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Temperature effects on the convection speed of large-scale structures in supersonic temporally developing jets and
on the steepened aspect of the acoustic waves generated by these structures are investigated. For that, one isothermal
jet at Mach 2 and four others at static temperatures equal to two or four times that of the ambient medium are
simulated at either the same exit velocity or Mach number as the isothermal jet. For all temporally developing jets,
steepened acoustic waves are emitted in the near field, leading to significant values of the pressure skewness and
kurtosis factors. Using conditional averages, their formation is directly linked to the supersonic motion of large-scale
structures at a convection speed whose ratio with the jet velocity is shown to decrease with temperature. At a higher
temperature, this leads to the generation of less skewed acoustic waves for a constant jet velocity. For a constant Mach
number, however, this decrease is compensated by the rise of the jet speed, leading to steeper acoustic waves at a
higher temperature. Therefore, the modification of the steepened aspect of near-field acoustic waves appears to be
related to the change in the convection speed in both cases.
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I.

Introduction

T

HE effects of temperature on high-speed supersonic jet noise
have been the topic of many investigations over the last decades
[1–6]. In particular, the influence of this parameter on Mach wave
radiation has been studied by Seiner at al. [3], Kearney-Fischer et al.
[7], and Greska et al. [8], among others. Mach waves are generated
when the convection speed uc of coherent structures inside the jet is
higher than the ambient sound speed a∞ . In this case, straight,
elongated wavefronts are emitted from the jet and propagate downstream at the angle α given by
cos α 

a∞
uc

(1)

Investigating the effects of temperature on Mach wave radiation is
challenging given that the speed of sound aj inside the jet increases
p
with the static temperature T j as aj  γrs T j , where γ is the ratio of
specific heat and rs is the specific ideal gas constant. In the literature,
two different approaches are usually adopted to study temperature
effects. A first possibility is to work at a fixed Mach number
Mj  uj ∕aj , where uj is the jet speed. This approach is natural from
an experimental perspective because it amounts to keeping the same
nozzle pressure ratio while varying the stagnation temperature. It has
been followed in the studies of Seiner et al. [3], Krothapalli et al. [4],
and Mora et al. [9], for instance. In that case, the jet velocity increases
with temperature, leading to a strengthening of the acoustic waves
radiated by the jet. In addition, the peak of sound emission is shifted
toward higher angles relative to the jet direction due to the rise of the
convection speed. These effects are clearly visible in the results of
Seiner et al. [3], who performed measurements in the sound fields of
Mach 2 jets. However, in this study, the acoustic Mach number of the
jets, defined as Ma  uj ∕a∞ , varies from 1.3 to 3, which makes it
difficult to isolate the effects of temperature given the strong dependence of jet noise on the exhaust velocity. For that reason, it can be
useful to investigate temperature effects for a fixed jet speed, as in the
work of Tanna et al. [1,2] or of Panda [10] for jets at Ma ≃ 1.5. In that
case, the pressure levels radiated at all angles decrease with temperature, revealing a weakening of the sound sources.
The influence of temperature on the formation of steepened, nonlinear acoustic waves near the jets is currently not well understood.
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When these waves propagate to the far field, they are expected to
contribute to the formation of crackle noise [11], which is an unpleasant perception effect. It is known that the pressure levels near highly
supersonic jets are sufficiently high that nonlinear propagation
effects can occur, leading to a gradual steepening of the wavefronts
[12–14]. However, steepened waves have been reported in the near
vicinity of the jet flow in experimental measurements [9,15,16], as
well as in numerical simulations [17–19], that is, too close to be only
the result of nonlinear propagation effects. This has led investigators
[13,20] to propose that these waves are produced, at least to a certain
extent, by high-intensity events occurring inside the turbulent flow.
Unfortunately, there is currently no comprehensive description of the
mechanisms involved in their steepening at the source. Because the
inclination angles of steepened wavefronts are very close to that of
Mach waves, it has been suggested that they constitute a particular,
nonlinear case of this phenomenon [18,19,21,22]. Thus, given the
influence of temperature on Mach wave radiation, it is reasonable to
expect that the mechanisms involved in wave steepening at the source
are also affected by temperature.
Temperature effects on crackle noise have been studied by Mora
et al. [9], who carried out measurements in the near field of hot and
cold supersonic jets at Mj  1.5. For the hot jet, the skewness and
kurtosis factors of the pressure fluctuations and their time derivative
are higher than those for the cold jet, indicating that the radiated
acoustic waves are more strongly nonlinear. These results are in
agreement with those of Krothapalli et al. [4], who performed optical
visualizations of supersonic jets at Mj  2 and at stagnation temperatures ranging from 580 to 1250 K. At a higher temperature, they
observed that more and more steepened waves are present close to the
jets. They suggested that these shock-like waves are the consequence
of micro-explosions caused by the intrusion of cold lumps of ambient
fluid entrained in the hot jet core and convected at supersonic speeds.
In the two aforementioned studies, the Mach number of the jets is
constant, and so the jet speed increases with the temperature. Therefore, it is difficult to conclude whether these results constitute an
actual effect of temperature, or if it merely results from the rise of
exhaust speed when the jet is heated. In their initial work on jet
crackle, Ffowcs Williams et al. [11] reported no clear influence of jet
temperature on the formation of steepened acoustic waves for a
constant velocity. They, however, recognized that the range of temperature ratios considered is not sufficiently wide in order to make a
definitive conclusion. Since then, very few studies have focused on
temperature effects on the formation of steepened waves for a constant jet speed. One exception is the work of Nichols et al. [23], who
performed simulations of two hot jets at an acoustic Mach number of
2.7 and at static temperature ratios T j ∕T ∞ of 2.46 and 3.03. In these
simulations, the skewness factor of the pressure fluctuations obtained
near the hottest jet is very close to that obtained for the other jet.
However, given the proximity of the two temperatures, further investigations are needed.
In the present study, the effects of temperature on the steepened
waves formed near supersonic jets are therefore investigated by
considering the effects of a temperature rise at a constant Mach
number, but also at a constant speed. In particular, the importance
of the convection speed, which has proven to be a key parameter for
the study of crackle [18,24], is explored. Any parametric investigation of temperature effects in high-speed jets requires a meticulous
control over the flow conditions at the nozzle exit. Indeed, the shape
of the velocity profile, the turbulence rates, and the state of the nozzle
boundary layer can affect noise generation [25–28]. In supersonic
jets, an additional complexity comes from the formation of shock
Table 1
Jet
jetT1Mj2
jetT2Mj2
jetT4Mj2
jetT2Ma2
jetT4Ma2

