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ABSTRACT

Self-oscillations underlie many natural phenomena, such as heartbeat, ocean waves, and the pulsation of variable stars. From pendulum
clocks to the behavior of animal groups, self-oscillation is one of the keys to the understanding of synchronization phenomena and hence to
the collective behavior of interacting systems. In this study, we consider two closely spaced bubbles pulsating in the kHz range in response to
ultrasonic excitation. A translational bouncing motion emerges from their interaction with a much lower frequency than the bubble pulsation
frequency. Our analysis reveals that the observed bubble bouncing exhibits the main features of self-oscillation, such as negative damping and
the emergence of a limit cycle. These results highlight unexpected nonlinear effects in the field of microbubbles and give insights into the
understanding of synchronization in large bubble clouds.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0203660

INTRODUCTION

Unlike forced and parametric oscillations, self-oscillation is a
periodic motion that is generated and maintained without an external
force that explicitly depends on time with a similar or multiple period-
icity.1,2 Forced and parametric resonances are very familiar to physi-
cists, whereas self-oscillation effects are little known despite their
widespread occurrence in nature and engineering. Self-oscillatory sys-
tems are found in mechanics, electronics, acoustics, biomechanics, and
even in finance and macroeconomics. Heartbeat, clocks, bowed and
wind instruments (including the human voice), explosion engines,
ocean waves, fluttering of tree leaves, and the pulsation of variable stars
(cepheids)3–5 are examples of self-oscillatory phenomena. It is interest-
ing to mention that the wind-powered “galloping” (torsional oscilla-
tion) of suspension bridges, as was in the famous case of the first
suspension bridge over the Tacoma Narrows (part of Puget Sound in
the U.S. state of Washington), which caused its collapse in 1940,3 often
wrongly attributed to forced resonance, is in fact self-oscillation. The
variety of self-oscillatory systems make their study important from
both applied and fundamental aspects. Furthermore, the ability of self-
oscillatory systems to synchronize, as was first shown by Huygens for
a pair of pendulum clocks,6 can be used to reveal important character-
istics of complex systems and help, for instance, in the understanding
of the collective behavior of animals.7 Gas bubbles are remarkable

objects that appear in many life and natural sciences. They contribute
to effects such as the sound of rain,8 the foam production on sea
waves,9 and the tree embolism.10 When periodically driven by an
acoustic wave, the so-called acoustic bubbles are the key elements in
many engineering applications, such as surface cleaning,11 ultrasound-
mediated drug delivery,12 and the design of microrobots.13 The
dynamics of an acoustic bubble exhibits many nonlinear features,14

such as nonlinear resonances, chaotic oscillations, and hysteretic
behavior, typical of many nonlinear dynamical systems. When one
acoustic bubble oscillates in the presence of another bubble, they inter-
act through a radiation force,15 called the secondary Bjerknes force.
Depending on the bubble pair properties, this force can be attractive or
repulsive: If the oscillations are in phase, the bubbles attract each other;
if not, they repel each other.16 However, in the case of bubbles driven
above their resonance frequencies and exposed to a high-amplitude
sound field, the sign reversal of the radiation interaction force between
the bubbles has been theoretically predicted,17–19 which can lead to a
small separation distance at which the two bubbles can be maintained
stable. Stable bubble pairs have been observed in bubble systems from
the micrometric20,21 to the millimetric22 range, but always at large
interbubble distances. Recently, Regnault et al.23 have controlled the
approach of two micrometric bubbles in a two-frequency levitation
chamber and observed the stabilization of a bubble pair at an
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interbubble distance smaller than the mean bubble radii. This effect,
which was attributed to the sign reversal of the radiation interaction
force, was obtained above a pressure amplitude threshold. The behav-
ior of the bubble pair for pressure amplitudes above this threshold was
not investigated so far. Here, we report for the first time a manifesta-
tion of self-oscillation in bubble dynamics. When investigating the
motion of a pair of acoustically excited gas bubbles (�150lm in radius
at rest), we observed that two closely spaced bubbles (minimum dis-
tance between the bubble centers�315lm) pulsating in the kHz range
(31.9 kHz) experienced a translational motion occurring in the form of
periodic convergence and rebound with a much lower frequency
(�400Hz). Our analysis reveals that the observed bubble bouncing
exhibits the main features of self-oscillation, including negative damp-
ing and the emergence of limit cycles. This is the first time that
self-oscillation is observed in bubble dynamics, which reveals that the
universality and the prevalence of this phenomenon are wider than
previously thought.

EXPERIMENTAL SETUP

A detailed description of our experimental setup (see Fig. 1) can
be found in our previous works.24 Microfiltered and demineralized
water (Carlo Erba, water for analysis) was contained in a cubic, 8-cm-
edge tank. Bubbles were generated at the tip of a capillary (inner diam-
eter 25lm), immersed in the tank, linked to a microfluidic pressure
controller (Elveflow, OB1 MK3) and supplied by an air compressor
(Newport, ACWS). An uprising, periodically spaced train of bubbles
(mean radius 100lm, inter-bubble distance 1mm) was therefore
established. Bubbles were trapped at successive pressure nodes of a
standing acoustic wave induced by a high-frequency (HF) ultrasound
transducer (Sofranel, IDMF018, fHF ¼ 1MHz). Since the bubble equi-
librium radii (130–160lm) were larger than the resonant radius at
1MHz (RHF

res ¼ 3.73lm), the primary Bjerknes force caused by the HF
field24 made the bubbles settle at neighboring pressure nodes located
750lm apart from each other. In view of the large difference between
the HF resonant radius and the bubbles’ equilibrium radii, they did

not experience any significant radial oscillations and were considered
to be trapped at rest. The investigation of a unique bubble pair
required to select only two successive trapped bubbles, by removing
the others by hand. The bubble oscillations are induced by a low-
frequency (LF) transducer (Sinaptec, fLF ¼ 31kHz) located at the bot-
tom of the tank and driven by a continuous sinusoidal signal. Due to
the large difference between the LF wavelength (kLF ¼ 5 cm) and the
inter-bubble distance, the bubble pair was assumed to be driven by a
uniform pressure field. The dynamics of the bubble pair was captured
with a CMOS camera (Vision Research V12.1) equipped with a 12�
objective lens (Navitar). Imaging was performed at 130� 103 fps
(frame size 128� 256 pixels, 1 pixel �5lm) with backlight
illumination.

