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ABSTRACT:
Chide et al. [J. Acoust. Soc. Am. 155, 420–435 (2024)] provide a first attempt to infer the spectrum of temperature

fluctuations on Mars from experimental data on the variances of travel-time and log-amplitude fluctuations recorded

by the microphone on board the Perseverance rover. However, the theoretical formulations that were used to inter-

pret the travel-time data have limitations. In addition to explaining those issues, this article also outlines approaches

for predicting statistical characteristics of acoustic signals in the Martian atmosphere. In particular, the experimen-

tally observed dependence of the travel-time variance on the propagation range can be attributed to ground-blocking

of buoyantly produced turbulent velocity fluctuations and the non-Markov character of phase fluctuations.
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I. INTRODUCTION

Chide et al.1 provide experimental data on the travel-

time statistics and log-amplitude variance for line-of-sight

sound propagation obtained with the SuperCam microphone

on board the Perseverance rover on Mars. The sound signals

were generated by the SuperCam pulsed laser, which vapor-

ized a small portion of the Martian surface. Using the exper-

imental data, for the first time, Chide et al.1 attempted to

infer the spectrum of temperature fluctuations on Mars and

its key parameters, such as the variance and length scale of

fluctuations, and the slope of the spectrum. Three possible

spectral models are considered: Gaussian, Kolmogorov, and

generalized von K�arm�an. Using results from Iooss et al.2 for

the travel-time variance, Chide et al.1 inferred the variance

and outer length of temperature fluctuations for the

Gaussian and generalized von K�arm�an spectra. Then, from

the range dependence of the log-amplitude variance, they

argue that the best agreement between theoretical predic-

tions and experimental data is obtained with the generalized

von K�arm�an spectrum with the slope parameter p ¼ �1=6.

The experimental data in Chide et al.1 are the first of

their kind. However, the results by Iooss et al.2 have limita-

tions and should be cautiously used in predicting the travel-

time fluctuations in the Martian atmosphere. Specifically,

the travel-time variance in Iooss et al.2 accounts for some

terms of order e4 (e is proportional to the refractive index

fluctuation) but neglects other terms of the same order. It is

also inconsistent with some results from the literature.3

Moreover, as noted in Chide et al.,1 when inferring the

temperature spectrum and its parameters, a simplifying

assumption is made that wind velocity fluctuations can be

ignored in predicting the travel-time and log-amplitude var-

iances. For turbulence in the Earth atmosphere, the shear-

and buoyancy-produced velocity fluctuations are the main

factors driving fluctuations in acoustic signals during the

daytime, whereas temperature fluctuations have a much

lesser impact for most meteorological conditions, e.g., see

Refs. 4–7. Although much less dense, the near-surface

Martian atmosphere still resembles the Earth atmosphere8,9

such that a similar effect can be expected on Mars.

The goals of the current article are to discuss limita-

tions in the results by Iooss et al.,2 how these results are

implemented in Chide et al.,1 and the assumption of a

motionless medium in predicting sound propagation in a

turbulent atmosphere on Mars. We will also outline possi-

ble approaches for incorporating wind velocity fluctuations

in such predictions.

The remainder of this article is organized as follows.

Limitations in the results by Iooss et al.2 are considered in

Sec. II. Section III explains how these limitations affect

reconstruction of the temperature spectrum in Chide et al.1

Section IV presents approaches for incorporating wind

velocity fluctuations into sound propagation models on

Mars. Conclusions are presented in Sec. V.

II. THE MODEL BY IOOSS et al. (REF. 2)

This section outlines the results by Iooss et al.2 and

explains limitations in some of these results.a)Email: vladimir.ostashev@colorado.edu
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Iooss et al.2 study the statistics of the travel time t of

sound propagation between a source and receiver in a ran-

dom motionless medium. The travel time t is expressed as a

perturbation series in which

t ¼ t0 þ t1 þ t2 þ t3 þ t4 þ � � � : (1)