cells in and downstream of the nozzle. These shock cells can alter the
state of the nozzle boundary layer, modify the location of the mixing
layers, and cause variations of the convection speed. To prevent their
formation, one possibility is to consider jets exhausting at pressurematched conditions from nozzles that are designed using the method
of characteristics as in the study of Nonomura et al. [28] for jets at
Mj  2. However, this approach is costly when different Mach
numbers are considered, because it requires the design and the
modeling of one nozzle for each Mach number. Furthermore, these
nozzles will generate weak shocks because the method of characteristics does not take into account the presence of boundary layers.
Another possibility is to consider temporally developing axisymmetric mixing layers as simplified models for supersonic shock-free jets,
as previously done by the authors to investigate sound generation
mechanisms [22,29]. Indeed, these simulations allow us to vary the
jet speed and temperature, hence Mach number, by merely prescribing different initial conditions. This enables us to perform parametric
studies at a reasonable cost and with a better control over the initial
conditions than in simulations of spatially developing jets. Temporal
simulations are performed by imposing periodicity conditions at the
axial boundaries of the computational domain, so that the flow
develops over time from a given initial state. Although these model
flows are not jets, strictly speaking, as they do not exhaust from a
nozzle or spread in space, they will be designated as temporal jets in
the following in order to facilitate the connection between the present
results and those from the literature.
One isothermal and four hot temporally developing jets are computed at a diameter-based Reynolds number of 12,500 by large-eddy
simulations (LES). The isothermal jet is at T j  T ∞ and has a Mach
number Mj  Ma  2. The hot jets have static temperatures of 2T ∞
and 4T ∞ , and either a Mach number Mj  2 or an acoustic Mach
number Ma  2. This set of simulations allows us to investigate the
effects of a temperature rise when the jet speed varies or remains
constant. The temperature effects on the steepened aspect of the
waves are explored by comparing the pressure levels, skewness,
and kurtosis factors in the near acoustic field. They are related to
changes in the flow by computing, in particular, conditional averages
of the generation process of steepened waves. These averages indeed
allow us to highlight flow features that are directly related to noise
generation, including the structures that produce the waves, as well as
their convection speed [19].
The paper is organized as follows. First the different jet parameters
are introduced and the numerical procedure used for their computations is described in Sec. II. The simulations results are then presented
in Sec. III and include snapshots; statistical results such as the
pressure spectra, skewness, and kurtosis factors; as well as conditional averages. Finally, concluding remarks are given in Sec. IV, and
the conditional averaging procedure is applied to a simulation of a
spatially developing jet in the Appendix in order to verify that the
flow structures in temporally developing flow are similar to those
obtained in spatially developing jets.

II.

Numerical Methodology

A. Jet Parameters

The five temporally developing jets whose parameters are given in
Table 1 are simulated. Their diameter-based Reynolds number
ReD  uj D∕νj is equal to 12,500, where D  2r0 is the initial jet
diameter, and νj  μj ∕ρj is the centerline kinematic viscosity, computed from the Sutherland law. Three of these jets have a Mach
number Mj of 2. The static temperatures of these jets, which are
Flow parameters

T j ∕T ∞

Mj

Ma

Mc

ReD

δθ ∕r0

uz0 t  0∕uj

tf uj ∕r0

nrun

1
2
4
2
4

2
2
2
1.4
1

2
2.8
4
2
2

1
1.17
1.33
0.82
0.67

12,500
12,500
12,500
12,500
12,500

0.018
0.018
0.018
0.018
0.018

0.02
0.02
0.02
0.02
0.02

70
100
100
60
60

4
3
3
3
3
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5

labeled jetT1Mj2, jetT2Mj2, and jetT4Mj2, are equal to 1, 2, and 4
times the ambient temperature T ∞  293 K. The isothermal jet
constitutes the reference case of this study, whereas jetT2Mj2 and
jetT4Mj2 allow us to characterize the effects of a temperature rise at a
constant Mach number Mj. In that case, the jet speed increases with
the temperature, leading to acoustic Mach numbers Ma of 2.8 and 4
for jetT2Mj2 and jetT4Mj2. To isolate the effects of temperature, it is
also useful to investigate the effects of a temperature rise at a constant
jet speed. This is done here by simulating two hot jets at T j  2T ∞
and 4T ∞ at the same speed as the isothermal jet, leading to Ma  2 in
both cases. Because the speed of sound increases with temperature,
the Mach numbers of the jets, labeled jetT2Ma2 and jetT4Ma2, are
equal to 1.4 and 1, respectively.
At initial time, the velocity field is initialized with the hyperbolic
tangent profile represented in Fig. 1a. The shear-layer momentum
thickness
p δθ of this profile has been chosen such that δθ ∕r0 
2∕ ReD  0.018, following an empirical relation obtained for initially laminar subsonic jets [30]. The ambient pressure p∞ is equal to
105 Pa, and the initial temperature profiles are determined from the
Crocco–Busemann relation
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The simulations are very well-resolved LES performed by solving
the compressible Navier–Stokes equations in cylindrical coordinates
(r, θ, z) using high-order finite differences. In the computations,
the spatial derivatives are evaluated using a centered, fourth-order,
11-point, low-dispersion finite difference scheme [37], and time
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B. Numerical Methods

(3)

0.75

3

also varies. Its value, revealing the importance of compressibility
on the development of the mixing layers, is equal to 1 for jetT1Mj2,
1.17 for jetT2Mj2, 1.33 for jetT4Mj2, 0.82 for jetT2Ma2, and 0.67
for jetT4Ma2. Therefore, compressibility effects are expected to
strengthen with temperature for Mj  2, but to weaken for Ma  2.
The temperature in some of the present jets reaches values higher
than 1000 K, which is beyond the temperature of 600 K, below which
the ratio of specific heats γ can be considered as constant [33].
Despite this, for the sake of simplicity, the gas in the jet core and
the ambient medium is modeled as an ideal gas with γ  1.4. This is
supported by the observation in Ref. [34] that taking into account the
variations with temperature of the specific heat ratio does not significantly affect the Mach wave radiation in supersonic jets, and by
the finding of Buchta and Freund [35] that the pressure skewness near
planar shear layer is only weakly affected by changes in the value of γ.
Likewise, following Joseph et al. [36], it has been verified that the
initial Mach numbers of the present jets differed from less than 3%
from the ones computed assuming a temperature-dependent specific
heat ratio.