OBSERVATION OF BOUNCING BUBBLES

A controlled convergence of two bubbles toward each other is
achieved by a step-by-step increase in the driving low-frequency (LF)
acoustic pressure [see Fig. 2(a)]. This convergence is induced by the
interaction force between two bubbles, also called the secondary
(Bjerknes) radiation force. Above a certain value of the applied pres-
sure amplitude, the bubbles jump to a new equilibrium location, where
they are separated by a thin fluid layer whose thickness is much
smaller than the bubble radii. This position was observed only if both
bubbles were larger than the resonance radius at 31.9 kHz (for this fre-
quency the resonance radius of a single bubble is RLF

res ¼ 103.4lm).
This quasi-contact location of the bubble pair results from the sign
reversal of the radiation interaction force23 caused by multiple rescat-
tering effects. A further increase in the LF pressure amplitude triggered
the bouncing motion of the bubbles with a much lower frequency than
the frequency of the LF driving field [Fig. 2(b) (Multimedia view)]. For
a bubble pair with equilibrium radii of R10 ¼ 153lm and R20

¼ 135lm, the bouncing frequency fbounce is 403Hz. Note that for all
the following results, the index “1” refers to the bottom bubble and the
index “2” to the top bubble. The bouncing behavior remains remark-
ably stable throughout the observation time (�1 min, corresponding
to 25000 bouncing cycles). The distance between the centers of the
bouncing bubbles dðtÞ ¼ z2ðtÞ � z1ðtÞ, where zjðtÞ is the position of
the center of the jth bubble along the line joining the bubble centers
[Figs. 2(a) and 2(c)], ranges from 315lm to 405lm, so the separation
at the moment of the bubble convergence is as small as 1:09ðR10

þR20Þ. Two approaching bubbles can coalesce or not depending on
their Weber number based on their approach velocity.25 This Weber
number is defined as We ¼ qV2Req=r, where q is the liquid density,
V is the velocity of approach of the two bubbles, Req is the equivalent
radius of the bubble pair, and r is the surface tension. An inhibition of
the coalescence process has been observed when the Weber number
exceeds the critical value We ¼ 0:18, a value that remains identical in
the case of bubbles exposed to an acoustic field.26 During the bouncing
motion, for the mean equilibrium radius Req ¼ 150lm and the
approach velocity V � 0.3ms�1, the experimental Weber number in
the bouncing regime was estimated to be 0.23, a value above the
threshold for bubble separation without coalescing. The deviation of
the bubbles from their spherical shape during the bouncing motion is
negligible, which is explained by small Bond numbers (�0:003).

Because the radii of both bubbles are larger than the LF resonance
radius, the bubbles are supposed to oscillate in phase with each other.
However, at the minimal interbubble distance, their pulsations increase
significantly [Fig. 2(d)] and the bubbles oscillate out of phase [the

FIG. 1. Schematic of the experimental setup. Bubbles are injected in a water tank
by a capillary supplied by an air compressor, trapped at successive pressure nodes
of a high-frequency (HF) standing acoustic wave and then set into pulsations by a
low-frequency (LF) ultrasound transducer. When the applied LF pressure exceeds a
certain value, the bubbles jump to a new equilibrium position where they are almost
in contact. The bubble dynamics is tracked with a high frame rate camera. The
insert shows a snapshot of two bubbles with equilibrium radii of R10 ¼ 153 lm and
R20 ¼ 135 lm, separated by a fluid layer of thickness of �30 lm.
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phase shift between the oscillations of the bubbles reaches p; Fig. 2(e)].
Note that the bubble pulsations, although of small amplitude, are not
harmonic. Similar bouncing phenomena have been observed for bub-
bles pairs with different equilibrium radii (see Table I).

MODELING OF THE BOUNCING MOTION

The common description of the dynamics of two interacting pul-
sating bubbles relies on the assumption that the bubble radii are small
compared to the interbubble distance. Since in the present experiments

FIG. 2. Observation of a bouncing bubble pair. (a) Illustration of the motion of two approaching bubbles, resulting from their mutual interaction when the applied acoustic pres-
sure is increased. The sign reversal of the interaction radiation force results in the jump phenomenon with the bubbles settling at a very short distance. A further increase in the
LF pressure leads to the triggering of the bouncing motion of the bubble pair. The location of the bubble pair in the pressure field is shown as well as its location on the plot of
the interbubble potential V(r). (b) The pair of bubbles with radii R10 ¼ 153 lm and R20 ¼ 135 lm bounces at the frequency fbounce ¼ 403 Hz which is much smaller than the
driving frequency. (c) The bouncing is stable during the observation time and the interbubble distance ranges from 315 lm to 405 lm. (d) The bubble oscillations remain spher-
ical during the bouncing. The spherical oscillation (shown by solid black line and denoted by RjðtÞ, where RjðtÞ is the time-varying radius of the jth bubble, j¼ 1, 2) increases
significantly when the interbubble distance (blue dash line) is minimal. (e) While the bubbles oscillate in phase at large separation distance (the phase shift DU � 0, solid black
line), they shift to out-of-phase oscillations when the bubbles are at the minimal interbubble distance (blue dash line). Multimedia available online.
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the thickness of the interbubble fluid layer goes down to 30lm as the
bubbles reach the quasi-contact [Fig. 2(b)], this assumption does not
hold. This suggests that the bubble interaction should be considered at
arbitrary (up to very short) separation distance. In the present case, the
bubbles are subjected to a bi-frequency acoustic field that includes the
HF standing wave field for trapping the bubbles and the LF field that
drives the bubble oscillations. Equations for the translation motion of
two interacting bubbles undergoing radial pulsations22,27–30 can be re-
written in this case as

q

 
Rj €Rj þ 3

2
_Rj
2 � 1

4
_zj
2

!
� Pj ¼

X1
n¼1

pðjÞn ðR1;2; _R1;2; €R1;2; _z1;2;€z1;2Þ
dn

;