Here, t0 is the travel time in a medium without random inho-

mogeneities; t1 � e1, t2 � e2, t3 � e3, t4 � e4, and so on;

and a small parameter e is the deviation of the refractive

index squared from unity. In Eq. (1), t1 and t2 are calculated

using the geometrical acoustics approximation. Then, omit-

ting the higher order terms (such as t3 and t4), the mean

travel time hti and the travel-time variance r2
t are obtained

[see Eqs. (11)–(15) in Ref. 2] as follows:

hti ¼ x

c0

þ A2

24

r2
e x2

c0L
; (2)

r2
t ¼ r2

t1
þ r2

t2
¼ A1

2

r2
e Lx

c2
0

þ A2
2

288

r4
e x4

c2
0L2

: (3)

Here, x is the distance between the source and receiver, c0 is

the sound speed in a medium without random inhomogenei-

ties, r2
e and L are the variance and length scale, respectively,

of the random field e, and r2
t1

and r2
t2

are the travel-time var-

iances corresponding to the second (t1) and third (t2) terms,

respectively, in the perturbations series [Eq. (1)]. The

numerical coefficients A1 and A2 depend on the spectrum

UeðjÞ of the random field e.
For the generalized von K�arm�an spectrum of tempera-

ture fluctuations, Eq. (B6) in Chide et al.1 provides the coef-

ficients A1 and A2 such that

A1 ¼
ffiffiffi
p
p

Cðpþ 1=2Þ
CðpÞ ; A2 ¼ �

ffiffiffi
p
p

Cðp� 1=2Þ
2CðpÞ : (4)

(Chide et al.1 indicate that Iooss et al.2 had a typo for A2.) In

Eq. (4), C is the gamma function, and p is a parameter deter-

mining the slope of the generalized von K�arm�an spectrum in

the inertial subrange of turbulence. This spectrum is defined as

UeðjÞ ¼
Cðpþ 3=2Þ
p3=2CðpÞ

r2
e L3

1þ j2L2ð Þpþ3=2
: (5)

Note that the (ordinary) von K�arm�an temperature spectrum

[e.g., Eq. (6.26) in Ref. 4] corresponds to p ¼ 1=3.

References 1 and 2 provide only the dependence of UeðjÞ
on j while not presenting the numerical coefficient and

parameter r2
e L3 in the right side of Eq. (5). These quantities

can be uniquely determined using a formula expressing r2
e

in terms of UeðjÞ [e.g., Eq. (6.19) in Ref. 4]:

r2
e ¼ 4p

ð1
0

UeðjÞj2 dj: (6)

Equation (5) coincides with Eq. (10) in Ref. 10, where the

generalized von K�arm�an spectrum was also considered.

Reference 10 indicates that Eq. (5) is valid only for p > 0;

otherwise, the integral in Eq. (6) diverges.

Equations (2) and (3) are the starting point of the analy-

sis of the travel-time statistics on Mars.1 In the remainder of

this section, we analyze these equations and explain their

limitations. The first terms on the right sides of Eqs. (2) and

(3) are well-known results in wave propagation in random

media.4,11–16 The second term in Eq. (2) has also been stud-

ied, e.g., see Refs. 11 and 17–20 and references therein.

Using Eq. (2), the phase velocity vph of a sound wave in a

random medium can be calculated as

vph ¼
x

hti ¼ c0 1þ A2

24

r2
e x

L

� ��1

: (7)

It follows from Eq. (7) that the random medium changes the

phase velocity. This effect is termed the velocity shift.
According to the references mentioned above, vph > c0.

This result is explained by Fermat’s principle (which is

applicable in the considered high-frequency approximation)

and is also mentioned in Refs. 1 and 2: in deterministic and

randomly inhomogeneous media, a wave propagates along

the path that requires the least time. Equation (7) is consis-

tent with Fermat’s principle if A2 < 0. It follows from Eq.

(4) that A2 < 0 if p > 1=2 in the generalized von K�arm�an

spectrum. Note that Iooss et al.2 indicate that A2 is defined

for p > 1=2.

However, if 0 < p < 1=2, the coefficient A2 becomes

positive, thus, violating Fermat’s principle. Therefore, p
> 1=2 is the range of applicability of geometrical acoustics

for calculating hti and vph. This limitation can be overcome

by calculating these quantities using the Rytov method,

which generalizes geometrical acoustics by accounting for

diffraction. The result is [e.g., see Eq. (25) in Shapiro

et al.,18 where the last term in square brackets should be

omitted in the considered high-frequency approximation]

vph ¼ c0 1� 4p2k2
0

ð1
0

UeðjÞ sin2 j2x

2k0

� �
dj
jx

" #�1

: (8)

Here, k0 is the sound wavenumber in a medium without ran-

dom inhomogeneities. Because the spectrum UeðjÞ is

always positive, the expression in the square brackets in Eq.