1.25

0.5

2

Mc 

and is only a function of the jet static temperature, because the five
jets are at the same Reynolds number. Because the dynamic viscosity
μj increases with the temperature, Eq. (3) implies that the net thrust is

0.25

1

higher at a higher temperature. The temperatures of the
jets also
 lead
p
to different values for the speed of sound, since aj  γrs T j . Therefore, the convective Mach number defined, following Papamoschou
and Roshko [32], as

and are plotted in Fig. 1b for jetT1Mj2, jetT2Mj2, and jetT4Mj2. The
initial temperature profiles for jetT2Ma2 and jetT4Ma2 are not
provided, as they do not significantly differ from those for the jets
at Mj  2. For jetT2Mj2 and jetT4Mj2, the temperature is equal to T j
in the jet core and decreases down to T ∞ farther away from the flow.
For the isothermal jet, a slight temperature excess is visible around
r  r0 . It is caused by compressibility effects, as derived from
relation (2). Finally, low-amplitude velocity perturbations are added
at t  0 inside the jet shear layers, in order to favor the flow transition
from a laminar to a turbulent state. They are vortex rings of random
azimuthal mode, phase, and amplitude [31]. Their mean amplitude
has been arbitrarily tuned so that the initial turbulence rate
uz0 t  0∕uj is of 2% for each jet.
A summary of the different effects of increasing temperature on the
flow properties is given in Fig. 2, where the initial conditions of the
five simulated jets are represented in the velocity–temperature plane,
along with isocontours of the Mach number Mj. This diagram highlights the difficulty to isolate any particular temperature effects.
_  πD2 ρj uj ∕4, is not the
Notably, the mass flow rate, defined as m
same for the five jets, yielding different values of the net thrust
_ j , which would be produced by spatially developing jets at
F  mu
the same exhaust conditions. The latter can be expressed as

0
0

0

Fig. 2 Initial conditions for the jets at
Ma  2 and
Mj  2;
isocontours of Mach number for Mj  1, 1.4, and 2.
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Initial radial profiles of a) axial velocity and b) static temperature for Mj  2 and
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integration is carried out using a second-order, 6-stage Runge–Kutta
algorithm [37]. Near the jet axis, the method proposed by Mohseni
and Colonius [38] is applied to avoid singularity at r  0. As a result,
the first discretization point is placed at a distance r  Δr∕2 from the
jet axis, where Δr is the radial mesh spacing close to the jet axis. The
azimuthal derivatives are also evaluated using fewer points than
permitted by the grid, in order to reduce the constraint on the time
step arising from the use of cylindrical coordinates near the centerline
[39]. More precisely, the effective azimuthal resolution is 16 for the
row of points nearest to the jet axis. It progressively increases with the
radial distance and reaches nθ  256 for r  0.25r0. At the end of
each time step, a standard, 12th-order selective filter is applied to
remove grid-to-grid oscillations. Another role of the filter is to relax
the subgrid-scale energy near the grid cutoff wavenumber. A shockcapturing scheme [40] based on the application of an adaptive filtering procedure is also applied to damp Gibbs oscillations around
shocks. Finally, the radiation conditions of Tam and Dong [41] are
applied at the radial boundary of the computational domain in order
to allow the acoustic waves to leave the computational domain
without causing significant spurious reflections. At the axial inflow
and outflow, periodicity conditions are imposed.
C. Computational Parameters

The mesh used for the five simulations extends over a distance of
240r0 in the axial direction, and out to 13r0 in the radial direction. It
contains nr × nθ × nz  382 × 256 × 9600 points, which yields a
total number of 940 million points. The axial spacing Δz is constant
and equal to Δz  0.025r0 , yielding a maximum wavenumber
kz r0 ≃ 62.8 for a wave discretized using four points per wavelength.
The radial spacing varies with the radial distance. It is such that Δr 
Δz on the jet axis, and reaches a minimum of Δr  0.0063r0 at
r  r0 . It then progressively increases up to r  4r0 , after which it
remains constant and equal to 0.05r0 . Given their low Reynolds
number, the computations can be considered as very-well-resolved
LES. Indeed, it has been verified that the sum of the different terms in
the kinetic energy budget is small. This high resolution is motivated
by the need to accurately capture the steepened waves, but also all the
turbulence structures that may be involved in their generation process. The simulations are carried out until a final time equal to tf 
70r0 ∕uj for jetT1Mj2, to 60r0 ∕uj for jetT2Ma2 and jetT4Ma2, and
to 100r0 ∕uj for jetT2Mj2 and jetT4Mj2. For all jets, approximately
10,000 time steps are necessary, which consumed 10,000 CPU hours.
D. Space-Averaged Statistics

Unlike for spatially developing flows, which are statistically
homogeneous in time but not in the axial direction, the signals
measured in and near the present temporally developing jets are
homogeneous in the z direction but are not stationary. For this reason,
as in other studies of temporally developing flows [31,42], all of the
statistical results presented in Sec. III, including the conditional
averages in Sec. III.D, are computed, for a given time, over the
homogeneous directions z and θ. In addition, the convergence of
these space-averaged statistics is improved by averaging the results
obtained from several runs of the same jet, which are performed by
varying the random seed used in the excitation procedure. An illustration of the benefits of this method in the case of a temporal
subsonic jet is provided in Ref. [31]. As reported in Table 1, 4 runs
are performed for jetT1Mj2 and 3 runs are performed for the other
jets, yielding equivalent domain lengths of 4 × 240r0  960r0 and
3 × 240r0  720r0 , respectively.