(1)

d
dt

ðMj _zjÞ ¼ FDj þ Fbj þ FpBj þ
X1
n¼2

f ðjÞn ðR1;2; _R1;2; €R1;2; _z1;2;€z1;2Þ
dn

;

(2)

where j¼ 1, 2, q is the liquid density, the overdot denotes the
time derivative, Pj is the pressure inside the jth bubble, given by31 Pj
¼ ðP0 þ 2r=Rj0ÞðRj0=RjÞ3cð1� 3c _Rj=cÞ � 4g _Rj=Rj � 2r=Rj � P0 � PacðtÞ,
P0 is the liquid hydrostatic pressure, r is the surface tension, c is the
ratio of specific heats of the gas, c is the sound speed in the liquid, g is
the liquid dynamic viscosity, PacðtÞ ¼ �PLF

a sinðxLFtÞ is the LF acous-
tic pressure, PLF

a and xLF are the pressure amplitude and the angular
frequency, respectively, Mj ¼ ð2=3ÞpqR3

j is the virtual (added) mass
of the jth bubble,32 FDj ¼ �CDj _zj is the viscous drag force on the jth
bubble, Fbj ¼ ð4=3ÞpqgR3

j is the buoyancy, g is the gravity, FpBj is the
primary Bjerknes force exerted on the jth bubble by the HF standing
wave, given by33

FpBjðzjÞ ¼
pðPHF

a Þ2Rj0

x2
j

x2
HF

� 1

 !
sinð2kHFzjÞ

q cxHF

x2
j

x2
HF

� 1

 !2

þ ðkHFRj0Þ2
2
4

3
5
; (3)

where PHF
a ; xHF, and kHF ¼ xHF

c are the pressure amplitude, the angu-
lar frequency, and the wavenumber of the HF wave, respectively, and

xj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3cP0=qR2

j0 þ 2ð3c� 1Þr=qR3
j0

q
is the angular resonance fre-

quency of the jth bubble, and the functions pðjÞn ; f ðjÞn are related, respec-
tively, to the additional pressure generated in the liquid due to the

interaction of the bubbles and to the radiation interaction force
between the bubbles.

In order to consider the dependence of the drag coefficient CDj

on the Reynolds number Re ¼ 2Rjj _zj jq=g, we use the following
approximation. For a rigid sphere, the dependence of CDj on Re is
given by an experimental curve called the standard drag curve
(SDC).34 Experiments show that CDj for bubbles in an untreated (tap)
water follows the SDC for Re < 10, while for Re > 10, the curve for
bubbles goes above the SDC,35 depending on the extent of water con-
tamination.36 To approximate the SDC, we used an equation intro-
duced by Brauer and Mewes:34,37 CDj ¼ pgRj 6þ C1

ffiffiffiffiffi
Re

p þ C2Re
� �

.
For C1 ¼ 1 and C2 ¼ 0:1, this equation approximates the SDC up to
Re < 3� 105. Increasing C1 and C2, one can approximate experimen-
tal data for bubbles in untreated water. Since there is no universal vis-
cous law for bubbles in a wide range of Re, it is appropriate to consider
that C1 and C2 are fitting parameters. In an exhaustive description, the
bubbles also experience one more force, called the Basset (history)
force.32 However, this force is commonly neglected unless a body is
accelerated at a high rate,34,38 and can thus be disregarded here. Note
also that the contribution of the Basset force can be approximated by
varying constants in the viscous law. Finally, it should be mentioned
that Eqs. (1) and (2), by virtue of their derivation, include hydrody-
namic interactions between bubbles.27

The sum in the right-hand side of Eq. (1) describes an additional
pressure generated in the liquid due to the interaction of the bubbles.
It provides the acoustic coupling between the bubble pulsations. The
terms of higher order than d�1 arise due to multiple scattering of
sound between the bubbles and because the scattered waves are pro-
duced not only by the radial oscillations but also by the translational
components. If d � Rj0, only the first order term is relevant, which
corresponds to the single scattering produced by the radial oscillations.
The sum in the right-hand side of Eq. (2) is the radiation interaction
force between the bubbles. The first term of this sum, being averaged
over time, recovers the classical secondary Bjerknes force,15 which
describes the interaction of the bubbles for large inter-bubble distances
d � Rj0. The terms of higher order in d�1 result from sound scatter-
ing of higher order and the translational motion. The functions pðjÞn
and f ðjÞn can be calculated for any n by a procedure developed in
Ref. 30.

Our numerical simulations show that the bouncing bubbles are
so close that terms up to d�15 should be kept in Eqs. (1) and (2) to
accurately describe the multiple sound scattering between the bubbles.
In this case, however, the equations of motion are very cumbersome
and the modeling is time-consuming. Therefore, we use a simplified
model, which nevertheless allows one to obtain reliable estimations for
the main parameters of the bouncing motion (the frequency and the
amplitude of the translational motion). Our numerical analysis reveals
that acceptable modeling accuracy is achieved if Eqs. (1) and (2) are
taken up to terms of the order d�2 and d�3, respectively. Doing so and
using the results of Ref. 30, the following simplified equations are
obtained:

Rj €Rj þ 3
2
_Rj
2 � 1

4
_zj
2 � Pj

q
¼ aðjÞ1

d
þ aðjÞ2
2d2

; (4)

€zj þ bðjÞ1 _zj þ bðjÞ2
d3

_z3�j ¼
FpBjðzjÞ þ Fbj

Mj
þ bðjÞ3

d2
þ bðjÞ4

d3
; (5)

TABLE I. Experimental (f expbounce) vs theoretical (f thbounce) values of the bouncing fre-
quency for bubble pairs with different equilibrium radii. The bottom row shows the LF
pressure at which f thbounce was calculated. The calculations were made by Eqs. (4)
and (5) for fHF ¼ 1MHz, fLF ¼ 31.9 kHz, PHF

a ¼ 200 kPa, C1 ¼ 1:19, and
C2 ¼ 0:43.

