be performed with minimal modifications
to existing codes and is computationally efficient. Numerical results demonstrate that the phase-preserving WAPE
and NAPE provide more accurate results than the WAPE and NAPE based on the effective sound speed approxima-

tion. https://doi.org/10.1121/10.0024460
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I. INTRODUCTION

The narrow-angle parabolic equation (NAPE) and
wide-angle parabolic equation (WAPE) are among the most
popular computational techniques in atmospheric acous-
tics,lf5 ocean acoustics,G*8 nonlinear acoustics,g’10 biomedi-
cal acoustics,'' and electromagnetic propagation.'> The
NAPE and WAPE are well suited to relatively small com-
puters, large domains, and high frequencies and can handle
many phenomena such as atmospheric and ocean stratifica-
tion and refraction; scattering by turbulence, internal waves,
and other inhomogeneities; ground impedance and ocean
bottom interactions; and propagation over slowly varying
terrain and ocean bathymetry.

In atmospheric acoustics, the NAPE and WAPE should
account for the effect of the wind velocity on the sound
field. The corresponding equations have been formulated in
a number of references, e.g., Ref. 2 and references therein.
The WAPEs used in atmospheric acoustics are rather
involved because they include the derivatives of the sound,
density, and wind velocity, e.g., Refs. 13 and 14. These
NAPEs and WAPEs are usually formulated assuming that
the variations in the sound speed are small and the wind-
speed Mach numbers are low.

“Preliminary results from this research were presented in V. E. Ostashev, J.
Colas, D. Dragna, and D. K. Wilson, “Parabolic equations for motionless
and moving media and their solution,” Forum Acusticum, 10th
Convention of the European Acoustics Association, Turin, Italy (2023).

YEmail: vladimir.ostashev@colorado.edu

1086  J. Acoust. Soc. Am. 155 (2), February 2024

Pages: 10861102

A recent article® suggests considering EWAPEs (extra-
wide-angle parabolic equations or one-way equations),
NAPEs, and WAPEs in the high-frequency approximation, in
which the derivatives of the ambient quantities can be omitted.
(Also, see Sec. 11.2 in Ref. 2.) The resulting PEs become
much simpler than the previous formulations and still can be
used in many applications. Specifically, Ref. 15 considers, in
detail, the EWAPE given by Eq. (39) and the NAPE and
WAPE derived from that equation. The WAPE from Ref. 15
has already been used in the literature, e.g., Refs. 16—19.

Reference 15 also suggests the other EWAPE, which is
given by Eq. (B1), but considers the latter equation very
briefly. One of the goals of the present article is to study this
EWAPE in detail and determine when it is preferable com-
pared to the EWAPE given by Eq. (39). To this end, starting
with the EWAPE given by Eq. (B1) in Ref. 15, the NAPE
and WAPE are derived. The newly formulated NAPE is
remarkably simple and valid for arbitrary variations in the
sound speed and Mach numbers. The new NAPE and the
WAPE in the Padé (1,1) approximation can be implemented
numerically with minimal modifications to existing codes
and are computationally efficient.

In the literature, EWAPEs, NAPEs, and WAPEs are
derived by omitting some terms in the Helmholtz-type equa-
tions. The ranges of applicability of the resulting equations
are often difficult to assess. Hence, another goal of the pre-
sent article is to study the ranges of applicability of these
equations, which is examined by two approaches. In the first
approach, starting with these equations, the dispersion
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relations (which are equivalent to the eikonal equations) are
derived and compared to geometrical acoustics. When these
dispersion relations agree with geometrical acoustics, the
corresponding parabolic equations exactly describe the
phase of a sound wave. The present article formulates the
EWAPE, NAPE, and WAPE exactly describing the phase of a
sound wave within the ranges of their applicability for arbitrary
variations in the sound speed and Mach numbers. Therefore,
these equations are termed the phase-preserving parabolic
equations. On the other hand, many NAPEs and WAPEs from
the literature preserve the phase of a sound wave only for low
Mach numbers and/or small variations in the sound speed
when the second-order terms can be omitted. Although the var-
iations in the sound speed and Mach numbers are often rela-
tively small, omitting the second-order terms might result in
large cumulative phase errors for long ranges. For example,
Ref. 15 argues that the second-order small terms cannot be
omitted for the wind speed greater than or about 15 m/s; in this
case, equations for arbitrary Mach numbers should be used.
Thus, in many applications (such as sound propagation in the
near-ground atmosphere and infrasound propagation in the
upper atmosphere), it is desirable to use the phase-preserving
EWAPE, NAPE, and WAPE.

The second approach for studying the ranges of applicabil-
ity of parabolic equations is to compare them with the exact
equation for sound propagation in stratified moving media.
This article shows that the phase-preserving EWAPE, NAPE,
and WAPE correctly describe sound propagation in stratified
moving media within the ranges of their applicability.

This article is organized as follows. Section II briefly
outlines results from Ref. 15 and presents new results such
as the phase-preserving NAPE. In Sec. III, the ranges of
applicability of EWAPEs, NAPEs, and WAPEs are studied
by comparing them to the geometrical acoustics equations.
In Sec. IV, these parabolic equations are compared to the
exact equation in a stratified moving medium. Section V
provides numerical algorithms for the phase-preserving
NAPE and WAPE. Numerical results are presented in Sec.
VI. The results are summarized in Sec. VIIL.

Il. PARABOLIC EQUATIONS

This section considers parabolic equations for sound
propagation in moving media.
A. EWAPE

First, we briefly overview some results from Ref. 15
and provide additional analysis of these results. Reference
15 expresses the sound pressure p of a monochromatic
sound wave in a moving medium in terms of the auxiliary
function ¢ such that

pR) = [2 (1 —|—év : V)qb(R). (1)

)

Here, R = (x,y,z) is the vector of Cartesian coordinates,
v(R) is the medium velocity, o(R) and g, are the density
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and its reference value, respectively, and o is the angular
frequency of the sound wave. The auxiliary function satis-
fies the convective Helmholtz equation,

. 2
lA _liw—v-V)® H(R) = 0, )

2

where ¢(R) is the sound speed. Equations (1) and (2) are
derived by applying the high-frequency approximation (for
which the sound wavelength is smaller than the characteris-
tic scale of medium inhomogeneities) to the linearized equa-
tions of fluid dynamics. This approach was originally
suggested in Ref. 20. Additionally, Eq. (2) is derived assum-
ing that V - v = 0. This equality is valid in a stratified mov-
ing medium. It is also approximately valid if the deviation
from a stratified medium is relatively small or the deriva-
tives of the medium velocity can be omitted.

Starting with Eq. (2), the following one-way equation is
obtained [Eq. (38) in Ref. 15]:

0
(a + ikt —iokoy /1 + [ty + ZJ> ¢ =0. 3)

Equation (3) describes sound propagation in the positive
direction of the x axis and, following Refs. 15 and 21, is
termed the EWAPE (or the parabolic equation for extra-
wide angles). In Eq. (3), o is a factor specified below and

=2 k=2 M=l =

O_Co, (7—c7 x—C7 /x_\/T‘_‘ME7

. i . .