(8) is less than one so that vph > c0. Equation (8) can be

used to calculate vph when geometrical acoustics is no lon-

ger applicable, e.g., if 0 < p < 1=2 in the generalized von

K�arm�an spectrum. [Note that Eq. (8) is valid for a plane

sound wave, in which case the coefficient 24 in Eq. (7)

should be replaced with 8, as follows from Eq. (12) in

Ref. 2.]

Next, we point out that there are two difficulties with

the second term in Eq. (3). First, in the asymptotic series,

Eq. (1), Iooss et al.2 retain terms of order e2 and omit higher

order terms such as e4. (Note that terms of order e and e3

vanish after averaging.) This approximation should be con-

sistently used in the subsequent derivations. Consequently,
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the second term in Eq. (3) should be omitted because it is of

order e4.

The travel-time variance can be calculated to order e4.

To this end, the first five terms in Eq. (1) should be retained;

that is,

r2
t ¼ hðt0 þ t1 þ t2 þ t3 þ t4Þ2i

� ht0 þ t1 þ t2 þ t3 þ t4i2 þ Oðe6Þ: (9)

Here, keeping terms of order e4 and omitting higher order

terms yields

r2
t ¼ r2

t1
þ r2

t2
þ 2ht1t3i þ Oðe6Þ: (10)

This result differs from Eq. (3) obtained by Iooss et al.2 by

the term 2ht1t3i. This term should be taken into account if

the travel-time variance is calculated to order e4.

Second, the phase / of a sound wave can be expressed

in terms of the travel time: / ¼ xt, where x is the acoustic

frequency. Therefore, the statistics of the travel-time fluctu-

ations coincide with the phase fluctuations. The phase vari-

ance of a plane sound wave was obtained in Ref. 3 as a sum

of two terms proportional to x and x4, i.e., the terms similar

to those in Eq. (3); see Eq. (2.10) in Ref. 3. However, in the

latter reference, the term proportional to x4 is always nega-

tive while the second term in Eq. (3) is always positive.

Reference 3 provides a physical explanation as to why the

term proportional to x4 is negative and substantiates the con-

clusion by an example of wave propagation through a ran-

dom phase screen.

Finally, it should be noted that the second term in Eq.

(2) should be much smaller compared to the first term. This

is because Eq. (1) is an asymptotic series; if the third term t2
has the same order as the second term t1, then all terms in

the series should be taken into account. For example,

Shapiro et al.18 show that the relative difference between vph

and c0 is less than 2%. Tatarskii17 uses the second Rytov

approximation [which is similar to t2 in Eq. (1)] to study the

ranges of applicability of the first Rytov approximation

(which is similar to t1). Chide et al.1 show that the second

term in Eq. (2) is much smaller than the first term for experi-

mental data from Mars.

The same conclusion applies to Eq. (3); i.e., the second

term r2
t2

in this equation should be much smaller than the

first term r2
t1

. Iooss et al.2 specifically state that Eq. (3) is

valid when the travel-time variance is only weakly

nonlinear.

III. INFERENCE OF TEMPERATURE SPECTRUM
IN CHIDE et al. (REF. 1)

From the measurements of the mean travel time hti on

Mars, Chide et al.1 showed that vph > c0 in accordance with

Fermat’s principle. However, due to a small difference

between vph and c0, it was not possible to infer the turbu-

lence parameters.

Using the travel-time variance formulated in Iooss

et al.2 [i.e., Eq. (3)], Chide et al.1 infer the variance r2
e and

length scale L pertinent to temperature fluctuations. For the

generalized von K�arm�an spectrum with p ¼ �1=6, they

obtain r2
e ¼ 2� 10�3 and L ¼ 11 cm, whereas for the

Gaussian spectrum, r2
e ¼ 7:4� 10�4 and L ¼ 14 cm. It

seems worthwhile to revisit these results because they are

based on Iooss et al.2 formulations, which have limitations.