Case 1 Case 2 Case 3 Case 4

R10 (lm) 153 156 146 145
R20 (lm) 135 142 130 129
f expbounce (Hz) 403 340 467 457
f thbounce (Hz) 403 303 470 447
PLF
a (kPa) 7.3 7.4 7.4 11
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aðjÞ1 ¼ �R3�jð2 _R2
3�j þ R3�j€R3�jÞ; (6)

aðjÞ2 ¼ �ð�1ÞjR2
3�j

_R3�jð _zj þ 5 _z3�jÞ þ R3�j€z3�j

h i
; (7)

bðjÞ1 ¼ 3 _Rj

Rj
þ CDj

Mj
; (8)

bðjÞ2 ¼ �3R3
3�j

_Rj

Rj
þ 2 _R3�j

R3�j
� CD3�j

M3�j

 !
; (9)

bðjÞ3 ¼ 3ð�1ÞjR2
3�j

_R1 _R2

Rj
þ 2 _R

2
3�j

R3�j
þ €R3�j

 !
; (10)

bðjÞ4 ¼ 3R3
3�j

FpB3�jðz3�jÞ þ Fb3�j

M3�j
: (11)

In the process of the modeling of the driving LF pressure field
and the primary Bjerknes force acting on the bubbles, it is necessary to
know the LF pressure amplitude PLF

a and the HF pressure amplitude
PHF
a . The measurement of their exact values is not a trivial experimen-

tal task. Previous experiments using the same setup23 suggest that PHF
a

was �200kPa and PLF
a < 10 kPa, so we have set PHF

a ¼ 200kPa in our
simulations. PLF

a , C1, and C2 were allowed to vary in order to reach
agreement with the experimental data. For the experimental bouncing
shown in Fig. 2(b), our simplified model reproduces the bouncing
motion at the frequency fbounce ¼ 403Hz for PLF

a ¼ 7.3 kPa,
C1 ¼ 1:19, and C2 ¼ 0:43. The values of C1 and C2 are reasonable,
considering that untreated water was used in the experiments. With
these parameters, the main features of the experimental bouncing are
recovered (Fig. 3): the similarity of the general dynamics of the bounc-
ing, the modulated structure of the radial oscillations, and the discern-
ible deviation of the translational oscillation from the harmonic
behavior. A good agreement between the experimental and predicted
bouncing frequency has been obtained for various bubble pairs with
different equilibrium radii (see Table I).

SELF-OSCILLATION IDENTIFICATION

In our experiments, the bouncing was observed only for bubbles
driven above resonance (x1;2 < xLF () Rj0 > RresLF , where xj is the
resonance angular frequency of the jth bubble, and xLF is the angular
frequency of the LF driving acoustic field) and having a sufficiently
large difference in radii. No bouncing was observed for almost equal
bubbles, which allows one to eliminate the synchronization of two
“dancing” bubbles as a possible mechanism for the bouncing motion.
Indeed, when a bubble is trapped by a standing acoustic wave, an
erratic translational motion, known as “dancing motion,” can be trig-
gered above a certain threshold of the driving acoustic pressure.39 This
translational instability occurs at a frequency much smaller than the
driving frequency. Therefore, the bouncing motion might be treated as
the synchronization of two “dancing” bubbles. This possibility is disre-
garded by two observations. The first one is the conservation of the
spherical shape of two interacting bubbles during the bouncing
motion, whereas the “dancing” motion is known to appear at a pres-
sure that corresponds to the triggering of shape oscillations at the bub-
ble interface, which was never the case for the bouncing of spherical
bubbles. The second one is the systematic absence of bouncing when
two almost equal bubbles interact. Whereas the synchronization
between oscillators is known to occur only if a small detuning of the

natural frequencies of the oscillators is present. It follows that the
bouncing motion between two equal-sized bubbles should have
existed, which, as said above, is not observed in our experiments.
Therefore, the synchronization between two “dancing” bubbles cannot
be considered as a potential source of bouncing.

The large difference between the bouncing frequency and the
frequency of the driving external source suggests the mechanism of
self-oscillation as a potential candidate. The key feature of the self-
oscillatory motion is the concept of negative damping,1,2 resulting
from a delayed action in a dynamical system. In order to evaluate the
evolution of damping of the translational motion, we consider Eq. (5),
which at j¼ 2 governs the translation of bubble 2. It contains terms
proportional to _z1 and _z2 that are responsible for the damping of the
translation. The damping term is characterized by the function

d ¼ 1
h _z2i bð2Þ1 _z2 þ bð2Þ2

d3
_z1

* +
; (12)

where himeans the averaging over the time interval 2p=xLF.
During one bouncing period [Fig. 4(a)], the damping is first nega-

tive (which corresponds to amplifying oscillations for a forced har-
monic oscillator) and the magnitude of the translational velocity h _z2i
increases. At some moment, the damping becomes positive (decaying
oscillations) and the velocity magnitude decreases. Then, the damping

FIG. 3. Theoretical modeling of the dynamics of bouncing bubbles. The numerical
simulation of the behavior of two bubbles with initial equilibrium radii R10 ¼ 153 lm
and R10 ¼ 135 lm reveals that the bouncing occurs when the LF pressure exceeds
a certain threshold. Here, the bubbles are subjected to a LF acoustic field with
PLF
a ¼ 7.3 kPa and a HF acoustic field with PHF

a ¼ 200 kPa. The calculations were
made by Eqs. (4) and (5). (a) The bubble radial oscillations (black solid lines) show
a modulational instability, which significantly increases when the interbubble dis-
tance (blue dashed line) is minimal. (b) The predicted bouncing behavior is stable
over a long time interval.
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becomes negative again, which makes the velocity increase. The damp-
ing becomes positive and the velocity decreases again. This process is
repeated, providing the stable bouncing. The observed bouncing
motion is also characterized by the so-called limit cycle, i.e., a closed
trajectory in the phase plane (d; _d) that is identical for different initial
conditions [see Fig. 4(b)]. The initial conditions do not affect the
bouncing, which keeps the phase freedom unlike forced and paramet-
ric oscillations. The phase freedom is another fundamental feature of
self-oscillation.6