= v, Vi, t=My 1 +my). 4)

Here, ko and ¢, are the reference wavenumber and sound
speed, respectively; k. is the wavenumber in a motionless
medium; v, and v, = (vy, v;) are the velocity components in
the direction of the x axis and the transverse plane, respec-
tively; M, and 7y, are the Mach number and Lorentz factor,
respectively, pertinent to v,; V, = (9/dy,d/0z); and the
operators #1; and 7 act on the transverse coordinates
r = (y, z). Furthermore, in Eq. (3),

1 ke

o= A g =Rl g 2 5
He 0'216(2) L Lo 0'2]((2]( +mJ_) ) ()

where A, = (0°/0y*,0%/0z?). Note that the factor o
appears in the notations given by Eq. (5) but not in Eq. (4).

Equation (3) is valid if the angle 6 between the direction of
sound propagation and the x axis is less than 90°. In deriving
this equation, the derivatives of ¢ and v are omitted; these deriv-
atives are beyond the measurement accuracy in many applica-
tions. It is important to emphasize that Eq. (3) is valid for
arbitrary subsonic Mach numbers, M = v/c, and arbitrary varia-
tions in the sound speed (provided that the derivatives of ¢ and
v can be omitted), which are characterized by the function &:

2 2
g k-

e=——1=-"5—1. 6)
c? K
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The function ¢ is the deviation of the refractive index
squared in a motionless medium from one. In contrast,
many parabolic equations from the literature are obtained
assuming that ¢ and/or M are small parameters, keeping
terms of order ¢ and M, and omitting higher-order terms
such as ¢ and M*. However, omitting the second- and
higher-order terms may result in significant phase errors for
relatively long propagation ranges. For example, Ref. 15
argues that for the wind speed greater than 15m/s
(M ~ 0.05), the second- and higher-order terms in M should
not be neglected such that parabolic equations valid for arbi-
trary Mach numbers should be used.

The EWAPE given by Eq. (3) does not actually depend
on the factor ¢. (This can be readily shown by moving ¢ pre-
multiplying the square root into this square root.) However,
when a NAPE or WAPE is obtained from Eq. (3) by approx-
imating the square-root operator in this equation, it does
depend on the choice of o. We desire that the resulting
NAPE and WAPE be valid for arbitrary variations in the
sound speed and Mach numbers, respectively, i.e., arbitrary
¢ and M. First, consider the NAPE, which can be obtained
from Eq. (3) by approximating the square-root operator with
the first two terms of the Taylor series. This approximation
can be used only if the terms containing the operators ji,
and 7, in Eq. (3) are small compared to one. To estimate
these operators, we use a zeroth-order approximation for
the auxiliary function: ¢ ~ exp [iko(x cos 0+ e - r sin 0)],
where e is a unit vector characterizing the propagation direc-
tion of the sound wave in the (y,z)-plane. For relatively
small angles 0, for which the NAPE is applicable, we have
|Vi¢| ~kob¢p and AP ~k802¢. Then, in Eq. (3), the
operators 71 , ft,, and ¥, can be estimated as

2 2.2
v R
o2’ "7 %G

iy o~ MO, i, ~ (1+M0)? —1. (7)

It follows from these relationships that for small 0, the terms
containing the operator fi, are small compared to one.
However, the terms containing the operator j, are small
only if 6%k} = k22 or

k("y,‘C

This is the desired value of ¢ for which the square-root oper-
ator in Eq. (3) can be accurately approximated with the first
two terms of the Taylor series for arbitrary ¢ and M.

Next, consider the WAPE obtainable from Eq. (3) by
approximating the square-root operator with the Padé
series expansion. The Padé series converges for all values
of the operators i, and 7, and, hence, for all values of
0> However, if ity and 7, are small compared to one,
fewer terms in this series are needed for a good approxi-
mation of the square root than in the case of large i, and
7+ (This result is illustrated in Table I of Ref. 23.) This,
again, dictates the choice of ¢ given by Eq. (8), at least for
small 0.
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Thus, the factor ¢ given by Eq. (8) is preferable for
approximating the square-root operator in the EWAPE [Eq.
(3)]. Substituting Eq. (8) into Egs. (3) and (4), we obtain

<§wdhﬂ—mﬁ 1+ﬂ+2)¢=a )
Ox ’

1
k2y2

clx

h=—=A, 7=2n, +m>. (10)

Equation (9) is the desired EWAPE with the operators jt and
7 given by Eq. (10). In these operators, the subscript o is
omitted because the factor ¢ is specified with Eq. (8). With
g given by Eq. (8) and for small 0, the operators jt and j are
estimated as

ke

~ 2

D

The terms containing these operators are small compared to
one for small 6. This leads to the NAPE that is valid for
arbitrary ¢ and M and requires fewer terms in the Padé series
expansion for the WAPE.

Equations (9) and (10) coincide with Egs. (B1) and
(B2) in Ref. 15. However, Ref. 15 considers the EWAPE
given by Eq. (9) only briefly in Appendix B. One of the
main goals of this article is to study in detail this EWAPE
and the NAPE and WAPE derived from this equation.

In the literature, the factor ¢ differs from that given by
Eq. (8). In a motionless medium, ¢ is often set to one, e.g.,
Ref. 7. In this case, 7, = ¢ and the Taylor series expansion
of the square-root operator in Eq. (3) is valid only for small
¢. In a moving medium, the bulk of Ref. 15 considers the
EWAPE, NAPE, and WAPE pertinent to ¢ = y,. With this
choice of g, the NAPE is valid only for small ¢, whereas the
WAPE requires more terms in the Padé series.

Thus, the EWAPE given by Eq. (9) might be preferable
compared to other equations used in the literature because the
terms containing the operators jt and j are small compared to
one for arbitrary ¢ and M (for small 0). This feature of Eq. (9)
is achieved by the factor k7> premultiplying the square-root
operator, whereas other EWAPESs do not have this factor. The
EWAPE given by Eq. (9) does not contain the reference
wavenumber k. It is worthwhile to point out that Egs. (9) and
(10) are simpler (i.e., have fewer terms) than the correspond-
ing Egs. (39) and (40) in Ref. 15, which pertain to ¢ = y,. As
expected, these equations coincide if ¢ is constant.

In the literature, EWAPEs, NAPEs, and WAPEs are
derived by omitting some terms in starting equations such as
Eq. (2). The ranges of applicability of the resulting equations
are often difficult to assess. Another goal of this article is to
study the ranges of applicability of these equations in detail. To
this end, two approaches are used. First, starting with the
EWAPE, NAPE, and WAPE, the dispersion relations (which
are equivalent to the eikonal equations) are derived and com-
pared to geometrical acoustics. Section III shows that within
the ranges of applicability of the EWAPEs given by Egs. (3)

Ostashev et al.
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and (9) (0 < 90°), the dispersion relations following from these
equations coincide with geometrical acoustics. Therefore, Eqgs.
(3) and (9) are termed the phase-preserving EWAPEs.

In the second approach, EWAPEs, NAPEs, and WAPEs
are compared with the exact equation for sound propagation
in stratified moving media. Section IV shows that for
0 < 90°, the EWAPEs given by Eqgs. (3) and (9) coincide
with this exact equation.

Equations presented in this section are the starting point
of the subsequent analysis.