III.

Results

A. Flow Development

Snapshots of vorticity norm obtained for jetT2Mj2 are given in
Fig. 3 at times t  8r0 ∕uj , 16r0 ∕uj , 24r0 ∕uj , and 32r0 ∕uj . At
t  8r0 ∕uj , the jet core is surrounded by thin, laminar mixing layers
in which slight perturbations are visible, indicating the development
of instability waves. At t  16r0 ∕uj , the mixing layers are thicker
than previously and contain more fine-scale turbulence, because of

Fig. 3 Vorticity norm for jetT2Mj2 at a) t  8r0 ∕uj , b) 16r0 ∕uj ,
c) 24r0 ∕uj , and d) 32r0 ∕uj . The color scale ranges up to 4uj ∕r0 , from
white to red.

their transition from a laminar to a turbulent state. At subsequent
times, the growth of the mixing layers continues until they interact
with each other, which is visible at t  24r0 ∕uj , where pockets of
vortical flow coming from the shear layers intrude on the jet axis.
Finally, at t  32r0 ∕uj , the mixing layers join and merge and the
inner, potential core of the jet disappears.
The time variations of the mean axial velocity are shown in Fig. 4a.
For all jets, the velocity is constant and equal to its initial value uj at
early times and as long as the centerline flow is irrotational. It rapidly
decreases afterward, as low-speed gas is entrained inside the jet core
after the merging of the shear layers. The core-closing time tc , defined
as the time when the centerline mean velocity huz;axis i is such that
huz;axis i  0.95uj , varies according to the initial conditions. It slightly
increases with the temperature for Mj  2, since tc  25.3r0 ∕uj for
jetT1Mj2, 26.2r0 ∕uj for jetT2Mj2, and 29.8r0 ∕uj for jetT4Mj2,
whereas it diminishes at Ma  2, as tc  20.2r0 ∕uj for jetT2Ma2
and 17.0r0 ∕uj for jetT4Ma2. To explore the origin of these different
trends, the time variations of the maximum root-mean-square value of
axial velocity fluctuations are represented in Fig. 4b as a function of
t − tc r0 ∕uj . In this figure, a peak of 0.2uj is reached for all jets at
t ≃ tc − 12r0 ∕uj . This peak is caused by pairings between vortices
during the transition of the jet from a laminar to a turbulent state [43],
which thus occurs in all cases approximately 12 time units before the
closure of the potential core. The duration of the initial laminar phase
before the pairings strongly depends on the jet considered, as it varies
from 5.9r0 ∕uj for jetT4Ma2 to 18.3r0 ∕uj for jetT4Mj2. Consequently, the different core-closing times reported in Fig. 4a are mostly
due to the different durations of this initial phase, which can be
explained by compressibility effects. Indeed, as reported in Table 1,
the convective Mach number Mc of the jets ranges from 0.67 for
jetT4Ma2 to 1.33 for jetT4Mj2. Because the mixing layers growth rate
decreases with the convective Mach number [32], it is expected that the
initial laminar phase of the jets would last longer for higher values of
Mc , which is observed in the present simulations.
The time variations of the momentum thickness δθ of the shear
layers are provided in Fig. 5. Initially, for t ≤ tc − 12r0 ∕uj, the
growth is slow, as the shear layers are in a laminar state. It is faster
for t ≥ tc − 12r0 ∕uj, after their transition to a turbulent state. From
that time, and until the closing of the potential core, the momentum
thickness of the hot jets increases more rapidly than that of the
isothermal one. Because the present jets have different Mach numbers, speeds, and densities, the effects of temperature on the jet
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Fig. 4 Time variations of a) mean centerline velocity and b) peak turbulence intensities for
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spreading are not straightforward to interpret. For that reason, the
momentum thickness growth rate δ_ θ  dδθ ∕dt∕uj is normalized by
that obtained for an incompressible mixing layer at the same density
ratio, and plotted in Fig. 6 as a function of the convective Mach
number Mc as in previous studies on compressible mixing layers at
different density ratios [32,44]. The growth rates for the incompressible cases have been determined by simulating three additional
temporally developing round jets at a convective Mach number of
0.15 and at static temperatures of T ∞ , 2T ∞ , and 4T ∞ . Because the
shear-layer growth rates vary with time, they are displayed in Fig. 6 at
a time where δθ  0.08r0 for all jets, following Freund et al. [42]. The
normalized growth rate is shown to decrease with the convective
Mach number, in agreement with experimental [32] and numerical
[42,45] data, which is a well-known effect of compressibility. The
reported values are also in good agreement with those provided in
Refs. [42,45], also plotted for comparison.
The effects of temperature on the mean velocity profiles are characterized by considering the jet half-width δ05 , defined as the radial
location where huz i  0.5uj in Fig. 7a. For all jets, it is initially equal
to δ05  r0 , as expected given the hyperbolic-tangent shape of the
profiles at t  0. At subsequent times, the half-width of the isothermal
jet remains close to r0 until t  tc , whereas those of the hot jets
decrease until they reach the values of δ05  0.80r0 for jetT2Ma2,
0.68r0 for jetT4Ma2, 0.84r0 for jetT2Mj2, and 0.74r0 for jetT4Mj2 at
t ≃ tc . Consequently, the half-velocity point is shifted toward the highspeed, low-density side of the mixing layers at a higher jet temperature.
This effect is illustrated in Fig. 7b, where the mean velocity profiles
obtained at the core-closing time are plotted. The profiles bend toward
the jet axis when the temperature is raised, which has also been
observed in studies of plane temporal mixing layers at different density
ratios [45], as well as in experimental studies of spatially developing
hot jets at high Reynolds numbers [46].

2
B. Near Pressure Field

Fig. 6 Momentum-thickness growth rates obtained when δθ  0.08r0
normalized by their incompressible values; • present results, □ Freund
et al. [42], and ∘ Pantano and Sarkar [45].

