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ABSTRACT

We investigate experimentally the attraction between two closely spaced, oscillating microbubbles. Above a certain value of the applied
acoustic field, the bubbles jump to a new equilibrium location, where they are separated by a thin fluid layer whose the thickness is much
smaller than the bubble radii. We demonstrate that this new equilibrium is caused by the sign reversal of the radiation interaction force
acting between the two bubbles, attributed to the multiple rescattering effects of the waves emitted by the bubbles. Theoretical investigation
reveals that a new stable equilibrium appears at short distances, resulting in a quasi-contacting bubble pair.
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INTRODUCTION

The dynamics of a single bubble has been widely investigated
experimentally and theoretically when dealing with its spherical, trans-
lational, or axisymmetric shape oscillations,1–5 the ultrasound-induced
(primary) radiation force acting on it,6,7 either in confined or free liq-
uid,8 or when investigating the bubble-induced flow motion in its
vicinity.9,10 The bridge from the single to collective bubble dynamics is
still an ongoing challenge as few experimental investigations are
reported on the dynamics of bubble clouds.11 Numerical analysis of
the bubble cloud dynamics allows capturing the structure of the cavita-
tion cloud by including an interaction force acting between bubbles.12

This force, also called secondary radiation force, takes its origin in the
incoming acoustic waves from surrounding bubbles that act as second-
ary sound emitters.6,13 When bubbles are driven below their resonance
frequencies and submitted to a high-amplitude ultrasound field, they
form particular cloud structures, called streamers, where intense sono-
chemical effects occur.11 In the case of bubbles driven above their reso-
nance frequencies, they can agglomerate and form stable clusters
(called bubble grapes), where the mean separation distance between
bubbles is comparable to their sizes.14 The formation of the bubble
grapes has been theoretically attributed to the sign reversal of the radi-
ation interaction force between bubbles, changing their motion from
attraction to repulsion. The sign reversal of the interaction force has
been theoretically attributed either to multiple scattering effects15–18 or

to the existence of a particular (called transition) frequency in the two-
bubble system that can equal the driving angular frequency for a given
interbubble distance.19 Another consequence of the sign reversal of the
secondary radiation force is the theoretical existence of a small separa-
tion distance at which two bubbles can be maintained stable. The sign
reversal of this force was previously observed experimentally for one
freely moving bubble and the other trapped in a yield-stress fluid20 or
attached to a substrate.21 Stable bubble pairs have been observed
between two millimetric bubbles at an interbubble distance of about
20 bubble radii,22 between microbubbles forming lines or two-
dimensional arrays in a high-frequency (HF) (1MHz) field,23 or in
confined geometries, where bubbles formed bounded bubble crystals,
at an interbubble distance of about 10 bubble radii.24

In this paper, we show that two attracting bubbles can be stabi-
lized at a short distance, where they are separated by a thin fluid layer
whose thickness is much smaller than the bubble radii. This effect is
theoretically attributed to multiple scattering effects between the bub-
bles. The sign of the radiation interaction force is reversed as the bub-
bles move toward each other, which allows stabilizing the bubble pair
at a new, nearly contacting equilibrium distance. To the best of our
knowledge, this is the first experimental validation of the sign reversal
of the secondary radiation force occurring at a short range between
two stable bubbles, for which radial oscillations, phase shift, and sepa-
ration distances can be simultaneously measured.
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EXPERIMENTAL SETUP

A detailed description of our experimental setup can be found
in our previous works.25 Briefly, a train of gas bubbles (�100lm in
radius with a separation distance around 1mm) is created at the tip
of a thin capillary driven by a microfluidic pressure controller
(Elveflow, OB1 Mk3). The bubbles are trapped at pressure nodes of
a high-frequency (HF) standing-wave ultrasound field (fHF ¼ 1
MHz) when a HF transducer (Sofranel IDMF018), slightly immersed
at the top of the water tank, is switched on. The theoretical interbub-
ble distance at rest (without driven bubble oscillations) is therefore
half the HF wavelength kHF=2 � 750 lm. Only two bubbles trapped
at successive pressure nodes are kept, in order to isolate them from
any external disturbances; see Fig. 1(a). To do so, the other sur-
rounding bubbles are removed by hand using a thin wire, prior to
any experimental acquisition. The effective bubble trapping location
is deduced from the balance between the buoyancy force Bj (j¼ 1, 2)
and the HF primary radiation force Fpj acting on the jth bubble. The
buoyancy force and the primary radiation force on the jth bubble are
given by26