B. NAPE

To derive the NAPE from Eq. (9), the operator
7 =2m, + n%i is substituted into this equation. Then, we
take into account that in the square-root operator in the
resulting equation, 71, ~ MO while ji ~ k20%/(k2?); see
Egs. (7) and (11). Approximating the square-root operator
with the Taylor series and keeping terms of order 0 and 0
yields

\/1+ﬂ+1:\/1+ﬂ+2ml+mi

~L+ /2 4my

(12)

Note that in this formula, terms of order r?zi cancel out.
Substituting Eq. (12) into Eq. (9), we obtain

(Q—LA o +LVJ_ VJ_>¢:0~

Ox 2kc Ceff Ceff ( ! 3)
Here, cetf = ¢ + vy is the effective sound speed, which
appears in this equation as a convenient notation rather
than an approximation. Equation (13), which is a new
result, is the desired NAPE that is valid for the arbitrary
variations in the sound speed and arbitrary Mach num-
bers, i.e., arbitrary ¢ and M. Equation (13) does not con-
tain the reference wavenumber k. After the auxiliary
function ¢ is calculated with Eq. (13), the sound pressure
is determined with Eq. (1). In a motionless medium, Eq.
(13) coincides with Eq. (3.38) from Ref. 6 and Eq. (4.17)
from Ref. 24 if in these equations, the derivatives of the
sound speed are set to zero.

The NAPE [Eq. (13)] is valid for relatively small propa-
gation angles 0. By studying the phase errors of a sound
wave in motionless and moving media, Refs. 7 and 15 con-
clude that NAPEs are valid for the propagation angles
0 =20°. However, this conclusion depends on an acceptable
phase error and the problem considered. For near ground
sound propagation, there is generally a consensus™'? that a
NAPE [including Eq. (13)] can be used if 6 < 20°.

Section III shows that the dispersion relation derived
from Eq. (13) coincides with geometrical acoustics within
the ranges of applicability of Eq. (13); therefore, this equa-
tion is termed the phase-preserving NAPE. Section IV
shows that within the ranges of its applicability, Eq. (13)
coincides with the exact equation in a stratified moving
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medium. Given the wide range of applicability of the phase-
preserving NAPE [Eq. (13)], it is remarkably simple.
Numerical implementation of Eq. (13) is provided in
Sec. VA.

Other NAPEs appearing in the literature are valid either
for low Mach numbers and/or small variations in the sound
speed. They preserve the phase of a sound wave only
approximately and do not exactly coincide with the exact
equation in a stratified moving medium. For example, the
NAPE given by Eq. (46) in Ref. 15 is valid only for |¢| < 1;
that equation is also much more involved than the phase-
preserving NAPE [Eq. (13)].

The NAPE in a moving medium is usually formulated
for the sound pressure p rather than for the auxiliary func-
tion ¢. It is often written in the form

0 i lk() 62 1
T A 14+-0 ) 4 —v, - =0. (14
|f9x 2k0 1 — 2 ( + eff) +COVJ_ VJ_‘|p ( )

[Equation (14) coincides with Eq. (2.111) in Ref. 2 if p is
replaced with p exp (ikox).] Equation (14) describes sound
propagation only for small variations in the sound speed &
and low Mach numbers M. With the last term omitted, Eq.
(14) can be obtained from the NAPE in a motionless
medium using the effective sound speed approximation; that
is, by replacing ¢ with c.' Because Eq. (14) is valid only
for small ¢ and M the deviation of c.; from ¢ is also rela-
tively small, i.e., |cesr — co|/co < 1. Therefore, keeping cgff
in Eq. (14) is inconsistent with its ranges of applicability. It
can be shown that within these ranges, 1 + c% / cgff in Eq.
(14) can be replaced with 2cg/cefr. In this case, the third
terms in Egs. (13) and (14) coincide.

C. WAPE

WAPEs are usually derived by approximating the
square-root operator in Eq. (9) with the Padé (m,m) series
expansion such that

ajm(ft +7)
=1+ J
Zl+b,mu+/f)

NiETEY

5)

In this series, the coefficients ;,, and b; , are given by*

2 ., Jm , Jm
im = 5 b m — . 16
G = o1 1 T % (16)
Substituting Eq. (15) into Eq. (9), we obtain
0 j M,
[ _io Moy g,
OX  Ceff c
ajm lu+y ¢:0. (17)

- A§:1+@mu+ﬁ

Equation (17) is the desired WAPE valid for the arbitrary
variations in the sound speed and Mach numbers. This
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characteristic is attained because the Padé series converges
for all values of ji and ). Note that Eq. (17) is formulated
without the reference wavenumber k(. This equation is not
explicitly presented in Ref. 15. In the Padé (1,1) approxima-
tion, only the first term in the series in Eq. (17) is retained.
Numerical implementation of this WAPE is considered in
Sec. VB. Keeping more terms in the Padé series enables
larger propagation angles 6 to be considered.

The Padé (1,1) approximation is a more accurate
approximation of the square-root operator in Eq. (9) than the
first two terms in the Taylor series. (For example, see Table
I in Ref. 23.) Therefore, a WAPE in the Padé (1,1) approxi-
mation is valid for larger propagation angles than a NAPE.
By studying the phase errors pertinent to WAPEs in the
Padé (1,1) approximation, Refs. 7 and 15 conclude that
these equations can be used if the propagation angles
0=35°. As with NAPEs, this conclusion depends on an
acceptable accuracy and the problem at hand.

Section III shows that the dispersion relation obtained
from Eq. (17) coincides with geometrical acoustics within
the ranges of applicability of Eq. (17). Therefore, Eq. (17)
is termed the phase-preserving WAPE. In a stratified
moving medium, Eq. (17) coincides with the exact equa-
tion, again, within the ranges of its applicability (See Sec.
Iv.).

As the Padé series converges for all values of the opera-
tors ji, and 7, in Eq. (3), the WAPE given by Eq. (44) in
Ref. 15, which is obtained from Eq. (3) with ¢ =1, is also
phase preserving. However, as explained in Sec. II, more
terms in the Padé series might be needed in Eq. (44) from
Ref. 15 than in Eq. (17). Furthermore, Eq. (17) is simpler
(has fewer terms) than Eq. (44) from Ref. 15. (See also Sec.
V B.) Other WAPEs in moving media, such as those in Refs.
2, 13, and 14, are valid for small ¢ and M.

lll. GEOMETRICAL ACOUSTICS

In this section, the ranges of applicability of EWAPEs,
NAPEs, and WAPEs are studied by comparing them with
the geometrical acoustics equations.

A. Dispersion relation and eikonal equation

In moving media, the dispersion relation for geometri-

cal acoustics [e.g., Eq. (3.35) in Ref. 2] can be written as
K-
k=22 (18)
¢ ¢

Here, k is the wave vector and k = |k|. For sound propaga-
tion in the positive direction of the x axis, it is convenient to
write k = (k., k), where k| = (ky, k). Squaring both sides
of Eq. (18) and using notations from Eq. (4) yields

ki-vy
(1 — M2)kZ + 2M, k&, (kC - ) + k2
kL'Vl_(kL'VL)Z

— k7 + 2k 62

=0, 19)
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where k; = |k, |. Multiplying both sides of Eq. (19) by 72, it
can be recast in the equivalent form

2
ki -v,

2
kL'Vl k2
— K2y <1 > ——L=| =0

Equation (20) is an exact consequence of the dispersion rela-
tion [Eq. (18)] and describes sound propagation in the posi-
tive and negative directions of the x axis. Equation (20) is
recast as a®> — b*> = (a — b)(a + b) = 0, where a” and b” are
the first and second terms in this equation, respectively. For
sound propagation in the positive direction of the x axis, the
latter equation reduces to @ — b = 0. Thus,

k, -
K+ kM. (1 - %)

2
k,-v k?
2 LVL 1
B k"y-”\/(l o ) K22 0

This is the desired dispersion relation for sound propagation
in the positive direction of the x axis and is valid for
0 <90°. In Eq. (21), k; ~ 0 for small 0. Therefore, the

square root has the form \/1 +0(0) + 0(0*) and can be

effectively approximated using the Padé or Taylor series for
arbitrary ¢ and M.