The time variations of the pressure levels computed at r  8r0 from
the jet axis are plotted in Fig. 8a as a function of t − tc a∞ ∕r0 . For all
jets, a peak is reached after the core closing time, at approximately
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Fig. 7 Representations of a) jet half-width and b) mean velocity profile at core-closing time for
jetT4Mj2,
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b)
a)
Fig. 8 Time variations of the rms value of pressure fluctuations at r  8r0 for
jetT4Mj2,
jetT2Ma2, and
jetT4Ma2.

t  tc  7r0 ∕a∞ . The peak of pressure levels is of 1500 Pa for
jetT1Mj2, 970 Pa for jetT2Ma2, and 650 Pa for jetT4Ma2. It thus
decreases with temperature when the jet speed is constant, in agreement
with the experimental results of Tanna [2]. However, a different trend is
observed for a constant Mach number Mj. In that case, the peak level is
of 1900 Pa for jetT2Mj2 and 2100 Pa for jetT4Mj2, and is thus higher at
a higher temperature, as observed by Seiner et al. [3] for jets at Mj  2.
This rise of the radiated pressure levels is caused, to a large extent, by
the higher velocities of jetT2Mj2 and jetT4Mj2. To isolate the effects of
temperature, the pressure levels are normalized by M3∕2
a and plotted in
Fig. 8b assuming, following previous investigators [8,47], that the
sound intensity radiated by supersonic jets increases with the third
power of the jet speed. The pressure levels obtained for jets at the same
static temperature are found to be very close to each other. In addition,

5

10

15

jetT1Mj2,

20

jetT2Mj2,

the effect of temperature alone is to diminish the intensity of the
acoustic waves radiated by the jets. However, for a constant Mach
number Mj, this effect is compensated by the rise of the jet speed,
leading to higher pressure levels at a higher temperature.
Snapshots of pressure fluctuations and vorticity norm obtained for
the five jets are provided in Fig. 9 at t  tc  7r0 ∕a∞ , very close to
the time of peak pressure levels at r  8r0 . For all jets, straight,
inclined wavefronts, whose associated wavelengths are of the order
of the jet diameter, are visible near the jets. This observation indicates
that the jets radiate Mach waves during their development. For
Mj  2, in Figs. 9a, 9b, and 9d, the inclination angle of the acoustic
waves significantly increases with temperature, as noticed in the
numerical studies of Nonomura et al. [28] and Liu et al. [6], for
instance. This increase is mainly explained by the higher velocities of

Fig. 9 Pressure fluctuations and vorticity norm at t  tc  7r0 ∕a∞ for a) jetT1Mj2, b) jetT2Mj2, c) jetT2Ma2, d) jetT4Mj2, and e) jetT4Ma2. Color
scales between 6000 Pa (a, b, d) and 2000 Pa (c, e) for the pressure and up to 3uj ∕r0 for the vorticity.
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jetT2Mj2 and jetT4Mj2 in comparison with jetT1Mj2. Indeed, no
such effect is visible in the snapshots of Figs. 9a, 9c, and 9e, for a
constant jet speed. In these figures, the inclination angle of the sound
waves slightly diminishes with temperature, and the wavefronts radiated by jetT2Ma2 and jetT4Ma2 have a slightly curved aspect. This
curved aspect is likely due to the faster decrease of the mean axial
velocity, hence convection speed, in that case with respect to the jets at
Mj  2. Finally, it can be noted that steep pressure variations are
present at the edges of the wavefronts radiated by the jets. These
features are more clearly visible in the sound fields of jetT2Mj2 and
jetT4Mj2 than in those of the jets at Ma  2. This suggests that the hot
jets at Mj  2 radiate more steepened waves than the ones at Ma  2.
Steepened waves can also be observed in the axial variations of the
pressure fluctuations at r  8r0 and t  tc  7r0 ∕a∞ provided in
Fig. 10 for the isothermal jet as well as for jetT4Ma2 and jetT4Mj2. In
the three cases, the signals are normalized by their standard deviations
in order to facilitate the comparison. For the isothermal jet, in Fig. 10a,
strong pressure peaks emerge as, for instance, at z  13r0 and
z  19r0 . These peaks consist of a fast compression phase, leading
to a pressure peak whose value can exceed three times that of the
standard deviation, followed by an expansion phase, which is more
gradual than the initial compression. The shapes of these shock-like
structures are very similar to those depicted by Buchta and Freund [18]
in their simulations of plane temporally developing mixing layers.
They also remind us of those observed in the near and far acoustic
fields of spatially developing supersonic jets [16,23,24]. In Figs. 10b
and 10c, those structures are also present in the sound field of the hot
jets, for example, at z  13r0 for jetT4Ma2, and at z  8r0 and 18r0
for jetT4Mj2. For the latter jet, the corresponding pressure peaks reach
values as high as five standard deviations, which suggests that the
steepened waves constitute stronger deviations from the mean pressure
than those generated by the other, slower jets.
The shock-like structures in the pressure signals of Fig. 10 constitute
strong deviations that cannot be easily characterized using basic statistics such as sound intensity and power spectrum densities. However,
high-order statistics such as the skewness and kurtosis factors provide
useful insights on the properties of such events and have been used in
the past to quantify the crackling behavior of high-speed jets [9,11,16].
The skewness factor of the pressure fluctuations, defined as
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and is a measure of the probability of occurrence of extreme pressure
events, and hence of the signal intermittency. While Kp  3 is
obtained for a signal with Gaussian statistics, values higher than 3
indicate that extreme deviations from the mean are more likely to
occur. Previous experimental studies of supersonic jets have shown
that the kurtosis factor can reach such values in the sound field of