Bj ¼
4
3
pqgR3

0jez; (1)

Fpj ¼
pðPHFÞ2R0jðx2

j =x
2
HF � 1Þ sin ð2kHFzjÞ

xHFqc ð1� x2
j =x

2
HFÞ

2 þ ðkHFR0jÞ2
h i ez; (2)

where xHF and PHF are the angular frequency and the pressure ampli-
tude of the HF wave, respectively; zj is the position of the center of the
jth bubble on the line joining the bubble centers; R0j is the equilibrium
radius of the jth bubble; q is the liquid density; kHF ¼ xHF=c is the
HF wavenumber, where c is the speed of sound in the liquid, g is
the gravity, and ez is the unit vector along the z axis; and

xj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3cP0=qR2

0j þ 2ð3c� 1Þr=qR3
0j

q
is the angular resonance fre-

quency of the jth bubble, where P0 is the liquid hydrostatic pressure, c
is the ratio of specific heats of the gas, and r is the surface tension.

It is worth noting that the expression of the primary radiation
force in Eq. (2) is valid for linearly oscillating bubbles that are smaller
than the acoustic wavelength, R0j � kHF. For the studied here bubbles
(�150lm in radius) trapped in the HF field with kHF ¼ 1.5mm, the
ratios R0j=kHF are of the order of �0:1. In order to estimate the influ-
ence of the bubble size on the primary radiation force for arbitrary
values of the ratio R0=k, Annamalai and Balachandar27 derived a
second-order mean force (the primary radiation force) exerted by a
standing-wave ultrasound field on a spherically oscillating bubble,
without restriction on the bubble size in comparison with the acoustic
wavelength. Their model predicts that monopole term [corresponding
to Eq. (2)] is the primary contributor to the primary radiation force up
to R0=k � 0:02. For higher R0=k ratios up to 0.1, adding higher-order
terms results in the decrease in the amplitude of the radiation force by
a factor of �2=3, without modification of the spatial evolution of the
force. For the sake of simplicity, the primary radiation force including
only the monopole term [Eq. (2)] is therefore considered in our
modeling.

Bubble oscillations are driven by a low-frequency (LF) ultrasound
field (fLF ¼ 31:9 kHz) induced by a Langevin transducer (Sinaptec)
located at the bottom of the tank. The LF wavelength is significantly
larger than the interbubble distance, kLF � kHF=2, so that the bubble
pair is assumed to be driven by a uniform LF pressure field. It is worth
noting that assessing the pressure amplitude of the LF field is a chal-
lenging experimental task. Because of the LF frequency that requires
large-sized hydrophones, measuring the pressure within the water
tank would automatically induce disturbances of the acoustic field.
Therefore, we can only evaluate the pressure amplitude through indi-
rect measurements of the bubble oscillations or by solving an appro-
priate force balance equation, as the one that we propose in the
present paper. As a result of the induced radial oscillations, the bubbles
experience an interaction force that moves them to a new equilibrium
location [Fig. 1(a)]. This equilibrium location, where the bubbles are
separated by the distance d ¼ z2 � z1, results from the balance
between the buoyancy Bj, the HF primary radiation force Fpj, and the
secondary radiation force Fsj. This allows quantifying the interaction
force acting on the bubble pair.25 According to Eq. (2), Fpj depends on
zj as sin ð2kHFzjÞ, while the HF field depends on z as sin ðkHFzÞ [Fig.
1(b)]. As a result, for bubble 2, Fpj reaches a maximum at a distance of
kHF=8 from the HF pressure node N2. Below the position correspond-
ing to this local maximum, the amplitude of Fpj decreases, while the
interaction force acting between the bubbles still increases. This results
in a predominance of the mutual interaction force Fsj over the trap-
ping force Fpj, which forces the bubbles to collide. We call this region,
where bubble coalescence is supposed to systematically occur, forbid-
den zone. The experimental procedure for the investigation of inter-
acting bubble pairs is as follows. After trapping a bubble pair, we