The wave vector k of a sound wave and its phase @ are
related by k = V®. Substitution of this formula into Eq.
(18) yields the eikonal equation for the phase ®. For sound
propagation in the direction of the x axis, it is convenient to
write

(20)

ey

oD
(ke kL) = <5,VL<D>‘

Substituting k, and k; from Eq. (22) into Eq. (21), we can
obtain the eikonal equation for the phase ® of a sound wave
propagating in the positive direction of the x axis.

(22)

B. EWAPE

In this section, starting from Eqgs. (1) and (3), we derive
the dispersion relation and compare it with Eq. (21). The
sound pressure p and auxiliary function ¢ are expressed in
the form used in geometrical acoustics:

— h®, . — b2 _P3 23
P e Po;  Po P1 +lk0+(lk0)2+ ) ( )
¢ = eik()@(f)o% bo= ¢ + 0 s +o 24

-+
iko ~ (iko)*

Here, ©® is the eikonal and k is the same reference wave-
number as in Eq. (4). In geometrical acoustics, 1/ko plays
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the role of a small parameter and facilitates formulations of
the dispersion relation and transport equation.

Equations (23) and (24) are substituted into Eq. (1).
Keeping terms of order k(()o) and omitting higher-order terms,
such as k((fl), yields

0 kov - VO
p= T (14O,
Q0 w

(25)

The geometrical acoustics equations can be written in forms
that do not include the reference wavenumber ky. To this
end, recall that the wave vector of a sound wave can be
expressed in terms of the eikonal

k =kVO, (kyki)=ko (8—6 VL®>. (26)

Ox’

Using the first of these relationships, Eq. (25) can be written
without kg such that

0 k-v
() w

Next, Eq. (24) is substituted into the EWAPE [Eq. (3)].
To derive the dispersion relation (or the eikonal equation),
we keep terms of order ky and omit higher-order terms such
as k(()o), k(()_l), etc. The first term in Eq. (3) is transformed as
follows:

27)

g iko® _ iko® (2 . 8_®>
Ox (e ¢0) =e O —+ lk() Ox ¢0

= ¢h® (a% + ikx) by = ikee™® . (28)

Here, following Eq. (26), kgd®/Jx is replaced with k.. The
last equality is obtained by taking into account that k¢ is
of order ko while d¢/Ox is of order k(()o). Thus, when deriv-
ing the dispersion relation, the operator d/0x in Eq. (3) is
replaced by ik,, i.e., /0x — ik,. The operator, 1, , in this
equation can be assessed similarly:

L ¢® Vi - (Vi +ikoV10)p,

. (eik(’@(f’o) = o

i
= 55"09 vi - (VLi+iky ),
. K, -
=m " O, m, = KLy (29)

Here, we used Eq. (26) for k; and took into account that
ki ¢, is of order ky while V¢, is of order k. Thus,
m 11— my.

Equations (28) and (29) exemplify the rule that when
one or more differential operators are applied to the ansatz
¢™0® ¢ F (where F is a function that may appear in transfor-
mations), they should act only on the exponential function
¢*® yielding terms proportional to ky, whereas the deriva-
tives of F and ¢, can be omitted to order k. As a result of
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this rule, /', — m'| while the operators fi, and %, appearing
in Eq. (3) transform to
2

i, (%€ ¢g) = u,e™ gy, p, = — =553 (30)
kg
oo (i i kcz-”/%
Xa(e ko®¢0) = Xo€ ko®¢01 Ao = k20:2 (1 + mL>2 - L
0
(3D

To complete the derivation, the square-root operator in Eq.
(3) is expressed as the Taylor series and assessed as follows:

V 1+ lao' + 20(eik0®¢0)

= [1 43 (o 70) 5 B +2g)2+~~] ("9 po)

i 1 A
= [1 +5 (et 1) — g (Mo + 20) } O,

=V 1+ Ue + Xo‘eikn@d)O'

Here, we took into account that the operators fi, and J,
commute to order k.

Using all these transformations of the operators in Eq.
(3), the dispersion relation following from this equation
takes the form

(32)

k2y?

(14my)*+p, =0.

kx + ch\"V)%(l + ’nJ_) - O-kOy,v\/k%Gz

(33)

Taking into account the definitions of m; and y,, it can be
shown that this dispersion relation does not depend on ¢ and
coincides with Eq. (21). Thus, the EWAPE given by Eq. (3)
exactly describes the phase of a sound wave within the
ranges of its applicability, i.e., 0 < 90°, for any a.

The EWAPE given by Eq. (3) is derived from the con-
vective Helmholtz equation [Eq. (2)]. The dispersion rela-
tion can also be formulated starting with Eq. (2). To this
end, Eq. (24) is substituted into the convective Helmholtz
equation. Similar to the analysis above, it can be shown that
the operator V transforms to ik and the operator A trans-
forms to —k”. With these transformations, the dispersion
relation following from Eq. (2) exactly coincides with that
used in geometrical acoustics [Eq. (18)].

C. NAPE

This section considers dispersion relations pertinent to
NAPE:s. To this end, Eq. (24) is substituted into Eq. (13). In
the resulting equation, the operators v, -V, and A, are
transformed similarly to Eqgs. (29) and (30), respectively. As
a result, we obtain the following dispersion relation:

ki w

koL
ot 2k cCeft Ceff

k| -v,

0. (34)

The same result can be derived from the dispersion relation
in geometrical acoustics [Eq. (21)]. To this end, the square
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root in Eq. (21) should be approximated similarly to Eq.
(12). Thus, within the ranges of its applicability, the NAPE
[Eq. (13)] correctly describes the phase of a sound wave
for arbitrary variations in the sound speed and Mach
numbers.

Other NAPEs in moving media correctly describe the
phase of a sound wave only approximately when M and/or
¢ are small. For example, starting with Eq. (14), the dis-
persion relation can be derived. It can be shown that it
coincides with the dispersion relation given by Eq. (34)
only for small ¢ and M and the NAPE given by Eq. (46)
from Ref. 15 preserves the phase of a sound wave only for
small e.

D. WAPE

Next, we consider the dispersion relation obtained from
the WAPE given by Eq. (17), where the auxiliary function ¢
is specified by Eq. (24). The operators jt and y are estimated
with Egs. (30) and (31), respectively, in which ¢ is given by
Eq. (8) such that

(i i &
i(e"Cy) = ue" Oy, p=—55; (35)
ks
7(e*®g) = 1e*® ¢y, x=2ms +m]. (36)
Using these results, Eq. (17) becomes
w M\“/z Aajm ,u + /C
ky ————k, vy — ko =0. (37
T Cefy ¢ + /\Zl+bjn1 (n+1) G7

The same equation can be obtained from the dispersion rela-
tion in geometrical acoustics [Eq. (21)]. To this end, the
square root in Eq. (21) is expressed as the Padé series [Eq.
(15)]. Therefore, in the Padé approximation, the phase-
preserving WAPE [Eq. (17)] correctly describes the phase
of a sound wave for arbitrary variations in the sound speed
and Mach numbers, i.e., arbitrary ¢ and M.

The WAPE obtained from Eq. (3) in the Padé approxi-
mation also preserves the phase of a sound wave within the
ranges of its applicability but might require more terms in
the corresponding Padé series. (See Sec. II.) Other WAPEs
appearing in the literature®'>'* preserve the phase of a
sound wave only for small ¢ and M.