Physically, the bouncing is explained by the fact that an initial
attractive force between the two bubbles reverses to repulsion at a
small separation. It is known that two bubbles pulsating in phase
attract each other, whereas two bubbles pulsating out of phase repel
each other.17 During one bouncing period [Fig. 2(e)], the bubbles tend
to pulsate in phase at the maximum separation distance and out of
phase at the minimum separation distance, which confirms the alter-
nating changeover of the interaction force from attraction to repulsion.
The exact moment at which the radiation interaction force reverses in
sign corresponds to the equilibrium of the quasi-contacting bubble
pair [see Fig. 2(a)]. This location corresponds to the well of the poten-
tial energy of the interaction. A further increase in the applied acoustic
pressure allows the 2-bubble system, initially trapped in this energy
well, to undergo an oscillatory translational motion around the

minimum of the potential, so the bouncing motion appears as an ana-
log of the vibrational motion of a diatomic molecule.40 It is also worth
noting that the bubbles’ out-of-phase oscillations indicate that the anti-
symmetric mode of the radial pulsations has been triggered during the
bouncing motion (see the Appendix A). For the particular case
R10 ¼ R20, this mode cannot be excited as two equal-sized bubbles
always pulsate in phase if the interbubble distance is small compared
to the acoustic wavelength,16 preventing the existence of bouncing.

It is worth noting that a periodic translational motion of two bub-
bles at a large separation distance (14–29 bubble radii) has been
observed by Barbat et al.22 However, our analysis reveals that their
modeling is unable to describe our findings, neither the bouncing at
very short distances nor the self-oscillation properties. Indeed, when
investigating this motion, the authors took into account only the single
scattering produced by radial oscillations and terms to d�3 in the inter-
action force. Moreover, they assumed the virtual mass to be constant
and neglected FDj þ Fbj þ FpBj. These simplifications lead to a rela-
tively simple model, which predicts a translational oscillation at large
bubble distances. This oscillation has nothing to do with the self-
oscillation observed in our experiments at short interbubble distances,
where the separation at the moment of the bubble convergence is less
than 2.5 radii of the bigger bubble. The model of Barbat et al. is unable
to describe the present findings. First, damping is known to be the
mandatory element of a self-oscillatory system, whereas the inclusion
of the viscous drag into Barbat et al.’s model results in anharmonic or
dying oscillations, i.e., their model cannot predict sustained oscillations
in the presence of damping. Second, our analysis reveals that the
assumption of the single scattering and the constant virtual mass leads
to the impossibility of negative damping, which is another key of a
self-oscillatory system.

DISCUSSION

The understanding of the dynamics of interacting acoustic
bubbles is a challenging physical task that is interesting from a funda-
mental point of view as well as for practical applications. The bubble-
bubble interactions, and, in particular, the mutual interaction force
experienced by bubbles oscillating nearby each other (the so-called sec-
ondary Bjerknes force), are well known for large inter-bubble distan-
ces. Two bubbles oscillating in-phase experience an attractive
interaction force while the force is repulsive for out-of-phase oscilla-
tions.14 At a short range, the multiple sound scattering between two
close bubbles may lead to the sign reversal of the interaction force,
resulting in an attractive-to-repulsive transition in the translational
motion of the two bubbles. Ultimately, this sign reversal can lead to
the appearance of a new equilibrium location of the two bubbles,
which come into near contact.23 This explains the physics of bubble
grapes,41 i.e., stable bubble clusters where the mean separation distance
between bubbles is comparable to their sizes, and the self-organization
of the structure of cavitation bubble fields.42 Recently, the peculiar
properties of the repulsive force acting in bubble aggregates have been
used for controlling bubble-propelled micromotors.43 Here, we show
that, in addition to the motion of two interacting bubbles to a quasi-
contacting location, they can experience a periodic and stable bouncing
motion above a certain threshold of the applied acoustic pressure. This
bouncing motion demonstrates all the properties of self-oscillation,
including the oscillation at a frequency much smaller than the driving
acoustic frequency, the phase freedom and the existence of a limit cycle
in the phase plane of the translational motion. To our knowledge, this

FIG. 4. Key features of self-oscillatory motion. (a) The transient occurrence of nega-
tive damping is numerically observed during one bouncing period. When the magni-
tude of the translational velocity h _z2 i of bubble 2 (averaged over one acoustic
period, blue dashed line) increases, the damping term d (red solid line) changes
sign. (b) The same limit cycle is reached in the phase plane regardless of the initial
conditions (starting points i¼ 1, 2, 3 with zero velocity and different values of hdi).
The calculations were made by Eqs. (4) and (5) for fHF ¼ 1MHz, fLF ¼ 31.9 kHz,
R10 ¼ 153 lm, R10 ¼ 135 lm, PHF

a ¼ 200 kPa, PLF
a ¼ 7.3 kPa, C1 ¼ 1:19, and

C2 ¼ 0:43.
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is the first experimental observation of self-oscillation in the physics of
bubbles, which gives a new insight into the understanding of short-
range bubble interactions. In addition to the description of the struc-
ture formation of cavitation fields, these short-range phenomena can
find practical applications in the synchronization of an ensemble of
cavitating bubbles. Being a self-oscillator, the bouncing phenomenon
possesses a free phase that can be adjusted either by an external driving
or matched to the frequency of another bouncing bubble pair in its
vicinity through energy transfer between two self-oscillators.2

Amongst other possibilities, the design of a synchronized bouncing-
bubble chain with space and time modulated properties can serve as a
microfluidic nonreciprocal system.

The bouncing of bubbles can be used as a fluid micromixer
through the generation of acoustic microstreaming, i.e., a slow mean
flow induced by the fast oscillations of the bubble interface in a viscous
fluid. While a single bubble that pulsates radially in an unbounded
fluid does not produce any microstreaming,44 the presence of a second
bubble and the induced multiple sound scattering leads theoretically to
a non-zero microstreaming flow.45 However, in the case of bubble vol-
ume oscillations without translational motion, this flow remains negli-
gible in comparison with that of bubbles experiencing a translational
motion, which is a more efficient stream source.46 Using a theoretical
modeling of the microstreaming produced by two bubbles experienc-
ing arbitrary interface oscillations, including the volume and transla-
tional oscillations at any separation distances,45 the bouncing bubbles
should generate a flow with a maximal velocity of 600lm/s, which is
ten times higher than the one created by the same bubble pair experi-
encing only spherical oscillations (see the Appendix B).