FIG. 1. Schematic representation of the bubble trap. Ideally, two bubbles can be
trapped at the pressure nodes z�j of a HF ultrasound field (dashed line) and sepa-
rated by the theoretical interbubble distance kHF=2. (a) When switching the HF and
LF transducers on, a new equilibrium location is reached, resulting from the balance
between the buoyancy Bj, the HF primary radiation force Fpj , and the secondary
radiation force Fsj . (b) At a distance of kHF=8 from the theoretical pressure node,
the HF primary radiation force (dash-dotted line) reaches a maximum. Beyond this
boundary, the radiation interaction force increases, while the HF primary radiation
force begins to decrease. This creates a forbidden zone in which the bubbles are
supposed to encounter and coalesce.
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perform several successive recordings for every investigated LF pres-
sure. Every recording is performed using a CMOS camera (Vision
Research V12.1) equipped with a 12� objective lens and backlight illu-
mination, with a frame size of 128� 256 pixels (1 pixel� 5lm) at the
130 kfps frame rate (with�4 samples per acoustic period). From every
recording, the dynamics of the bubble oscillations, RjðtÞ ¼ R0j½1
þ�j cos ð2pfLFt þ ujÞ�,25 and the location of the bubble centers of
mass are quantified through the normalized radial expansion �j
¼ ðRmax

j � R0jÞ=R0j and the position zj of the center of the jth bubble.
Once a video recording is completed (with typically a duration of hun-
dreds of milliseconds), the LF pressure is increased, which results in the
motion (approach) and a new equilibrium position of the two bubbles. A
new video is then recorded. This process is repeated until the sequence
of bubble approach ends. The step-by-step approach of the bubble pairs
is shown in recordings provided in the cases shown in Figs. 2
(Multimedia view), 5(a) (Multimedia view), and 5(b) (Multimedia view).

The bubble jump

Hundreds of bubble pairs have been trapped and investigated
with the following general conclusions. The interaction of two bubbles
whose equilibrium radii R01 and R02 encircle the LF resonant radius
Rres
LF � 110lm always results in bubble repulsion. The LF resonant

radius Rres
LF is calculated from the formula for the bubble resonance fre-

quency xj setting xj ¼ xLF. Bubbles are therefore rapidly repelled
away from each other, moving out of the camera field. This case will
no longer be discussed. The interaction of two bubbles whose equilib-
rium radii are smaller than the resonance radius results in bubble
attraction. Note that from the formula for xj, it follows that a bubble
radius smaller than the resonance radius means that the resonance fre-
quency of this bubble is higher than the driving frequency. Measuring
the interbubble distance as a function of the LF pressure amplitude
allows quantifying the secondary radiation force that they experi-
ence.25 However, as soon as one of the bubble centers of mass reaches
the boundary of the forbidden zone, coalescence systematically occurs.
This phenomenon limits the achievable interbubble distance dlim
¼ kHF=4 that is roughly 3.5 times the mean equilibrium radius of the
largest investigated bubbles (�100lm in radius). The interaction of
two bubbles whose equilibrium radii are larger than the resonance
radius also results in bubble attraction. However, when one of the bub-
bles reaches the boundary of the forbidden zone, the two bubbles can

suddenly jump to a new equilibrium location. The bubbles are then so
close that they are separated by a thin fluid layer whose thickness is
much smaller than the bubble radius.

Figure 2 illustrates the case of two interacting bubbles of equilib-
rium radii R01 ¼ 170lm and R02 ¼ 139lm that jump to a new, nearly
contacting equilibrium, where the fluid layer thickness is �30lm. A
small lateral motion of the bubbles can be noticed in Fig. 2. This lateral
motion comes from the secondary interaction force that acts along the
line joining the centers of the two bubbles. Before applying the LF
pressure, the bubbles are in general not perfectly aligned: as the bubble
is trapped in the nodal plane of the HF one-dimensional standing
wave field, some shift from the vertical alignment can occur. However,
as soon as the LF pressure is applied, the bubbles attract and re-align.
When the jump occurs, disturbances in the local pressure field can
slightly shift the bubble horizontal locations. Because these horizontal
motions are negligible in comparison with the vertical ones, they are
disregarded in the present study. In addition, the geometry of the two-
bubble system is axisymmetric in respect to the bubble center-to-cen-
ter axis. We make sure experimentally that the focal plane of the cam-
era contains this symmetry axis. Therefore, the film thickness between
the two bubbles for any interbubble distance can be measured without
ambiguity in the focal plane of the camera.