IV. STRATIFIED MOVING MEDIUM

In this section, the ranges of applicability of EWAPEs,
NAPESs, and WAPE:s are studied by comparing them to an exact
result for sound propagation in a stratified moving medium.

A. Exact equation

As is commonly done in atmospheric acoustics, here,
we assume a stratified moving medium. Thus, the ambient
quantities depend only on the vertical coordinate z, i.e.,
c=c(z),0=0(z), v.,=0, and V,(z) = (v:(2),0y(2)).
Equations (2.63) and (2.64) in Ref. 2 exactly describe sound
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propagation in a stratified moving medium. For a monochro-
matic sound wave, by omitting the time dependence e,
these equations can be recast as

plE,2) = gJ (1_K-VL
QO —00 w

P (w—k-v,)
[@jL c?

)(ES(K, z)exp (ix - ) d°xk,
(38)

~ K2:| d(k,z) = (39)
Here, ¥ = (x,y), k = (K, Kky), and the function d(k,z) is
proportional to the two-dimensional (2D) spatial spectrum
of the sound pressure. In this section, the check marks above
r and v are used to distinguish these quantities from those
in Secs. IT and III. In Eq. (39), the derivatives of ¢, ¢, and v |
are omitted, as consistent with the high-frequency approxi-
mation considered in this article.

Equation (39) can be recast in the following equivalent
form:

62
1= M)+ 2kM, (1 =20 -
[( .\)K,\ + C ( o K 822

2
+K§—k§<1—ﬂ> ]qﬁ:O.
w

Multiplying both sides of this equation by 72, it can be writ-
ten as

2
{ |:K + kM, (1 _5% ”")}
- w

2 2 2
(I -
—I24 (1 _5% — =0.
o l( o) Teper i [

(41)
Because we omit the derivatives of ¢ and v, Eq. (41) can
be recast as a> — b> = (a — b)(a + b) = 0. For sound propa-
gation in the positive direction of the x axis, the latter equa-
tion reduces to a — b = 0. Thus,

[»cx + kM (1 - ﬂ)
(0]

2 2
KyU 1 02 K .
*kc"2 1 — 22 _- =0.
’\/< o) Teer e |?

(42)

(40)

Equation (42) exactly describes sound propagation in the
positive direction of the x axis (i.e., 0 < 90°) provided that
the derivatives of ¢ and v | can be omitted.

B. EWAPE

Next, we consider the EWAPE [Eq. (3)] in a stratified
moving medium. The auxiliary function ¢ is expressed in
the form
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¢@J):jwmaemoxf)fm (43)
Substitution of Eq. (43) into Eq. (1) yields Eq. (38). Thus,
the relationship between p and (}5 is the same as that in Ref.
2 and the formulations pertinent to the EWAPE given by
Eq. (3). When Eq. (43) is substituted into Eq. (3), the opera-
tors are transformed as follows:

% — Ky, 44)
=t v v = B s
w w Jy w
1 (o & 1<m 0

T A TR (A 46

Ko o2k} ( y2 +822> Mo 02kg \ Oz k) (40
k*y?

Lo 7 ZLos = 62/; (1 + mi,S)z -1 47)
kg

Here, the subscript s indicates that the corresponding quan-
tity is pertinent to a stratified medium. When deriving these
relationships, we also took into account that the operators
my, i, and 7, commute if the derivatives of ¢ and v, are
omitted. Because of this property, in Eq. (3),

\/1+/:trr+5{a - \/l+laa,s+XJ,S'

With these results, Eq. (3) for ¢ transforms to the following
equation for ¢:

(48)

|:Kx + k(Mxy,%(] + mJ_,x)

k22 ) G 2O =
—ok Zelx ] s - =0.
TR0 \/a2k(2) (L+m )"+ 02k3 02> o2k} ¢

(49)

This is the EWAPE for propagation in a stratified moving
medium, which is derived from Eq. (3). Substituting with
m| g, it can be shown that Eq. (49) does not depend on ¢ and
coincides with Eq. (42). Thus, the EWAPE given by Eq. (3)
exactly describes propagation in a stratified moving medium
within the ranges of its applicability (for 0 < 90° and when
the derivatives of ¢ and v, can be omitted) for any .

C. NAPE

Formulations for the NAPE proceed similarly to those
for the EWAPE. To this end, Eq. (43) is substituted into Eq.
(13). The operators 9/0x and v, -V, are assessed with
Egs. (44) and (45). The result is

Kl_g_i<8_2_ K2> +K:yvy
Ceft 2k, 0z% Y Ceff

This is the NAPE for a stratified moving medium, which fol-
lows from Eq. (13). The same equation can be obtained from
Eq. (42) by approximating the square root with Eq. (12).

¢(k,z) =0.

(50)

J. Acoust. Soc. Am. 155 (2), February 2024

Thus, within the ranges of its applicability, the phase-
preserving NAPE [Eq. (13)] correctly describes sound prop-
agation in a stratified moving medium with arbitrary varia-
tions in the sound speed ¢ and Mach number M. Other
NAPEs [such as Eq. (14)] are valid only if M and/or ¢ are
small.

D. WAPE

Next, consider the WAPE [Eq. (17)] in a stratified mov-
ing medium, where ¢ is specified by Eq. (43). To derive the
equation for (2), the operators 0/0x and v - V| are replaced
with Eqgs. (44) and (45). With ¢ given by Eq. (8), Egs. (46)
and (47) for the operators ji, and 7, respectively, take the

form
1 (0,
Tk EeE\e2 )

2
- As = 2my 5+ nmy -

=>

(51

>

Here, the subscript ¢ is omitted because the factor ¢ is speci-
fied with Eq. (8). Also, similar to Eq. (48), the following
transformation holds:

aj,m(:&s + XY)
1 + b,ﬁm(:as + /(v)

ajlm(,a + 55)
1+ blm(.a =+ j’)

(52)

With these results, the WAPE for é& takes the form
) KyUy N aj(fg o)
K———sz)—k-z Js SA N
l X Ceff Xy c cVx — 1+ bj,m(,us + XS)

X ¢(k,z) = 0. (53)
This is the WAPE in a stratified moving medium, derived
from Eq. (17). The same equation can be obtained from Eq.
(42) by approximating the square root with the Padé series
[Eq. (15)]. Thus, within the ranges of its applicability, the
phase-preserving WAPE [Eq. (17)] coincides with the exact
equation for sound propagation in a stratified moving
medium for arbitrary variations in the sound speed ¢ and
Mach numbers M.

It can be shown that the WAPE given by Eq. (44) in
Ref. 15 also coincides with the exact equation for sound
propagation in a stratified medium within the ranges of its
applicability. However, this equation might require more
terms in the Padé series than in Eq. (53), as discussed in
Sec. II. The WAPEs in Refs. 2, 13, and 14 coincide with the
exact equation in a stratified moving medium only approxi-
mately for small ¢ and M.

V. NUMERICAL IMPLEMENTATION OF THE
PARABOLIC EQUATIONS

In this section, we consider numerical implementation
of the phase-preserving NAPE [Eq. (13)] and WAPE [Eq.
(17)] for 2D sound propagation in the vertical (x,z) plane.
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As is typical for sound propagation modeling, we also
assume that v, =0.