CONCLUSION

The investigation of two interacting acoustic bubbles at a short
separation distance reveals that above a threshold pressure amplitude,
the bubble pair starts a bouncing motion with a bouncing frequency
much lower than the driving frequency of the radial oscillations. This
motion exhibits all the features of self-oscillation, including negative
damping, the phase freedom, and the emergence of a limit cycle. Our
results highlight the universal nature of the phenomenon of self-
oscillation, which, as shown here, can occur even in bubble dynamics,
a field far from electronics, where this phenomenon was originally dis-
covered. In a more particular context, our results are relevant for a bet-
ter understanding and modeling of the dynamics of dense bubble
clusters, which are widespread in nature and technology.
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APPENDIX A: TRIGGERING OF THE BUBBLES’
ANTISYMMETRIC OSCILLATIONS

The system of two spherically oscillating bubbles possesses the
following natural frequencies:

x2
6 ¼

x2
1 þ x2

26
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2

1 � x2
2Þ2 þ 4x2

1x
2
2R

2
10R

2
20=d2

q
2ð1� R10R20=d2Þ ; (A1)

where x� (xþ) is the angular frequency of the symmetric (antisym-
metric) mode, where both bubbles oscillate in phase (out-of-phase).
For a given bubble pair with known equilibrium radii, Eq. (A1)
allows one to define the minimal interbubble distance dmin for
which the antisymmetric mode is excited, for instance, by consider-
ing when the acoustic frequency x is close to or exceeds xþ (here
we consider x ¼ xþ for predicting dmin). Numerical investigations
of the bouncing behavior, when R10 is kept constant while R20

varies, confirm that the bouncing is always absent when the bubbles
are of almost equal size (see Fig. 5). In this case, xþ coincides with
the antiresonance frequency (at which the response of an oscillator
sharply falls) of the 2-bubble system, so the antiresonance and the
xþ modes cancel each other. Also, the absence of bouncing for par-
ticular bubble pairs is correlated with the impossibility of triggering
the antisymmetric mode, for instance, in the case of the fixed
R10 ¼ 145 lm and varying R20, for the values R20 > 140 lm. In that
range of R20, dmin becomes lower than the sum of the bubble radii,
preventing the occurrence of antisymmetric modes as the bubbles
cannot coalesce. It is worth noting that the triggering of the
antisymmetric oscillations of the bubble pair underlies a super-
resonance phenomenon.47 The super-resonant mode is character-
ized by a significant decrease in the radial oscillations of the bubble
pair, a high quality factor, meaning that the modal damping is dras-
tically reduced. The associated increase in the radial oscillations
feeds the nonlinear coupling effects appearing in the damping term
d and leads to a transient significant decrease in the damping.

APPENDIX B: PREDICTION OF THE MICROSTREAMING
INDUCED BY THE BOUNCING BUBBLES

The fast oscillation of an acoustic bubble is the source of a fluid
flow that is slow in comparison with the acoustic timescale.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 047134 (2024); doi: 10.1063/5.0203660 36, 047134-7

Published under an exclusive license by AIP Publishing

 23 April 2024 13:43:49

pubs.aip.org/aip/phf


The resulting steady circulation of the fluid is called acoustic micro-
streaming. The physical origin of acoustic microstreaming is either
the interaction between at least two modes of the bubble oscillations
(which include the spherical mode, the bubble center translational
oscillation, or any nonspherical oscillation occurring along the bub-
ble contour) or the interaction of a mode with itself. Because of the
time-averaging process occurring in the derivation of the mean
flow, nonzero contributions to acoustic microstreaming can only
come either from pairs of modes that oscillate at the same fre-
quency, or from the interaction of a mode with itself.44 For two
bouncing bubbles, the main contributions of the spherical and

translational motions occur at two different timescales, so the inter-
faces of the two bubbles can be written,

R1ðtÞ ¼ R10 þ a01e
ixt þ a11e

ixbt ; (B1)

R2ðtÞ ¼ R20 þ a02e
ixtþ/0 þ a12e

ixbtþ/b ; (B2)

where a0i and a1i are, respectively, the amplitude of the spherical
and translational motion of the ith bubble, x and xb are, respec-
tively, the acoustic and bouncing angular frequencies, and /0;/b
are, respectively, the phase delay between the bubble spherical oscil-
lations and between their translational motion occurring at the
bouncing frequency. Since only oscillations occurring at the same
frequency can produce microstreaming, contributions to the mean
flow come only from the interaction of the spherical oscillations of
the bubbles at the frequency x and from the interaction of the
translation oscillations of the bubbles at the frequency xb. Using the
theoretical modeling accounting for the interaction of two bubbles
oscillating at any separation distances,45 one can thus predict the
order of magnitude of the induced mean flow for both interactions.
Neglecting the slowly varying envelope of the spherical oscillations
[Fig. 2(d)], the following values have been used for predicting the
mean flow induced by spherical oscillations alone: a01 ¼ a02
¼ 1 lm, x ¼ 2p� 31:9� 103 rad/s, /0 ¼ 0, and the interbubble
distance d ¼ 360 lm. The associated Lagrangian streaming velocity
reaches a maximum absolute velocity of 44 lm/s. Neglecting the
fast-varying components of the translational oscillations, the follow-
ing values have been used for predicting the mean flow induced by
the translational motion alone: a11 ¼ a12 ¼ 15 lm, xb ¼ 2p� 403
rad/s, and d ¼ 360 lm. The bouncing motion is also characterized
by /b ¼ p. The amplitude of the translational motion has been
reduced in comparison with the observed one (around 40 lm in
Fig. 2) in order to follow the assumption of small translation dis-
placement in comparison with the mean equilibrium radius. The
associated Lagrangian streaming velocity reaches a maximum abso-
lute velocity of about 600lm/s.