The analysis of the phase shift Du between the bubbles’ radial
oscillations indicates that the bubble pair oscillates in phase until the
jump occurs [Fig. 3(b)]. After the jump, the phase shift reaches p=2.
Concerning the normalized radial expansion �j [Fig. 3(a)], the parame-
ter �2 for bubble 2 increases when the interbubble distance decreases,
equivalently when the applied LF pressure increases. However, for

FIG. 2. Snapshots of a typical sequence of bubble approach in the case of two bub-
bles with radii larger than the resonant radius (R01 ¼ 170 lm and R02 ¼ 139 lm).
When increasing the LF pressure amplitude, they attract and come closer to each
other, until one of the bubble centers reaches the boundary of the forbidden zone.
For this threshold (here indicated by a red vertical line), the bubbles suddenly jump
to a new equilibrium location. Multimedia view: https://doi.org/10.1063/5.0135370.1

FIG. 3. (a) Response amplitude of the bubble radial oscillations normalized by the
equilibrium radius as a function of the interbubble distance. (b) Phase shift Du
between the bubble radial oscillations as a function of the interbubble distance.
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bubble 1, the parameter �1 decreases from �1 ¼ 0:13� 10�4 for
d ¼ 670lm to �1 ¼ 0:1� 10�4 for d ¼ 348lm. Therefore, the radial
oscillations do not increase anymore when the interbubble distance
reaches its smallest value. This effect is amplified for the cases pre-
sented in Fig. 5. This illustrates the acoustic interaction between the
bubbles: two bubbles larger than the resonant size oscillate in phase
with each other but out-of-phase with the external acoustic field. The
resulting surrounding pressure field is therefore lower than the pres-
sure expected in the case of uncoupled bubbles. Moreover, the radial
expansion parameters �j never exceed 10�2 [Fig. 3(a)], meaning rela-
tively small radial oscillation amplitudes.

Sign reversal of the radiation interaction force

The radiation interaction force between two bubbles was first
derived by Bjerknes6 in the form

Fs ¼ 2pqjCj2GBez; (3)

where C is the complex amplitude of the liquid velocity potential, ez is
the unit vector directed from the center of bubble 1 to the center of
bubble 2, and the coefficient GB (B stands for Bjerknes) is a function of
the mechanical properties of the system (bubble equilibrium radii,
damping coefficient), the driving angular frequency, and the interbub-
ble distance. This coefficient is given by

GB ¼
R01R02

d2
ð1� x2

1=x
2Þð1� x2

2=x
2Þ þ d1d2

ð1� x2
1=x2Þ2 þ d21

h i
ð1� x2

2=x2Þ2 þ d22

h i ; (4)

where x ¼ xLF is the acoustic angular frequency of the radial oscilla-
tions, and dj is the damping coefficient for bubble j [given by Eq. (A5)
in Appendix]. Equation (4) is valid when the spacing between the bub-
bles is much larger than their radii, or equivalently, when d=ðR01

þR02Þ � 1. Repulsion occurs when xLF lies between x1 and x2, hence
when bubbles pulsate out-of-phase with each other. Moreover, Eq. (4)
predicts an infinite value of the interaction force when the bubbles come
sufficiently close, i.e., when d=ðR01 þ R02Þ ! 1. Zabolotskaya15 derived
an interaction force accounting for the influence of the scattered field of
each bubble on the other one. The associated coefficient G¼GZ of the
interaction force is a refinement of the model of Bjerknes up to the first
order in the small parameter R0i=d,

GZ ¼
R0iR02

d2

x2
1

x2
� 1þ R0i

d

� �
x2

2

x2
� 1þ R02

d

� �
þ d1d2���� x2

1

x2
� 1� ıd1

� �
x2

2

x2
� 1� ıd2

� �
� R0iR02

d2

����
2 : (5)

For d ! 0, the terms inversely proportional to d and d2 become domi-
nant in Eq. (5). Keeping only these terms in both numerator and
denominator, one obtains GZ ! 1. Therefore, the interaction force
takes finite values at short separation distances and is hence more
adapted to predict the interaction of two closely spaced bubbles.
Particularly, if both bubbles are larger than the resonance size, and if
their resonance frequencies are close to x, the interaction force may
change from attraction to repulsion. This change is related to the shift
of the modal frequencies of the two-bubble system resulting from the
bubble approach. The shift in the modal frequencies leads to out-of-
phase bubble oscillations, hence to the sign reversal of the interaction
force. However, this modeling cannot capture our experimental

observations as the measured phase shift between the bubble oscilla-
tions never exceeds p=2 [see Fig. 3(b)]. Later on, an approach account-
ing for multiple scattering of sound between bubbles was developed by
Doinikov and Zavtrak with no restriction on the separation distance
between the bubbles.16 The resulting interaction force is expressed in
terms of an infinite sum of powers of the small parameter R01=d, with
the coefficientG¼GD given by