A. NAPE

First, consider the phase-preserving NAPE. For 2D
sound propagation, the operators in Eq. (13) simplify such
that v, -V, =0 and A, = §*/97z*. In this equation, the
auxiliary function ¢ is expressed in the form

$(x,2) = p(x,2)e"

Here, ky is the reference wavenumber and qAﬁ is the complex
amplitude of the auxiliary function. With these results, the
phase-preserving NAPE [Eq. (13)] takes the form
0 i 0
Ox  2kon 0z2

(54)

— iko(nege — 1) = 0, (55)
where n is the refractive index in a motionless medium and

negr 1S the effective refractive index,
Co Co Co

n=—, Neff = — = .
> Ceff ¢+ Uy

(56)

Note that nes appears in Eq. (55) as a convenient notation
rather than the result of the effective sound speed
approximation.

For further analysis, it is convenient to express Eq. (55)
in the equivalent form

hia d¢
<h10+ @ 82> B

where the coefficients £, , are given by

ha o 5
= iko (hzo +—7 2 oz 2) ¢, (D

1
hio=1, ho=0, ho=ng—1, hp= I (58)
n

The initial condition for the function c}) at x =0 is chosen as
that adopted in the literature for a point source and
NAPE,"

fite ")

plx=0,2) = — Zij’g—nexp (— 5 (59)

Here, ¢, characterizes the amplitude of the point source and
z, is the source height above the ground. In numerical exam-
ples to follow, ¢, = 1 Pa. Numerical implementation of Eq.
(57) is outlined in Sec. VIA of Ref. 15. It involves only
minimal modifications to existing Crank-Nicholson NAPE
algorithms and is just as computationally efficient.

After the auxiliary function (Ab is found as a solution of
Eq. (57), the sound pressure is calculated as

pe) = [Z e (1-m B DY) 0

Q() ko 8
This result follows from Egs. (1) and (54). Numerical imple-
mentation of Eq. (60) is also considered in Sec. VI A of Ref. 15.
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In the literature, the sound pressure in a moving
medium, such as the atmosphere, is often calculated with
the NAPE based on the effective sound speed approximation
or the NAPE,;." This equation is given by Eq. (14) with the
last term omitted. In the NAPE.g, the sound pressure is
expressed in the form

p(xv Z) = ﬁ(xa Z)eikoxa

(61)
where p is the complex amplitude of the sound pressure. For
2D sound propagation calculations using Egs. (14) and (61),
p also satisfies Eq. (57) but with different coefficients #,, ,,
namely,

2
ng — 1

ho=1, ha=0, hyo= 7 hyo = ok (62)

The initial condition for the NAPE.y is formulated for
p(0,z2) and is given by the right-hand side of Eq. (59).

B. WAPE

Next, consider the phase-preserving WAPE [Eq. (17)].
For 2D sound propagation in the (x,z)-plane, the operators ¥
and f in this equation simplify to

1 o2

—_—. 63
K2 072 (63)

1=0, Q=

In Eq. (17), ¢ is replaced with Eq. (54). With these transfor-
mations and in the Padé (1,1) approximation, the phase-
preserving WAPE takes the form

1) — a1t b=

ikony? 64
/X1+b11u (64)

— — iko(negr —

ox

It follows from Eq. (16) that in the Padé (1,1) approxima-
tion, a;; = 1/2 and by, = 1/4. Multiplying both sides of
Eq. (64) by 1+ by [t, this equation can be recast as Eq.
(57), in which the coefficients £, ,, are given by

1
hio = oy hao = ner — 1,

I ner— 1
Iy = — .
22 =5, 4ny?

(65)

Although written in a somewhat different form, Eq. (65) for
the coefficients £, is consistent with Eq. (B5) in Ref. 15.
The initial condition for the WAPE in the Padé (1,1) approx-
imation is chosen as that adopted in the literature [see Eq.
(G.75) in Ref. 1]:

9011 3717 — 037012z — ,)?]

2V2n
20, 2
< exp ( k()(zsz))

(fb(x =0,z) = —
(66)
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In the literature, the sound pressure p in a moving
medium is often calculated with the WAPE based on the
effective sound speed approximation or the WAPE., e.g.,
see Ref. 1 and Eq. (56) in Ref. 15. In the Padé (1,1)
approximation and substituting with Eq. (61), the
WAPE,; can also be written as Eq. (57) with the follow-
ing coefficients:

n%e — 1 1

hio=1+-"— h,=-

1,0 + a0 2=
1

I’l2’2 - E .

ha o =5

(67)

The initial condition for the WAPE. coincides with the
right-hand side of Eq. (66).

C. Intercomparison of the parabolic equations

It follows from Secs. VA and VB that the phase-
preserving NAPE and WAPE and the corresponding equations
based on the effective sound speed approximation, NAPE.
and WAPE,., reduce to the same equation [Eq. (57)] but with
different coefficients 4, ,. These coefficients are summarized
in Table 1. The rows “NAPE” and “WAPE” correspond to the
phase-preserving NAPE and WAPE [Egs. (13) and (17)], and
the rows “NAPE." and “WAPE.” correspond to the equa-
tions based on the effective sound speed approximation. The
row “WAPE,,” corresponds to Eq. (78) in Ref. 15, which is
the 2D WAPE in the Padé (1,1) approximation and can be
obtained from Eq. (3) in this article by setting ¢ =1 and writ-
ten in the form given by Eq. (57). As mentioned in the
Introduction, Eq. (78) from Ref. 15 has already been used in
the literature'®™'® and is valid for arbitrary Mach numbers but
small variations in the sound speed. In the WAPE,, row,
1= (n— M,[)Mxyf.

Interestingly, although the parabolic equations in Table I
describe similar sound propagation phenomena, the coeffi-
cients A, in these equations differ significantly. Also, these
coefficients are more complex for the WAPE,, than for the
phase-preserving WAPE. This result elucidates the statements
above that the EWAPE, NAPE, and WAPE, which are
obtained from Eq. (3) by setting ¢ equal to Eq. (8), are simpler
than those pertinent to g = 1.

Another difference between these parabolic equations is
that the phase-preserving NAPE and WAPE and the WAPE,,
are formulated for the complex amplitude of the auxiliary
function ¢, while the NAPE. ¢ and WAPE 4 are formulated
for the complex amplitude of the sound pressure p.

VI. NUMERICAL RESULTS

In this section, numerical results obtained with the
phase-preserving NAPE and WAPE and the NAPE.4 and
WAPE_; are compared to analytical and reference solutions.
We will also briefly consider results obtained with the
WAPE,,.

In all numerical examples to follow, we consider a point
source with the frequency f = w/(2n) = 200Hz located
above a perfectly reflecting, flat surface. The reference
sound speed is ¢y = 340 m/s. The computational domain is
500 m long and 125 m high. At the lower boundary, the ver-
tical derivative of ¢ for NAPE and WAPE and the vertical
derivative of p for NAPE s and WAPE,; are zero due to a
perfectly reflecting surface. For the upper boundary, a per-
fectly matched layer (PML) is used.?® The thickness of the
PML is 30 grid points. It is implemented as described in
Ref. 19. In all numerical examples, for x greater than about
100m but smaller than 500m, the propagation angles
0=35°.

A. Uniformly moving medium

This section considers the point source located 50 m
above the surface in a uniformly moving medium with
Mach number M = 0.5 and constant sound speed ¢ = c¢o. The
relatively large Mach number is chosen to elucidate the dif-
ference between the results obtained with the phase-
preserving NAPE and WAPE and the NAPE.s and
WAPE,_. Note that for the considered case ¢=cg, the
WAPE,, coincides with the phase-preserving WAPE, i.e.,
the coefficients #,,,, in Table I for these parabolic equations
are the same. Using these parabolic equations, the sound
pressure level (SPL) and relative level are calculated. The
latter is defined as follows

Mmﬂzmm&%£&ﬂ>

68
1po(x,2) (08)

TABLE I. Comparison between the NAPEs and WAPEs. The first two columns specify the parabolic equation and the function which satisfies this equation.