First, it follows from Eq. (5) that for the generalized

von K�arm�an spectral model with p ¼ �1=6, the spectrum

UeðjÞ < 0. This is a nonphysical result as UeðjÞ should be

positive. In other words, for this spectrum, the variance r2
e

of a random field e cannot be determined because the inte-

gral in Eq. (6) diverges.

The difficulty with the generalized von K�arm�an spec-

trum with p ¼ �1=6 can be demonstrated from a different

perspective. It follows from Eq. (4) that for p ¼ �1=6, the

coefficient A1 < 0. This implies that the first term in the

travel-time variance r2
t [Eq. (3)] is negative, which is also

nonphysical. In summary, the generalized von K�arm�an spec-

trum with p ¼ �1=6 provides nonphysical results for the

travel-time variance [Eq. (3)] and cannot be used to infer the

variance r2
e and length scale L.

For the Gaussian spectrum, the variance and length scale

can always be determined. However, for r2
e ¼ 7:4� 10�4,

L ¼ 14 cm and the propagation range x from 2.2 to 7.7 m as in

the experiment on Mars,1 the second term in Eq. (3) can

become comparable to or even greater than the first term.

Specifically, for x ¼ 2:2, 5, and 7.7 m, the ratios of these terms

r2
t2
=r2

t1
¼ 0:04, 0.47, and 1.71, respectively. This seems to vio-

late the ranges of applicability of Eq. (3). Similar to Shapiro

et al.,18 it is expected that the ratio r2
t2
=r2

t1
should not exceed

the value of about 0.02. Therefore, it is desirable to study the

ranges of applicability of Eq. (3) in more detail before applying

it.

Limitations of Eq. (3) in predicting the dependence of the

travel-time variance r2
t on range x are also evident from

experimental data on Mars depicted as red diamonds in Fig. 1.

The data correspond to r2
t , which is measured during daytime

and averaged over about one Martian year. It follows from

Fig. 1 that r2
t significantly deviates from the linear depen-

dence on x, whereas Eq. (3) can only be used for small varia-

tions from the linear dependence.

In Chide et al.,1 the slope of the temperature spectrum

is determined from the dependence of log-amplitude vari-

ance r2
v on x, which is well-known in the literature. The

best agreement between theoretical results for r2
v and

experimental data is obtained for the generalized von

K�arm�an temperature spectrum, Eq. (5), with p ¼ �1=6.

However, strictly speaking, this spectrum is nonphysical.

This difficulty can be overcome with an approach sug-

gested in Sec. IV.

IV. PREDICTING SOUND PROPAGATION IN A
TURBULENT ATMOSPHERE ON MARS

Sound propagation through turbulence in the Earth

atmosphere has been relatively well studied theoretically
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and experimentally, e.g., see Refs. 4 and 21–24 and referen-

ces therein. Statistical moments of sound signals are

expressed in terms of temperature fluctuations and shear-

and buoyancy-produced velocity fluctuations. Because

atmospheric turbulence on Earth and Mars has many simi-

larities,8,9 we suggest that with some modifications, the the-

ory of sound propagation in a turbulent atmosphere on Earth

can also be used on Mars.

References 4 and 23 provide the log-amplitude variance

for the ground-based source and elevated receiver, calcu-

lated in the Rytov method and Markov approximation, such

that

r2
v ¼

p2k2
0x

2

ð1

0

dg
ð1

0

Ueffðgh; jÞ

� 1� cos
gð1� gÞj2x

k0

� �� �
j dj: (11)

Here, h is the receiver height and Ueffðz; jÞ is the effective

spectrum of turbulence, the parameters of which can depend

on the height z above the ground. For the generalized von

K�arm�an spectral model, Ueffðz; jÞ can be written as4,5

Ueffðz;jÞ¼
CðaÞ

p3=2Cða�3=2Þ

"
r2

TðzÞL3
TðzÞ

T2
0 1þj2L2

TðzÞ
� �a

þ
4ar2

v;sL
5
v;sðzÞj2

c2
0 1þj2L2

v;sðzÞ
� �aþ1

þ
4ar2

v;bL5
v;bj

2

c2
0 1þj2L2

v;b

	 
aþ1

#
:

(12)

Here, a is a parameter; T0 is the reference temperature; r2
T ,

r2
v;s, and r2

v;b are the variances of temperature fluctuations

and shear- and buoyancy-produced velocity fluctuations,

respectively; and LT , Lv;s, and Lv;b are the length scales of

the corresponding fluctuations. The ordinary von K�arm�an

spectrum corresponds to a ¼ 11=6 in Eq. (12). In a neutral

or convective planetary boundary layer (PBL), using the

Monin-Obukhov and mixed-layer similarity theories, the

variances r2
T , r2

v;s, r2
v;b and length scales LT , Lv;s, Lv;b in Eq.