6

0

(5)

is a measure of the asymmetry of the pressure fluctuations statistical
distribution. Its values obtained at r  8r0 are plotted in Fig. 11 as a
function of t − tc a∞ ∕r0 . For the jets at Mj  2, in Fig. 11a, the
skewness factor is greater than zero for tc  5r0 ∕a∞ ≤ t ≤ tc 
10r0 ∕a∞ , when the pressure levels are close to their maximum values.
During that period, the skewness value is approximately constant and
equal to 0.28 for jetT1Mj2, 0.37 for jetT2Mj2, and 0.41 for jetT4Mj2.
These positive values are caused by the pressure peak associated with
the steepened shock-like structures and are higher at a higher temperature, indicating more prominent pressure peaks. No such increase is
observed for Ma  2 in Fig. 11b. In this case, on the contrary, the
skewness factor at time of peak levels, obtained by averaging between
t  tc  5r0 ∕a∞ and tc  10r0 ∕a∞ , is of 0.28 for jetT1Mj2, 0.26 for
jetT2Ma2, and 0.18 for jetT4Ma2 and thus slightly decreases with the
temperature. It can be noted that the variations of skewness in Fig. 11
occur over time scales of approximately 10r0 ∕a∞, which are longer
than the wave turnover time λ∕a∞ , where λ ≃ 2r0 is a characteristic
length of the pressure waves. Consequently, the skewness does not
change significantly as a wave passes through the location of an
observer. This allows us to compare the present values with the ones
reported in the literature for spatially developing jets. For instance,
Petitjean et al. [24] measured skewness factors ranging from 0.1 to 0.5
in the far acoustic field of heat-simulated jets at acoustic Mach number
between 1.2 and 2.5, close to the values reported above for the present
temporally developing jets.
The kurtosis factor of the pressure fluctuations is defined as
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Fig. 10 Pressure fluctuations at r  8r0 and t  tc  7r0 ∕a∞ normalized by their standard deviation for a) jetT1Mj2, b) jetT4Ma2, and c) jetT4Mj2.
0.6

0.6

0.4

0.4

0.2

0.2

0
5

10

15

a)
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a)
Fig. 12 Kurtosis factors of the pressure fluctuations at r  8r0 for a)
jetT1Mj2,
jetT2Ma2, and
jetT4Ma2.
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Fig. 13 Pressure spectra at r  8r0 and t  tc  7r0 ∕a∞ normalized by M3a for a)
jetT4Ma2.
and

highly supersonic jets [9,16] due to the presence of steepened waves.
The time variations of the pressure kurtosis factors measured at r 
8r0 are plotted in Fig. 12. For all jets, it is approximately constant
between tc  5r0 ∕a∞ and tc  12r0 ∕a∞ . For Mj  2, in Fig. 12a,
the kurtosis factor is equal to 3.1 for jetT1Mj2, 3.4 for jetT2Mj2, and
3.5 for jetT4Mj2, and thus increases with temperature, in agreement
with the measurements of Mora et al. [9]. However, it does not vary
significantly at a constant jet speed, only varying between 3.1 and 3.2
for jetT1Mj2, jetT2Ma2, and jetT4Ma2 in Fig. 12b.
Finally, in order to display the effects of the jet speed for a given
temperature, the power spectrum densities of the pressure fluctuations
at r  8r0 and t  tc  7r0 ∕a∞ are plotted as a function of the axial
wavenumber in Fig. 13a for the jets at T j  2T ∞ and in Fig. 13b for
T j  4T ∞ . They are normalized by M3a assuming, as previously, that
the magnitude of the pressure fluctuations increases with the third
power of the jet velocity. For the two temperatures considered, the
pressure decay in the high-wavenumber range is slower for jetT2Mj2
and jetT4Mj2, resulting in more high-frequency components than for
jetT2Ma2 and jetT4Ma2 with lower velocities. This is due to the
presence of more high-intensity, steepened waves in the sound field
of jetT2Mj2 and jetT4Mj2 than near the other jets at Ma  2, as
observed in previous experimental studies [24,48]. Finally, it can be
noted that the pressure levels differ in the low-wavenumber range, for
kz r0 ≤ 1. These differences may be because at r  8r0 , the pressure
field is likely to include hydrodynamic components that are not
expected to follow the M3a velocity scaling [49].
C. Convection Speeds

For the jets at Mj  2, the rise of the jet speed uj from 2a∞ to 4a∞
mainly explains the higher amplitude of the steepened waves radiated
by the jets at a higher temperature. In that case, the convection speed
of the large-scale coherent structures drastically increases, causing
the formation of more intense and more skewed Mach waves, as
observed in the simulations of Buchta and Freund [18] for isothermal
mixing layers. To understand the reason for the slight reduction with
temperature of the pressure skewness observed for the jets at Ma  2,
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101
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which have identical initial velocities, it seems natural to investigate the
convection speeds in their shear layers. To this end, the latter are first
estimated from the space–time correlations of axial velocity fluctuations. The radial variations of the convection speeds obtained at the
core-closing time are plotted in Fig. 14a as a function of r − δ05 ∕r0 ,
where δ05 is the jet half-width. Despite the differences in temperature,
velocity, and Mach number, the profiles collapse reasonably well.
Because the jet half-width decreases with temperature, as shown in
Fig. 7a, this indicates that the radial profiles of convection velocity are
shifted toward the jet axis when temperature is raised. Thus, the convection speed at a given radial location is lower at a lower temperature as
in previous studies of spatially developing hot supersonic jets [6,50,51].
This decrease could explain the reduction with temperature of the
pressure skewness for the jets at constant speed. However, to confirm
this hypothesis, it is necessary to determine the convection speed of the
turbulent structures that actually produce the steepened Mach waves.
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Fig. 14 Radial profiles of the convection speeds at t  tc normalized
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jetT4Ma2.
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D. Conditional Averages