GD ¼ �Re
X1
n¼0

nþ 1
g1ðnþ1Þ

að11Þ�n að11Þnþ1

 !
; (6)

where Re means “the real part of,” the asterisk denotes the complex
conjugate, g1ðnþ1Þ is a constant coefficient, and a

ð11Þ
n are the linear scat-

tering coefficients of bubble 1. The numerical implementation of Eq.
(6) and the expression of the coefficients g1ðnþ1Þ and að11Þn are consid-
ered in Appendix. This model predicts that, when both bubbles are
larger than the resonance size, the interaction force can change from
attraction to repulsion. A stable equilibrium between bubbles is there-
fore expected. The complexity of the mathematical formulation of the
terms in Eq. (6) does not allow for a simple interpretation of the condi-
tions leading to the sign reversal of the interaction force (see
Appendix). The three above-mentioned models can predict the ampli-
tude and sign of the interaction force between two bubbles through
the coefficient G, as soon as their equilibrium radii R0i and their sepa-
ration distance d are known. Figure 4 shows the evolution of the
amplitude G of the secondary radiation force for the three models
developed by Bjerknes, Zabolotskaya, and Doinikov and Zavtrak, for
the same experimental case as in Fig. 2. The circle markers correspond
to the predictions of Eqs. (4)–(6) for the measured radii R0i and mea-
sured normalized distance L ¼ d=ðR01 þ R02Þ. In order to reveal the
influence of the interbubble distance on the amplitudes of the interac-
tion force, the predictions of Eqs. (4)–(6) are shown (see dashed, dash-
dotted, and solid lines) when the normalized interbubble distance L is
varied in the range1–4 for fixed values of the equilibrium radii. The
equilibrium radii have been interpolated over the range of the mea-
sured R0j as the bubbles slightly grow (a few micrometers in radius)
due to rectified diffusion. As one can see in Fig. 4, the secondary radia-
tion force as proposed by Bjerknes rapidly goes to infinity for small

FIG. 4. Evolution of the radiation interaction force for R01 ¼ 170 lm and
R02 ¼ 139lm, through the parameter G, for the models of Bjerknes, Zabolotskaya,
Doinikov, and Zavtrak. The circle markers correspond to the predictions of Eqs.
(4)–(6) for the measured radii R0i and measured normalized distance
L ¼ d=ðR01 þ R02Þ. When varying the normalized distance for L 2 ½1; 4� and the
equilibrium radii over the sequence of recordings, the predictions of Eqs. (4)–(6)
are provided by dashed, dash-dotted, and solid lines.
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FIG. 5. Two additional cases are shown for bubble pairs with different bubble radii: (a) R01 ¼ 156lm, R02 ¼ 142lm, and (b) R01 ¼ 160lm, R02 ¼ 130lm. First row:
Snapshots of a typical sequence of bubble approach. Second row: Response amplitude of the bubble radial oscillations normalized by the equilibrium radius as a function of the
interbubble distance. Third row: Phase shift Du between the bubble radial oscillations as a function of the interbubble distance. Fourth row: Evolution of the radiation interaction
force in terms of the parameter G for the models of Bjerknes, Zabolotskaya, Doinikov, and Zavtrak. The circle markers correspond to the theoretical predictions for the measured
radii R0i and measured normalized distance L ¼ d=ðR01 þ R02Þ. When varying the normalized distance for L 2 ½1; 4� and the equilibrium radii over the sequence of recordings,
the predictions of Eqs. (4)–(6) are provided by dashed, dash-dotted, and solid lines. Multimedia views: https://doi.org/10.1063/5.0135370.2; https://doi.org/10.1063/5.0135370.3
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interbubble distances, which we deal with in this experiment. While
finite values of the force for L! 1 are obtained with the model of
Zabolotskaya, the interaction force always remains positive (attractive),
preventing the occurrence of a stable equilibrium bound between bub-
bles. When accounting for multiple scattering effects (the model of
Doinikov and Zavtrak), an inversion of the sign of the interaction force
occurs systematically for small interbubble distances. The values for
which GD < 0 always correspond to bubble equilibrium subsequent to
the jump moment. Similar conclusions have been obtained for various
bubble pairs, and two additional examples are provided in Fig. 5.