The coefficients 4, ,, pertinent to these equations are in the last four columns.

Equation Function hio hia ha ha2
NAPE é 1 0 Negr — 1 b
2n
WAPE g 1 1 Regr — 1 1 neg—1
¢ 2,2 o >+ 22
4ny? 2n - 4n*y;
WAPE,, s n?—1 1 (n2 = 1)32 n—1 1 =
1+ 2 4',3 2 -1+ 4 2 4‘,[%
NAPE, P 1 0 nggy — 1 1
2 2
WAPE¢ p 1+ ngff —1 1 ”?aff -1 1
4 4 2 2
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SPL (dB)

30 40 50 60

FIG. 1. (Color online) SPL in a uniformly moving medium with M =0.5
produced by a point source located 50m above a perfectly reflecting, flat
surface. The sound frequency is 200 Hz. The subplots correspond to the
exact analytical solution and numerical results obtained with the parabolic
equations as labeled.

where p is the sound pressure produced by the point source
in free space. In these calculations, the steps along the x and
z axes are 0.05 m, which corresponds to 1/34. Here, / is the
sound wavelength. These relatively small steps are needed
to correctly predict the sound pressure at interference min-
ima. In practical applications, the grid steps in the WAPE
and NAPE can be set to those typically used in the literature,
e.g., 4/ 10." Therefore, the computational cost of these equa-
tions is about the same as for the NAPE ;s and WAPE 4.
The SPL calculated with the parabolic equations is
depicted in Fig. 1, which also presents the SPL correspond-
ing to the exact analytical solution of the problem consid-
ered, presented in Sec. VI B of Ref. 15. The SPL has several
minima and maxima due to interference between the direct
wave from the source to receiver and that reflected from the
surface. For x = 100 m, the SPL calculated with the phase-
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preserving WAPE is indistinguishable from the exact ana-
lytical solution. The phase-preserving NAPE results are also
close to the analytical solution but at larger propagation
ranges. The results obtained with the WAPE, ;s and NAPE.¢
noticeably deviate from the analytical solution.

These conclusions are reinforced by Fig. 2, in which the
relative level AL obtained with the analytical solution and
parabolic equations, is plotted versus the propagation range
x for four heights z above the surface. For x =< 100 m, propa-
gation angles 0 can be relatively large such that the ranges
of applicability of the NAPEs and WAPEs might not be ful-
filled. Therefore, the predictions based on the parabolic
equations can significantly deviate from the analytical solu-
tion. For x=100m, the results obtained with the phase-
preserving WAPE are very close to the analytical solution.
The results obtained with the phase-preserving NAPE
slightly deviate from the analytical solution in the range
100 m =< x =400 m because the NAPE is valid for smaller 0
than the WAPE. However, for x = 400 m (where 0 becomes
small), the NAPE is close to the analytical solution. On the
other hand, Fig. 2 clearly shows that the results obtained
with the WAPE,. and NAPE ¢ significantly deviate from
the analytical solution. For the problem considered (but with
different source height and frequency), inaccurate predic-
tions of WAPE, are also reported in Ref. 15.

The difference between the results obtained with the
parabolic equations and analytical solution can be quantified
by the normalized errors,

€(x,z) = PpE (X, )| — [Pan(x, 2)|

, 69
1PoCe,2) 09

where ppg is the sound pressure calculated with one of the
parabolic equations from Table I, and p,, is the sound pres-
sure obtained with the exact analytical solution. (Note that
the errors e are normalized by p, rather than by p,, because
Pan can be very small at the interference minima; see Fig. 2.)
The normalized errors € versus the propagation range x are
plotted in Fig. 3 for four heights z above the ground. These
errors correspond to the results shown in Fig. 2. In Fig. 3,
the x axis starts with x,;; = 100 m because at shorter ranges,
the parabolic equations might not applicable. It follows
from Fig. 3 that the normalized errors e pertinent to the
phase-preserving WAPE are almost zero. The normalized
errors e for the phase-preserving NAPE are small and tend
to zero as the propagation range x increases. The normalized
errors pertinent to the WAPE. and NAPE. are large and,
generally, do not decrease with range.

Next, we consider the cumulative normalized errors,
which are obtained by integrating the normalized errors ¢
along the x axis:

! Jxm le(x, z)| dx, (70)

Xmax — Xmin J oy,

where xpn.x = S00m. The cumulative errors pertinent to
the normalized errors in Fig. 3 are shown in Table II. It
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FIG. 2. (Color online) Relative level AL versus the propagation range x for four heights z above the surface. The geometry of the problem is the same as that

for the SPL in Fig. 1. Different curves correspond to the analytical solution and parabolic equations.

follows from the table

that the phase-preserving WAPE

has the smallest cumulative errors, followed by those for

the phase-preserving NAPE and the NAPE.; and
WAPE.¢.
z=1m I I I
2t !
o OB e
——WAPE
—— WAPE g
-2 t|---- NAPE 4
---- NAPEg
100 200 300 400 500
z (m)
z=5m I I I
2t -
w :’\“\_“jij:,i ———————————— =
2t _
100 200 300 400 500
z (m)

FIG. 3. (Color online) Normalized errors € between the analytical solution and results obtained with the parabolic equations from Fig. 2.
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B. Linear sound speed profile

This section considers sound propagation in a motion-

less medium. The source is located 10 m above the surface.

9t
100 200 300 400 500
z (m)
2L
100 200 300 400 500
z (m)
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TABLE II. Cumulative errors € pertinent to the normalized errors € shown
in Fig. 3.

Equation z=1m z=2m z=5m z=10m
NAPE 0.03 0.03 0.09 0.15
WAPE 0.00 0.01 0.01 0.02
NAPE. ¢ 0.44 0.32 0.45 0.43
WAPE,¢ 0.46 0.51 0.59 0.76

The sound speed linearly increases with the height z such
that

c(z) = co + 0z, (71)
where «=1s""'. As in Sec. VIA, the relatively large value
of the coefficient « is chosen to elucidate the difference
between the results obtained with the phase-preserving

SPL (dB)

FIG. 4. (Color online) SPL for a linear profile of the sound speed produced
by a point source located 10 m above a perfectly reflecting, flat surface. The
sound frequency is 200 Hz. The subplots correspond to the results obtained
with the FDTD solution and parabolic equations as labeled.
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WAPE and NAPE and the WAPE_.¢ and NAPE,. It follows
from Table I that in a motionless medium, the WAPE,, coin-
cides with the WAPE .

The SPL calculated with these parabolic equations is
depicted in Fig. 4, which also shows the SPL calculated
with the finite-difference time-domain (FDTD) solution of
linearized equations of fluid dynamics. (For details, see the
Appendix.) For the linear sound speed profile, the FDTD
approach can be considered as a reference solution.

It can be observed from Fig. 4 that the phase-preserving
WAPE provides the best agreement with the FDTD solution,
followed by the WAPE.y, NAPE, and NAPE.. This con-
clusion is further illustrated in Fig. 5, where the relative
level AL calculated with the FDTD approach and parabolic
equations is plotted versus the propagation range x for four
heights z above the ground. Figure 5 clearly shows that for
x=100m, the results obtained with the phase-preserving
WAPE are in a very good agreement with those obtained
with the FDTD solution.