Flow features directly linked to noise generation can be obtained by
performing correlations between the flow and sound fields, as previously
done in studies of temporal [31,52] and spatial [19,53] jets. The convection speed can be determined by tracking a specific flow pattern
[31,53] or, in the case of Mach wave radiation, by estimating a mean
inclination angle of the wavefronts, yielding an average convection speed
using relation (1). This approach will be followed hereafter for the
present jets. In practice, the process of steepened waves generation is
extracted using conditional averages. To this end, the pressure fluctuations recorded at a distance rtrig  4.5r0 from the jet axis are first binned
in intervals of length 3r0 . The pressure maxima of each subintervals are
then determined, and those whose values are lower than twice the
standard deviation are discarded. In a second step, the flow and sound
field are synchronized according to the axial and azimuthal coordinates
ztrig and θtrig of the detected maxima. Finally, they are ensemble averaged
in order to highlight the flow features that are correlated with the trigger
pressure peaks. For all jets, the conditional averaging procedure is
applied at time ttrig  tc  2r0 ∕a∞ , close to the peak of pressure levels
at r  rtrig . To save memory storage, it is not applied to the full threedimensional fields, but to a simplified reconstruction involving only the
first five azimuthal Fourier modes. This simplification is motivated by
previous observations [22,54] that the sound waves radiated by highly
supersonic jets are strongly correlated in the azimuthal direction.
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The conditional pressure signals obtained at rtrig and at time ttrig for
the five jets are plotted in Fig. 15. They are computed by synchronizing approximately 150 events and are normalized by p∞ M3a. The
signals obtained for the different jets are very similar, and all peak for
z  ztrig , as expected given the spatial synchronization. The distinctive features of the sharp pressure waves depicted in the signals of
Fig. 10 are recovered. Indeed, a fast compression and a gradual
expansion are visible for z ≥ ztrig and z ≤ ztrig , respectively. The
pressure peaks are also weaker for the hot jets than for the isothermal
jet, following the decrease with temperature of the normalized
pressure levels in Fig. 8b.
The conditional averages are also evaluated at times t < ttrig by
synchronizing the flow and sound fields according to the pressure
maxima obtained at t  ttrig , which provides a sequential description
of the wave generation process. The resulting conditional pressure
and vorticity fields are shown in Fig. 16 for jetT1Mj2 as well as for the
two hottest jets, jetT4Mj2 and jetT4Ma2, at tc − 2r0 ∕a∞ , tc , and
ttrig  tc  2r0 ∕a∞ . Positive contours of vorticity for the values
0.24uj ∕r0 , 0.48uj ∕r0 , and 0.96uj ∕r0 are represented as black solid
lines, and negative contours for the values −0.96uj ∕r0 , −0.48uj ∕r0 ,
and −0.24uj ∕r0 are represented as black dashed lines. Some features
common to the five jets are discernible. In all cases, an inclined,
elongated wavefront emerges from the jet flow at tc − 2r0 ∕a∞ .
It consists of a band of strong positive levels surrounded by two
strips of weaker negative levels. At the lower tip of the wave, an
excess of conditional vorticity associated with a pressure deficit is
visible inside the jet flow. This zone of positive vorticity has an
elliptical shape, and it is located below the sonic line, in the inner
core of the jets. Slightly upstream of this vorticity spot, a region of
negative vorticity and positive pressure is also apparent. At tc , the
conditional pressure wave moves outward from the jet flow, and
sharp pressure gradients are noticeable at its edge. Inside the jet,
the vorticity excess is found downstream from its initial position.
Finally, at tc  2r0 ∕a∞ , the pressure wave leaves the flow and
propagates downstream, whereas the vortical structure disappears.
These features indicate that the steepened waves observed in the near
field constitute a particular case of Mach wave radiation. The vorticity spot can indeed be viewed as the trace of large-scale coherent
structures convected by the flow. When their convection speed is
higher than the ambient sound speed, they act upon the surrounding
medium as a moving wavy-wall, leading to the formation of Mach
waves, which propagate in the direction of the angle α given by
Eq. (1). For flow perturbations of moderate amplitude, the formation
and the propagation of these waves are usually described as linear
phenomena, which constitutes the main hypothesis in the classical

Fig. 16 Conditional pressure and vorticity for a) jetT1Mj2, b) jetT4Mj2, and c) jetT4Ma2;
positive and
sonic line. Color scales between 12;000 Pa (a, b) and 5000 Pa (c), from blue to red.
and

negative vorticity contours,
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models of Mach wave radiation [55–57]. However, when nonlinear
effects are taken into account, as in the study of Buchta and Freund
[35], who simulated the nonlinear development of a linear instability
wave, weak shocks possessing the main features of crackle can be
formed in the immediate vicinity of the jet flow. Finally, the present
conditional averages are very close to those presented in the Appendix, which are obtained by applying the procedure described above to
a simulation of a spatially developing isothermal jet at Mach 2 and at a
diameter-based Reynolds number of 12,500. This supports that the
mechanisms responsible for the formation of steepened waves in
temporal flows do not significantly differ from those in spatially
developing jets.
Despite the similarities of the conditional flow and sound fields,
the inclination angle of the waves is largest in Fig. 16 for jetT4Mj2
and lowest for jetT4Ma2. More quantitatively, the inclination angle
αcond of the conditional wavefronts is evaluated by computing the
angle of the pressure gradient relatively to the jet direction following

αcond  tan−1

∂p∕∂r
∂p∕∂z


(7)

The angle αcond computed for the different jets at the location of
minimum dilatation, where the pressure gradient is strongest, is
plotted in Fig. 17 as a function of t − tc a∞ ∕r0 . For t ≥ tc −
r0 ∕a∞ , the angle αcond does not change much over time. It increases
with temperature for Mj  2 but decreases for Ma  2, which is
consistent with the trends obtained in the snapshots of Fig. 9.
A convection speed directly associated with noise generation is then
defined from the angle αcond using relation (1). This convection
speed, time averaged between tc − r0 ∕a∞ and tc  2r0 ∕a∞ , ranges
from uc  1.3a∞ for jetT4Ma2 up to uc  2.1a∞ for jetT4Mj2. As
previously, the effects of temperature can be highlighted by considering the ratio between the convection speed and the jet velocity uj.
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Fig. 17 Time variations of the conditional wavefront orientation angle
jetT1Mj2,
at the location of minimum dilatation for
jetT2Mj2,
jetT4Mj2,
jetT2Ma2, and
jetT4Ma2.

This ratio is equal to 0.72 for jetT1Mj2, 0.61 for jetT2Mj2, and 0.54
for jetT4Mj2, whereas it is 0.66 for jetT2Ma2 and 0.64 for jetT4Ma2.
Therefore, the effects of temperature are to diminish the ratio between
the convection speed and the jet velocity.
Finally, the influence of the convection speed for the generation of
steepened waves is displayed in Fig. 18, where the pressure skewness
and kurtosis factors at r  8r0 , time-averaged from tc − 5r0 ∕a∞ to
tc  10r0 ∕a∞ , are represented as a function of the convection speed
obtained above. In Fig. 18a, the skewness factor continuously
increases with the convection speed, indicating that the acoustic
waves radiated by the jets are more skewed as the turbulent structures
inside the jet convect more rapidly. In Fig. 18b, the kurtosis factor
obtained for the jets at Ma  2 is close to 3.1, but drastically
increases with the convection speed for Mj  2, which means that
strong deviations are also more likely to occur at a higher convection
speed. Therefore, the present results strongly suggest that the steepened aspect of the waves radiated by jets at different temperatures is
essentially governed by the convection speed of the turbulent structures at the origin of Mach waves.