REFERENCES
1A. A. Andronov, A. A. Vitt, and S. E. Khaikin, Theory of Oscillators (Pergamon
Press, New York, 1966).
2P. S. Landa, Nonlinear Oscillations and Waves in Dynamical Systems (Springer
Science and Business Media, Dordrecht, 1996).

3A. Jenkins, “Self-oscillation,” Phys. Rep. 525(2), 167–222 (2013).
4P. S. Landa and M. G. Rosenblum, “Synchronization and chaotization of oscilla-
tions in coupled self-oscillating systems,” Appl. Mech. Rev. 46(7), 414–426 (1993).

5H. Zeng, M. Lahikainen, L. Liu, Z. Ahmed, O. M. Wani, M. Wang, H. Yang,
and A. Priimagi, “Light-fuelled freestyle self-oscillators,” Nat. Commun. 10,
5057 (2019).

6A. Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A Universal
Concept in Nonlinear Sciences (Cambridge University Press, New York, 2001).

7T. Vicsek and A. Zafeiris, “Collective motion,” Phys. Rep. 517, 71 (2012).
8A. Prosperetti and H. N. Oguz, “The impact of drops on liquid surfaces and the
underwater noise of rain,” Annu. Rev. Fluid Mech. 25, 577–602 (1993).

9F. Veron, “Ocean spray,” Annu. Rev. Fluid Mech. 47, 507–538 (2015).
10O. Vincent, P. Marmottant, P. A. Quinto-Su, and C.-D. Ohl, “Birth and growth
of cavitation bubbles within water under tension confined in a simple synthetic
tree,” Phys. Rev. Lett. 108, 184502 (2012).

11F. Reuter, S. Lauterborn, R. Mettin, and W. Lauterborn, “Membrane cleaning
with ultrasonically driven bubbles,” Ultrason. Sonochem. 37, 542–560 (2017).

12I. Lentacker, I. D. Cock, R. Deckers, S. C. D. Smedt, and C. T. W. Moonen,
“Understanding ultrasound induced sonoporation: Definitions and underlying
mechanisms,” Adv. Drug Delivery Rev. 72, 49–64 (2014).

FIG. 5. Correlation between the appearance of bouncing and the triggering of the
bubbles’ antisymmetric oscillations. (a) In the case of the fixed R10 ¼ 130 lm and
varying R20, bouncing can occur for a large range of bubble radii as the minimal
interbubble distance dmin, for which the acoustic frequency x exceeds that of the
antisymmetric mode xþ, is always larger than the sum of the bubble radii. For
R10 � R20, bubbles always oscillate in phase, so that the antisymmetric mode can-
not be triggered, preventing the bouncing. (b) In the case of the fixed R10 ¼ 145lm and
varying R20, the absence of bouncing is observed for R20 > 140lm. At R10 � R20; dmin
becomes lower than the sum of the bubble radii, preventing the occurrence of the
antisymmetric mode as the bubbles cannot coalesce.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 047134 (2024); doi: 10.1063/5.0203660 36, 047134-8

Published under an exclusive license by AIP Publishing

 23 April 2024 13:43:49

https://doi.org/10.1016/j.physrep.2012.10.007
https://doi.org/10.1115/1.3120370
https://doi.org/10.1038/s41467-019-13077-6
https://doi.org/10.1016/j.physrep.2012.03.004
https://doi.org/10.1146/annurev.fl.25.010193.003045
https://doi.org/10.1146/annurev-fluid-010814-014651
https://doi.org/10.1103/PhysRevLett.108.184502
https://doi.org/10.1016/j.ultsonch.2016.12.012
https://doi.org/10.1016/j.addr.2013.11.008
pubs.aip.org/aip/phf


13N. Bertin, T. A. Spelman, O. Stephan, L. Gredy, M. Bouriau, E. Lauga, and P.
Marmottant, “Propulsion of bubble-based acoustic microswimmers,” Phys. Rev.
Appl. 4, 064012 (2015).

14W. Lauterborn and T. Kurz, “Physics of bubble oscillations,” Rep. Prog. Phys.
73, 106501 (2010).

15V. F. K. Bjerknes, Fields of Force (Columbia University Press, New York, 1906).
16M. Ida, “Phase properties and interaction force of acoustically interacting bub-
bles: A complementary study of the transition frequency,” Phys. Fluids 17,
097107 (2005).

17E. A. Zabolotskaya, “Interaction of gas bubbles in a sound field,” Sov. Phys.
Acoust. 30, 365 (1984).

18A. A. Doinikov and S. T. Zavtrak, “On the mutual interaction of two gas bub-
bles in a sound field,” Phys. Fluid 7, 1923–1930 (1995).

19N. A. Pelekasis, A. Gaki, A. A. Doinikov, and J. A. Tsamopoulos, “Secondary
Bjerknes forces between two bubbles and the phenomenon of acoustic stream-
ers,” J. Fluid Mech. 500, 313–347 (2004).

20D. L. Miller, “Stable arrays of resonant bubbles in a 1-mhz standing-wave
acoustic field,” J. Acoust. Soc. Am. 62, 12 (1977).

21D. Rabaud, P. Thibault, M. Mathieu, and P. Marmottant, “Acoustically bound
microfluidic bubble crystals,” Phys. Rev. Lett. 106(13), 134501 (2011).

22T. Barbat, N. Ashgriz, and C. S. Liu, “Dynamics of two interacting bubbles in
an acoustic field,” J. Fluid Mech. 389, 137 (1999).

23G. Regnault, A. A. Doinikov, C. Mauger, P. Blanc-Benon, and C. Inserra,
“Dynamics of two interacting acoustic bubbles at short separation distances,”
Phys. Fluids 35, 037116 (2023).

24G. Regnault, C. Mauger, P. Blanc-Benon, and C. Inserra, “Secondary radiation
force between two closely spaced acoustic bubbles,” Phys. Rev. E 102, 031101
(2020).

25P. C. Duineveld, “Bouncing and coalescence of bubble pairs rising at high reyn-
olds number in pure water or aqueous surfactant solutions,” Appl. Sci. Res. 58,
409–439 (1997).

26P. C. Duineveld, “The influence of an applied sound field on bubble coales-
cence,” J. Acoust. Soc. Am. 99(1), 622–624 (1996).