(12) can be expressed in terms of the meteorological parame-

ters:4,21 the air temperature near the ground Ts, the friction

velocity u�, the sensible heat flux from the surface to the air

QH, and the PBL inversion height zi. Some of the variances

and length scales depend on the height z above the ground

while others do not. Note that Chide et al.1 use a similar equa-

tion for r2
v except that the effective spectrum Ueff does not

include velocity fluctuations and does not depend on z.
Equations (11) and (12), where a ¼ 11=6, predict the

log-amplitude variance r2
v in the PBL on Earth with a rela-

tively good agreement between theoretical results and

experimental data.23 With some modifications, Eqs. (11)

and (12) can also be used to predict r2
v on Mars. First, as the

spectra of temperature and wind velocity fluctuations might

be flatter on Mars than on Earth,1,25 it is reasonable to

assume that a can deviate from 11/6, as was already done in

Ref. 1 for temperature fluctuations.

Second, the log-amplitude variance r2
v is affected by

small-scale inhomogeneities of the order of the first Fresnel

zone. Such small inhomogeneities are likely in the inertial

subrange of turbulence, where jLT � 1, jLv;s � 1, and

jLv;b � 1 in Eq. (12). In this case, the effective turbulence

spectrum, Eq. (12), simplifies to

Ueffðz; jÞ ¼ QC2
effðzÞj�2a: (13)

Here, Q ¼ CðaÞ=ðp3=2Cða� 3=2ÞÞ is a numerical coeffi-

cient, and C2
eff is a parameter given by

C2
effðzÞ ¼

r2
TðzÞL3�2a

T ðzÞ
T2

0

þ
4ar2

v;sL
3�2a
v;s ðzÞ

c2
0

þ
4ar2

v;bL3�2a
v;b

c2
0

: (14)

For the ordinary von K�arm�an spectrum (a ¼ 11=6), Eqs.

(13) and (14) coincide with Eq. (7.31) in Ref. 4, where C2
eff

is termed as the effective structure function parameter of

temperature and wind velocity fluctuations, which deter-

mines the intensity of turbulence in the inertial subrange.

With these results, comparison of theoretical predic-

tions for the log-amplitude variance based on Eqs. (11) and

(13) with experimental data on Mars can yield the slope of

the effective spectrum and intensity of turbulence in the

inertial subrange. Note that in the inertial subrange, the gen-

eralized von K�arm�an spectrum UeðjÞ [Eq. (5)] is also pro-

portional to j�2a, where a ¼ pþ 3=2. However, this

spectrum becomes nonphysical for p ¼ �1=6, whereas the

spectrum given by Eq. (13) can still be used in this case.

Next, we consider the travel-time variance r2
t , which

can be expressed in terms of the variance of phase

FIG. 1. (Color online) Travel-time variance r2
t versus propagation range x.

Red diamonds are experimental data from Fig. 4 in Chide et al. (Ref. 1).

Solid line is the theoretical prediction for r2
t based on Ref. 21. Dotted,

dashed-dotted, and dashed lines are contributions to r2
t due to temperature

fluctuations and shear- and buoyancy-produced velocity fluctuations.
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fluctuations r2
/ using a formula r2

t ¼ r2
/=x

2. In contrast to

the log-amplitude variance, phase fluctuations are affected

by the largest turbulence eddies. By accounting for ground-

blocking of buoyancy-produced velocity fluctuations26 and

non-Markov character of phase fluctuations, Ref. 21 pro-

vides the latest theory for the phase variance r2
/ of acoustic

signals in a daytime PBL on Earth and verifies the results by

comparing them to experimental data. The isotropic part of

turbulence is modeled with the ordinary von K�arm�an spectra

of temperature fluctuations and shear- and buoyancy-

produced velocity fluctuations appearing in the right side of

Eq. (12).