Bubbles location after the jump

Once a suitable theoretical model for the secondary radiation
force has been established, one can predict the location of the bubbles
after they have jumped. The bubbles are fixed in positions where the
condition Fsj þ Fpj þ Bj ¼ 0 is fulfilled, using Eqs. (1)–(3) for the
three applied forces and Eq. (6) for the term involved in the secondary
radiation force. According to the mathematical formulation of the
interaction force, the force balance equations of the bubbles are cou-
pled. Solving these coupled equations allows determining the equilib-
rium locations zj and the interbubble distance d ¼ z2 � z1. Without
applying the LF acoustic field [Fig. 6(a)], the bubbles are trapped near
the pressure nodes Nj, which are stable equilibrium locations. In order
to investigate the stability of the equilibrium at the location of the

pressure antinode A, we fix the equilibrium location of bubble 1 and
evaluate the magnitude of the forces applied to a virtual bubble 2 in
the vicinity of the position A [the dashed bubble in Fig. 6(a)]. In the
case PLF ¼ 0, the position A is unstable. With increasing LF pressure,
the bubbles attract each other until the jump occurs. For two bubbles
with radii R01 ¼ 170lm and R02 ¼ 139lm trapped in a HF field with
a pressure amplitude of 199 kPa, the jump occurs for a LF pressure of
about 1.5 kPa. At the jump moment, bubble 2 moves to the position A,
which was initially unstable. The interbubble distance is d ¼ 339lm
[Fig. 6(b)], resulting in a fluid layer 30lm thick between the bubbles’
interfaces, similarly to the experimental case shown in Fig. 2. The anal-
ysis of the total force applied to bubble 2 in the vicinity of the position
A reveals that this position becomes stable when the interaction force
reverses. The location of bubble 2 near the position A becomes stable
only if the LF pressure is high enough (resulting in the sign reversal of
the interaction force) and if the HF pressure is high enough too (other-
wise bubble 2 collides with bubble 1 as the distance between the posi-
tions A and N1 is smaller than R01 þ R02). Considering that the
governing equations depend on many parameters, the only way to
establish the stability conditions for the position A of bubble 2 is to
make numerical calculations for varying values of the LF pressure, just
as it happens in our experiment. Doing so, we obtain that for small
values of the LF pressure, the shift of bubble 2 from the position A
produces a local force acting away from the position A, which means
that the position A is unstable. However, above a given value of the LF
pressure, the shift of bubble 2 from the position A produces a local
force that returns bubble 2 to the position A, which means that the
position A is stable. To the best of our knowledge, this is the first
experimental observation of the modification of the stability of equilib-
rium locations for bubbles experiencing linear oscillations in an acous-
tic field of moderate amplitude.

CONCLUSION

In conclusion, two bubbles can be bound at a very short separa-
tion distance when the interaction force between them reverses. This
sign reversal is shown to be caused by multiple rescattering effects and
is responsible for a modification of stable locations that bubbles may
experience in an ultrasound field. The knowledge of an appropriate
modeling of bubble–bubble interactions is of great interest for the
understanding of the dynamics of dense bubble clouds. In addition,
the stabilization of two bubbles at short distances is a prerequisite for
the investigation of more intense interactions, such as energy transfer
between bubble oscillations.
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APPENDIX: CALCULATION OF THE INTERACTION
FORCE ACCOUNTING FOR MULTIPLE SCATTERING

Doinikov and Zavtrak16 have derived an expression for the
interaction force acting between two bubbles in the case of an arbi-
trary ratio between the bubble radii and the interbubble distance d.
The interaction force is given by

Fs ¼ 2pqjCj2GDez; (A1)

where q is the liquid density, C is the complex amplitude of the liq-
uid velocity potential, ez is the unit vector directed from the center
of bubble 1 to the center of bubble 2, and the dimensionless quan-
tity GD is given by