The normalized errors € pertinent to the results dis-
played in Fig. 5 are depicted in Fig. 6. It follows from Fig. 6
that the normalized errors for the phase-preserving WAPE
are smaller compared to those for the WAPE. . Similarly,
the phase-preserving NAPE has smaller normalized errors
compared to the NAPE ;. The WAPE.; outperforms the
NAPE because this section considers sound propagation in a
motionless medium for which the effective sound speed
approximation is not relevant.

Table III shows the cumulative errors € pertinent to the
normalized errors € in Fig. 6. It follows from Table III that
the phase-preserving WAPE has smaller cumulative errors
compared to the WAPE.y, as does the phase-preserving
NAPE compared to the NAPE.

C. Stratified moving medium

This section considers a stratification for which the
sound speed and medium velocity depend on z. Again, the
sound speed profile is given by Eq. (71) but with a much
smaller coefficient o = 0.1s™'. The medium velocity loga-
rithmically increases with height,

ve(z) = vo In(1 + f2), (72)
where vp =9m/s and f=1 m~'. Asin Sec. VIB, the source
is located at z; = 10 m above the surface.

Figure 7 shows the relative level AL versus the prop-
agation range x for four heights z above the surface. The
results correspond to the FDTD solution, the phase-
preserving NAPE and WAPE, and the NAPE.s and
WAPE,. For the considered case of a stratified moving
medium, the FDTD solution is valid for arbitrary Mach
numbers (see Sec. IV D in Ref. 27). It follows from Fig. 7
that the results obtained with the phase-preserving
WAPE are very close to the FDTD solution and the
phase-preserving NAPE outperforms the NAPE .+ and
WAPE.. The results obtained with the latter two para-
bolic equations often deviate from the reference solution
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AL (dB)

---- NAPEg
—— WAPEq
---- NAPE
—— WAPE

400

AL (dB)

400 500

FIG. 5. (Color online) Relative level AL versus the propagation range x for a linear profile of the sound speed and four heights z above the surface. The geome-
try of the problem is the same as that for the SPL in Fig. 4 Different curves correspond to the results obtained with the FDTD solution and parabolic equations.

not only at the interference minima and maxima but also

at the ranges between them.

Table IV shows the cumulative errors € pertinent to the
results in Fig. 7. It follows from the table that the phase-
preserving WAPE has the smallest errors, followed by the

z=1m

100 200 300

phase-preserving NAPE, WAPE.y, and NAPE.. The
WAPE,, was also used to calculate the relative level for the
stratification considered in this section. The results obtained
are very close to those for the phase-preserving WAPE with
the same cumulative errors. This can be explained by the

100

200

FIG. 6. (Color online) Normalized errors € between the FDTD solution and results obtained with the parabolic equations from Fig. 5.
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TABLE III. Cumulative errors € pertinent to the normalized errors €
depicted in Fig. 6.

Equation z=1m z=2m z=5m z=10m
NAPE 0.34 0.51 0.68 1.01
WAPE 0.08 0.09 0.11 0.17
NAPE, ¢ 0.52 1.09 1.15 1.55
WAPE,¢ 0.27 0.41 0.50 0.69

fact that for the stratification considered, the variation in the
sound speed is relatively small.

VIl. CONCLUSIONS

This article considered the phase-preserving EWAPE:s,
WAPEs, and NAPEs for sound propagation in moving
media. These equations [Egs. (9), (17), and (13), respec-
tively] were derived in the high-frequency approximation
while omitting the derivatives of the sound speed and
medium velocity. Within the ranges of their applicability,
the EWAPE, WAPE, and NAPE exactly describe the phase
of sound waves and are valid for arbitrary variations in the
sound speed and arbitrary (subsonic) Mach numbers.
These equations also correctly describe sound propagation
in a stratified moving medium within the ranges of their
applicability.

Although variations in sound speed and wind Mach
number are often relatively small, omitting the correspond-
ing second-order terms can result in significant phase errors

i ---- NAPEqg
200 | —— WAPE|A
i - NAPE
‘ —— WAPE
-30 L : : : :
0 100 200 300 400 500

400

0 100 500

TABLE IV. Cumulative errors € pertinent to the results depicted in Fig. 7.

Equation z=1m z=2m z=5m z=10m
NAPE 0.09 0.08 0.13 0.13
WAPE 0.04 0.02 0.02 0.05
NAPE, 0.18 0.80 0.56 0.92
WAPE, 0.05 0.14 0.17 0.21

for long propagation ranges. Therefore, it is preferable to
use the phase-preserving WAPE and NAPE, at least in some
practical applications.

This article further showed that the WAPE given by
Eq. (44) in Ref. 15 can also correctly describe the phase
of a sound wave but might require more terms in the Padé
series expansion. Moreover, that equation involves more
terms than the phase-preserving WAPE given by Eq. (17)
in this article. The WAPEs from Refs. 2, 13, and 14 pre-
serve the phase of sound waves only approximately for
small variations in sound speed and Mach numbers.
Previous NAPEs from the literature (e.g., Refs. 2 and 15)
correctly describe the phase of sound waves only for
small variations in the sound speed and/or low Mach
numbers.

Numerical simulations showed that the results obtained
with the phase-preserving WAPE and NAPE agree better
with the analytical and reference solutions than those with
the parabolic equations based on the effective sound speed
approximation (the WAPE.; and NAPE, ), which are often

400

0 100 500

FIG. 7. (Color online) Relative level AL versus the propagation range x for a stratified moving medium (Sec. V C) and four heights z above a perfectly
reflecting, flat surface. The source is located 10 m above the surface and the sound frequency is 200 Hz. Different curves correspond to the results obtained

with the FDTD solution and parabolic equations.
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used in the literature. Limitations of this approximation
have been reported elsewhere, e.g., Refs. 2, 15, and 28.
There are, of course, problems for which the effective sound
speed approximation might be suitable. However, because
the complexity of numerical implementation of the phase-
preserving WAPE and NAPE is about the same as that for
the WAPE. s and NAPE,, it makes sense to use the phase-
preserving equations.
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APPENDIX

This appendix briefly outlines the FDTD approach
employed in Secs. VIB and VIC. The approach is based on
solution of Egs. (17) and (18) in Ref. 27, which, for 2D
sound propagation in a stratified moving medium, become

8_p+vx8_p+gcz(%+%) = oc%Q,

ot Oox Ox 0z
ow, ow, 10p
o T Teax O
ow, ow. 10p
W‘FUA‘W‘FEE— 5 (A1)

where ¢ is time and (w,,w,) are the components of the acous-
tic particle velocity. The source term is given by

P4+ (z—z

2
Q(x,z,t) = —pTOXP { 5 5) ] sin(wr),  (A2)

where gy = 1 m*s™" is the source flow rate and B =0.24m
is its radius.

J. Acoust. Soc. Am. 155 (2), February 2024

The FDTD solution uses the optimized fourth-order finite-
difference technique (see Ref. 29 for details). The mesh grid is
uniform with a grid step of 0.1 m, which corresponds to 17
points per wavelength for f= 200 Hz. The Courant-Friedrichs-
Lewy number is set to 0.5, yielding a time step 1.47 x 10~%s.
The FDTD simulation runs for 1.54 s.

The root mean square (rms) sound pressure is determined
from the FDTD solution using the last three periods of the
sound signal. For comparison with the parabolic equations,
the rms pressure is normalized using the factor

qowg exp {—w’B? /[4c*(z,)]}.
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