With some modifications, the results from Ref. 21 can

be used to explain the nonlinear range dependence of the

travel-time variance in Fig. 1. To this end, the parameters

pertinent to Earth should be replaced with those on Mars.

Because the experimental data in Fig. 1 correspond to r2
t ,

which is averaged over one Martian year, we use the

mean temperature T0 ¼ Ts ¼ 242 K and sound speed

c0 ¼ 255 m/s reported in Chide et al.1 The friction velocity

u�, sensible heat flux QH ¼ T�.aCPu� (where T� is the tem-

perature scale), and PBL inversion height zi were not mea-

sured during the Perseverance mission. To roughly estimate

these meteorological parameters, the mean values of the

friction velocity and temperature scale suggested in Ref. 8

are used: u� ¼ 0:4 m/s and T� ¼ 1 K. With these parameters,

we have for the mean heat flux QH ¼ 4:38 W/m2. From the

Mars Climate Database version 6.1,27 the PBL height aver-

aged over a year during hours 10:00–14:00 can be estimated

as zi ¼ 4 km. Furthermore, on Mars, the gravitational accel-

eration is g ¼ 3:7 m/s2, air density is .a ¼ 0:015 kg/m3,

specific heat at constant pressure is CP ¼ 730 J/(K kg), and

von K�arm�an constant is jv ¼ 0:4.8

Given these parameters, the source and receiver geome-

try in Chide et al.,1 and formulations in Ref. 21, the travel-

time variance can be calculated. The results are presented in

Fig. 1, where the surface heat flux QH ¼ 1:05 W/m2 is used

as an adjustable parameter, and other parameters are speci-

fied above. In Fig. 1, the solid line is the theoretical predic-

tion for the travel-time variance r2
t , while the dotted,

dashed-dotted, and dashed lines are contributions to r2
t that

result from temperature fluctuations and shear- and

buoyancy-produced velocity fluctuations, respectively. It

follows from Fig. 1 that the buoyancy-produced velocity

fluctuations are the largest contribution to r2
t , whereas the

temperature fluctuations and shear-produced velocity fluctu-

ations have much lesser impact. This conclusion remains the

same for QH ¼ 4:38 W/m2 and is due to the fact that, on

average, the buoyancy-produced velocity fluctuations are

probably the largest, most energetic turbulence eddies dur-

ing daytime on Mars. A similar result has been obtained for

most meteorological conditions on Earth.5–7

It follows from the experimental setup on Mars1 that in

Fig. 1, increasing range x corresponds to increasing angle h
between the direction of sound propagation and vertical.

Ground-blocking of buoyancy-produced velocity fluctua-

tions diminishes fluctuations in the vertical direction

(h ¼ 0); these fluctuations increase as the angle h increases.

As a result, the travel-time variance r2
t in Fig. 1 increases

faster with range than the linear dependence (r2
t � x), thus,

enabling to explain the range dependence of the experimen-

tal data, at least qualitatively.

It should be noted that the mean values of u�, T�, and zi,

pertinent for the experimental data in Fig. 1, likely differ

from those in Refs. 8 and 27. Also, the generalized von

K�arm�an temperature and velocity spectra should probably

be used on Mars rather than the ordinary von K�arm�an spec-

tra employed in Ref. 21. Therefore, Fig. 1 should be consid-

ered as a starting point in comparing theoretical predictions

for the travel-time variance with experimental data on Mars

rather than a final result.

V. CONCLUSIONS

This article explained difficulties in formulations for the

travel-time variance by Iooss et al.2 Limitations in applying

these formulations to sound propagation through turbulence

in the Martian atmosphere1 were highlighted. Furthermore,

it was argued that wind velocity fluctuations are the main

factor driving fluctuations of acoustic signals during day-

time on Earth4–7 and, most probably, on Mars. Approaches

were suggested for predicting sound propagation through

turbulence on Mars and inferring turbulence spectra. In par-

ticular, by accounting for ground-blocking of buoyancy-

produced velocity fluctuations and the non-Markov charac-

ter of phase fluctuations, it was possible to explain, at least

qualitatively, the range dependence of the travel-time vari-

ance on Mars.
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