GD ¼ �Re
X1
n¼0

nþ 1
g1ðnþ1Þ

að11Þ�n að11Þnþ1

 !
; (A2)

where Re means the real part, the asterisk denotes the complex conju-
gate, g1ðnþ1Þ is a constant coefficient, and að11Þn are the linear scattering
coefficients of bubble 1. The coefficients g1ðnþ1Þ are calculated by

g1ðnþ1Þ ¼
1þ ðnþ 1Þ�1ðnþ1Þ
1� ðnþ 2Þ�1ðnþ1Þ

; (A3)

where

�1ðnþ1Þ ¼ nðnþ 3Þ þ 2dðnþ1Þ0
� �

r=ðqx2R3
01Þ

þ x2
1=x

2 þ ıd1
� 	

dðnþ1Þ0; (A4)

dnm is the Kronecker symbol, r is the surface tension, q is the liquid
density, R0j is the equilibrium radius of bubble j, x ¼ xLF is the
driving angular frequency, x1 is the resonant angular frequency of
bubble 1, and dj is the damping coefficient of bubble j, given by

dj ¼ 3cpj0dj=ðqx2R2
0jÞ; (A5)

where pj0 ¼ P0 þ 2r=R0j and P0 is the liquid hydrostatic pressure.
The coefficient dj is calculated by using the following equations:

dj
bj
¼ 3ðc� 1Þ

� XðsinhðXÞ þ sin ðXÞÞ � 2ðcoshðXÞ � cos ðXÞÞ
X2ðcoshðXÞ � cos ðXÞÞ þ 3ðc� 1ÞXðsinhðXÞ � sin ðXÞÞ

(A6)

bj ¼ 1þ
d2j
b2j

 !
1þ 3ðc� 1ÞðsinhðXÞ � sin ðXÞÞ

XðcoshðXÞ � cos ðXÞÞ

� �" #�1
; (A7)

X ¼ R0jð2xqgjcpg=kgÞ1=2; (A8)

where c is the specific heat ratio, qgj ¼ qgApj0=PA is the equilibrium
density of the gas inside bubble j, qgA is the gas density at the atmo-
spheric pressure PA, cpg is the specific heat of the gas at constant
pressure, and kg is the thermal conductivity of the gas. The linear
scattering coefficients að11Þn are given by

að11Þn ¼
X1
m¼n

Knm
R01

d

� �m

; (A9)

where the coefficients Knm are calculated by the equations

Knn ¼ g1ng20
R02

d

� �
� g10dn0 for n ¼ m; (A10)

Knm ¼ g1n
Xðm�n�1Þ=2½ �

i¼0
sniKiðm�n�1�iÞ for m > n; (A11)

snm ¼
X1
k¼0

g2kDmkDkn
R02

d

� �2kþ1
; (A12)

Dn0 ¼ 1; (A13)

Dnm ¼
ðnþ 1Þ

1
ðnþ 2Þ

2
ðnþ 3Þ

3
	 	 	 ðnþmÞ

m
form > 0; (A14)

where ½ � denotes the omission of fractions. It follows from Eqs.
(A2) and (A9) that the coefficient GD involves two infinite sums.
However, since the terms of these sums decrease with increasing n
and m, they can be truncated in numerical computations at some
finite values of n and m depending on the required accuracy. We
have investigated the convergence rate of the magnitude of the coef-
ficient GD for the bubble pair with R01 ¼ 170lm and R02 ¼ 139 lm

FIG. 7. Evolution of the radiation interaction force (in terms of the parameter GD)
and the computation time for R01 ¼ 170 lm and R02 ¼ 139lm as a function of the
number of terms n in Eq. (6). For n¼ 8, the sign of the interaction force changes
from attraction to repulsion.
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(as in Fig. 4) at the smallest interbubble distance d ¼ 352 lm that
corresponds to the red circle at L¼ 1.18 in Fig. 4. The value of GD

as a function of the number of terms n in Eq. (A2), as well as the
computation time, is provided in Fig. 7.

As one can see, the value of the interaction force converges for
n> 15. From n¼ 1 (corresponding to the model of Zabolotskaya)
to n¼ 15, the increase in the computation time by two orders of
magnitude is observed. However, the choice of the limit number of
terms n is important as the interaction force changes its sign from
attraction to repulsion around n¼ 8. It means that reducing the
number of terms in the model of Doinikov and Zavtrak for reduc-
ing the computation time is inadmissible. In the paper, we have
used n¼ 20 to calculate Eq. (6). However, in order to limit the com-
putation time when modeling a large number of interacting bub-
bles, a small number of terms can be kept in Eq. (A2) at large
distances between the bubbles (typically n¼ 2 for L> 2) and a
(n> 15) model can be used only when bubbles are getting closer
and the condition L< 2 is fulfilled.
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