27H. N. Oguz and A. Prosperetti, “A generalization of the impulse and virial theo-
rems with an application to bubble oscillations,” J. Fluid Mech. 218, 143
(1990).

28A. Harkin, T. J. Kaper, and A. Nadim, “Coupled pulsation and translation of
two gas bubbles in a liquid,” J. Fluid Mech. 445, 377 (2001).

29A. A. Doinikov, “Translational motion of two interacting bubbles in a strong
acoustic field,” Phys. Rev. E 64, 026301 (2001).

30A. A. Doinikov and A. Bouakaz, “Theoretical model for coupled radial and
translational motion of two bubbles at arbitrary separation distances,” Phys.
Rev. E 92, 043001 (2015).

31S. M. van der Meer, B. Dollet, M. M. Voormolen, C. T. Chin, A. Bouakaz, N. de
Jong, M. Versluis, and D. Lohse, “Microbubble spectroscopy of ultrasound con-
trast agents,” J. Acoust. Soc. Am. 121, 648 (2007).

32C. T. Crowe, J. D. Schwarzkopf, M. Sommerfeld, and Y. Tsuji, Multiphase
Flows with Droplets and Particles (CRC Press, Boca Raton, 2011).

33A. A. Doinikov, “Acoustic radiation forces: Classical theory and recent advan-
ces,” in Recent Research Developments in Acoustics (Transworld Research
Network, Trivandrum, Kerala, India, 2003), Vol. 1, pp. 39–67.

34R. Clift, J. R. Grace, and M. E. Weber, Bubbles, Drops, and Particles (Academic
Press, New York, 1978).

35V. G. Levich, Physicochemical Hydrodynamics (Prentice-Hall, New Jersey, 1962).
36A. M. Gaudin, Flotation (McGraw-Hill, New York, 1957).
37H. Brauer and D. Mewes, “Stromungswiderstand sowie stationarer und instatio-
narer stoff- und warmeubergang an kugeln,” Chem.-Ing.-Techn. 44, 865 (1972).

38R. W. Jonson, The Handbook of Fluid Dynamics (CRC Press, Boca Raton, 2016).
39A. I. Eller and L. A. Crum, “Instability of the motion of a pulsating bubble in a
sound field,” J. Acoust. Soc. Am. 47, 762–767 (1970).

40G. C. Maitland, Intermolecular Forces: Their Origin and Determination
(Clarendon Press, Oxford, New York, 1981).

41P. L. Marston, E. H. Trinh, J. Depew, T. J. Asaki et al., “Response of bubbles to
ultrasonic radiation pressure: Dynamics in low gravity and shape oscillations,”
in Bubble Dynamics and Interface Phenomena, edited by J. R. Blake (Kluwer
Academic, Dordrecht, 1994).

42U. Parlitz, R. Mettin, S. Luther, I. Akhatov, M. Voss, and W. Lauterborn,
“Spatio-temporal dynamics of acoustic cavitation bubbles clouds,” Philos.
Trans. R. Soc. Lond. A 357, 313–334 (1999).

43J. G. S. Moo, C. C. Mayorga-Martinez, H. Wang, W. Z. Teo, B. H. Tan, T. D.
Luong, S. R. Gonzalez-Avila, C.-D. Ohl, and M. Pumera, “Bjerknes forces in
motion: Long-range translational motion and chiral directionality switching in
bubble-propelled micromotors via an ultrasonic pathway,” Adv. Funct. Mater.
28, 1702618 (2018).

44A. A. Doinikov, S. Cleve, G. Regnault, C. Mauger, and C. Inserra, “Acoustic
microstreaming produced by nonspherical oscillations of a gas bubble. I. Case 0
and m,” Phys. Rev. E 100, 033104 (2019).

45A. A. Doinikov, G. Regnault, C. Mauger, P. Blanc-Benon, and C. Inserra,
“Acoustic microstreaming produced by two interacting gas bubbles undergoing
axisymmetric shape oscillations,” J. Fluid Mech. 931, A19 (2022).

46G. Regnault, C. Mauger, P. Blanc-Benon, A. A. Doinikov, and C. Inserra,
“Signatures of microstreaming patterns induced by non-spherically oscillating
bubbles,” J. Acoust. Soc. Am. 150, 1188–1197 (2021).

47C. Feuillade, “Scattering from collective modes of air bubbles in water and the
physical mechanism of superresonances,” J. Acoust. Soc. Am. 98(2), 1178–1190
(1995).

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 047134 (2024); doi: 10.1063/5.0203660 36, 047134-9

Published under an exclusive license by AIP Publishing

 23 April 2024 13:43:49

https://doi.org/10.1103/PhysRevApplied.4.064012
https://doi.org/10.1103/PhysRevApplied.4.064012
https://doi.org/10.1088/0034-4885/73/10/106501
https://doi.org/10.1063/1.2047651
https://doi.org/10.1063/1.868506
https://doi.org/10.1017/S0022112003007365
https://doi.org/10.1121/1.381494
https://doi.org/10.1103/PhysRevLett.106.134501
https://doi.org/10.1017/S0022112099004899
https://doi.org/10.1063/5.0135370
https://doi.org/10.1103/PhysRevE.102.031101
https://doi.org/10.1023/A:1000825909824
https://doi.org/10.1121/1.414517
https://doi.org/10.1017/S0022112090000957
https://doi.org/10.1017/S0022112001005857
https://doi.org/10.1103/PhysRevE.64.026301
https://doi.org/10.1103/PhysRevE.92.043001
https://doi.org/10.1103/PhysRevE.92.043001
https://doi.org/10.1121/1.2390673
https://doi.org/10.1002/cite.330441314
https://doi.org/10.1121/1.1911956
https://doi.org/10.1098/rsta.1999.0329
https://doi.org/10.1098/rsta.1999.0329
https://doi.org/10.1002/adfm.201702618
https://doi.org/10.1103/PhysRevE.100.033104
https://doi.org/10.1017/jfm.2021.926
https://doi.org/10.1121/10.0005821
https://doi.org/10.1121/1.413616
pubs.aip.org/aip/phf