IV.

Conclusions

In the present study, the effects of temperature on the formation of
steepened acoustic waves near high-speed supersonic jets are investigated by performing numerical simulations of temporal jets at static
temperatures equal to 1, 2, and 4 times that of the ambient medium.
One isothermal and four hot jets are considered, which allows us to
investigate separately the effects of a temperature rise at a constant
Mach number, as is done in most experimental studies, or at a
constant jet speed. When the Mach number is constant, the acoustic
waves radiated by the jets are stronger at a higher temperature, and
their steepened aspect is more pronounced, which is reflected in the
rise of the pressure skewness and kurtosis factors. On the contrary,
when the temperature is raised at a constant speed, the pressure levels
and skewness factor diminish while the kurtosis is not significantly
affected. The two different trends obtained at a constant Mach
number or at a constant jet speed are explained by considering the
variations with temperature of the convection speed estimated from
the autocorrelation functions of the velocity fluctuations. When the
temperature is raised, the radial profiles of convection speed are
shifted toward the jet axis leading, for a given radial location, to
lower values of the ratio between the convection speed and the jet
velocity. The importance of the convection speed in the formation of
steepened waves is highlighted by performing conditional averages,
which shows a direct link between the formation of those waves and
the supersonic convection of large-scale structures. These averages
also allow us to determine, for each jet, a convection speed from the
inclination angle of the conditional waves. This convection speed,
which is directly related to noise generation, decreases with temperature when normalized by the jet velocity. Among the various effects
of increasing temperature on the present flow, which include changes
in the Mach number, the density, or the thrust of the jets, the decrease
of the normalized convection speed appears to be one of the most
important temperature effects related to the formation of steepened
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Fig. 18 Time-averaged pressure a) skewness and b) kurtosis factors as a function of the convection velocity inferred from the conditional averages for
∘ jetT1Mj2 and for the hot jets at Δ Mj  2 and ∇ uj  2a∞ .
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waves in the jet near field. For a temperature rise at a constant speed, it
causes a reduction of the convection velocity, leading to the formation
of less steep Mach waves at higher temperature. When the Mach
number is constant, this reduction is, however, compensated by the
rise of the jet velocity, and so the convection speed increases with
temperature, causing the formation of more intense steepened waves.
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Appendix: Application of Conditional Averaging to a
Spatially-Developping Jet
In this Appendix, the conditional averaging procedure described in
Sec. III.D is applied to the flow and sound fields of a spatially developing Mach 2 isothermal round jet at a diameter-based Reynolds
number of 12,500 in order to verify that the flow features revealed
for the present temporally developing jets are also observed in spatially
developing jets. This jet is computed using the same numerical methods as those presented in Sec. II.B using a grid resolution comparable to
that of the present temporal simulations. The jet exhausts at ideally
expanded conditions from a straight-pipe nozzle in which a Blasius
laminar boundary-layerprofile of momentum thickness δθ  0.018r0
is imposed. At each time step, slight velocity fluctuations [58] are
added inside the nozzle in order to favor the transition of the shear
layers from a laminar to a turbulent state. The amplitude of these
perturbation has been tuned such that the turbulence rates at the nozzle
exit are of 3%. Therefore, the shear layers of the jet are initially in a
weakly disturbed state, and so the exhaust conditions are very close to
those of jetT1Mj2. More details on the simulation are available in
Ref. [19]. A snapshot of the pressure fluctuations and vorticity norm
obtained are represented in Fig. A1. Notably, straight, inclined Mach
waves are visible near the jet flow and display sharp variations,
indicating the presence of steepened waves.
The conditional averaging procedure applied to the spatial jet differs
from the one applied to the temporal jets because the shock events are
now detected in the temporal pressure signals acquired at a particular
position, represented as a black cross in Fig. A1. The radial coordinate
rtrig of this position is equal to 4.5r0 , as for the conditional averages
computed in Sec. III.D, and its axial location ztrig is equal to 17.5r0 and
corresponds to that of peak pressure fluctuations at r  rtrig . The conditional averages are computed by synchronizing the temporal signals
according to the pressure maxima. To this end, the signal acquired at
(rtrig , ztrig ) is split in intervals of length 3r0 ∕uj and, for each interval, the
time ttrig and azimuthal location θtrig of the pressure maxima that are
higher than twice the standard deviation constitute the reference according to which the signals are synchronized. Then, as in Sec. III.D, the
synchronized flow and sound fields are ensemble-averaged at times
t ≤ ttrig in order to describe the events leading to the formation of one
generic, steepened wave. Finally, the procedure is applied to a reconstruction of the flow and sound field involving the first five azimuthal
Fourier modes and are computed using approximately 150 events.
The conditionally averaged pressure fluctuations are represented
in Fig. A2 at ttrig − 6r0 ∕a∞ , ttrig − 3r0 ∕a∞ , and ttrig , along with the
conditional vorticity and the location of the sonic line, defined as
huz i  uj . The features revealed in the averaged fields are very
similar to those described in Fig. 16a for jetT1Mj2. In particular,

Fig. A1 Snapshots of pressure fluctuations and vorticity norm for a
Mach 2 isothermal jet at ReD  12;500. The scales range from −4000 to
4000 Pa for the pressure and from 0 up to 3uj ∕r0 for the vorticity.

Fig. A2 Conditional pressure and vorticity fields for a Mach 2 spatially
developing jet. See Fig. 16 for legend.

the pressure waves are connected to a large-scale vorticity excess
located below the sonic line and convected downstream by the jet
flow. This supports that the mechanisms leading to the formation of
steepened waves in temporally developing jets do not significantly
differ from those in spatially developing ones.
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