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The propagation of spark-generated N-waves through thermal turbulence into an acoustical shadow zone is

experimentally studied at the laboratory scale into a shadow zone obtained using a curved surface. Thousands of

waveforms are recorded in different regions, including the shadow zone. Statistics are described using a generalized

gamma distribution. In the illuminated zone, an excellent agreement is obtained with previously published data. On

average, in the illuminated zone, thermal turbulence attenuates the peak pressure by a factor of approximately 0.8,

with random amplification or attenuation. Without turbulence, the pressure level rapidly vanishes in the shadow

zone. Waveforms are well described using the linear analytical solution.With turbulence, a systematic amplification

of the peak pressure by a factor of up to 8 is observed in the shadow zone, which is not the case in the illuminated

zone. A doubling of the pressure level is a common event, with a probability of about 70%. With turbulence, the

shadow zone is dominated by pressure waves previously scattered from the illuminated zone by turbulence. An

increase in the surface area of maximum sound exposure is therefore observed.

I. Introduction

T HE study detailed here presents an experiment and discusses
results on the effects of turbulence on the propagation of weak

shock waves into an acoustic shadow zone. Although the present
study is carried out at the laboratory scale, the initial motivation is
related to the propagation of a sonic boom in the atmosphere. With
the recent development of low-boom aircraft concepts, the public
acceptability of overland supersonic flight and of sonic boom
exposure is still under study [1–4]. When a sonic boom propagates
in a downward-refracting atmosphere, the ground area directly
reached by acoustic rays is called the sonic boom primary carpet.
The ray paths tangent to the ground define the lateral cutoff between
an illuminated and a shadow zone and thus define the extent of the
primary carpet [5]. A secondary carpet, with smaller overpressure
levels, may also result from refraction in the upper atmosphere. As
ray paths are randomly modified by turbulence, the boom carpets
may be randomly extended or reduced, modifying the carpet width
where the boom is heard [6–8]. The ground elevation profile may
also create shadow zones [9,10]. The atmospheric turbulence is
expected to have an influence on wave propagation and then on
the sound level. The aim of the present paper is to highlight the
effects of turbulence on the propagation of weak shocks into a
shadow zone. In particular, the question of whether turbulence would
lead or not to an extension of the primary carpet is examined.
Without turbulence, analytical expressions for the diffracted

sound field into the shadow zones [5,11] show a good agreement
compared to Concorde ground signatures [5], to outdoor measure-
ments [12,13], and also to laboratory experiments [14–16]. With
turbulence, a statistical analysis of the random distortion of aircraft
signatures has been conducted to evaluate the influence of atmos-
pheric turbulence [17]. It was found that atmospheric turbulence is
responsible for the random characteristics of sonic boom signatures
[1,18–21].

However, during field measurements of sonic boom signatures,
the atmospheric conditions cannot be sufficiently characterized. The
separation between different effects, such as ground reflections,
propagation through turbulence, or refraction, is therefore not pos-
sible. These reasons have motivated the development of alternative
methods to outdoor measurements. Realistic numerical simulations
of sonic boom propagation and focusing in a homogeneous atmos-
phere were performed over the last decades [22,23]. The propaga-
tion into shadow zones, generated from refraction or topography,
was later examined [9,24]. The random scattering caused by the
atmospheric turbulence was also studied for the simple case of
monochromatic waves [25] or for more realistic sonic boom wave-
forms [26–31]. The combined effects of nonlinear propagation,
scattering by turbulence, and propagation into a shadow zone were
also studied recently [32]. However, the computational cost of long-
range nonlinear propagation of shockwaves through turbulence in a
refracting atmosphere still limits the statistical analysis. Another
approach is to perform well-controlled laboratory-scale experiments
in which the different effects are studied separately. Acoustic propa-
gation in a refracting medium has been studied at the laboratory
scale [16,33] in an enclosure with a sound-speed gradient.
Laboratory-scale experiments may also take advantage of the anal-
ogy between the propagation over flat ground in a refracting atmos-
phere and the propagation over a convex surface in a homogeneous
atmosphere [14,34,35]. This analogy is valid for constant sound-
speed gradients over a rigid ground if all geometrical quantities
(source height, propagation distance into the shadow zone, wave-
length) are small compared to the radius of curvature. Using this
analogy, the propagation into an acoustical shadow zone with
turbulence has been experimentally studied by Wasier [36]. This
experiment highlighted the effects of wave scattering due to turbu-
lence into the shadow zone. The combined effects of nonlinear
propagation through a turbulent atmosphere were studied later
[37–41]. At the laboratory scale, spark sources are used to produce
weak shocks in air whose characteristics are now well understood
[42–46]. These studies showed that turbulence causes N-wave
distortion. Regarding the combined effects of N-wave propagation,
turbulence, and shadow zone, an increase of the pressure level is
expected on average in the shadow zone. However, the random
effects of turbulence are not well described in the literature; a
statistical analysis is therefore desirable.
In the present work, a controlled experiment is performed at the

laboratory scale, with N-waves obtained using an electrical spark
source. Thermal turbulence is generated using a heating grid of
electrical resistors. Building upon a previous study by the present
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authors [41], a curved surface has been added to create an acoustic
shadow zone. The geometrical scaling is about 1:1000 for the
source wavelength, the propagation distance, and the turbulence
outer scale, relevant for sonic boom propagation in a refracting
atmosphere [47].
However, compared to real sonic boom signatures [48], the spark

source exhibits a higher frequency content and a higher pressure
level. This leads to an overestimation of absorption and nonlinear
effects. The turbulence intensity may also be higher in the present
down-scaled experiment. While this controlled laboratory experi-
ment does not exactly model the propagation of sonic boom at scale,
it highlights the effects of the shadow zone and turbulence, either
separately or combined.
The rest of the paper is organized as follows: The experimental

setup is detailed in Sec. II. Results are given and discussed in
Sec. III. The analytical expression used in the present paper in
Sec. III.A.1 is indicated in the Appendix.

II. Experimental Setup

The experimental setup is outlined in Fig. 1. Measurements were
conducted in the anechoic chamber of the Centre Acoustique at École
Centrale de Lyon, France. A curved boundary, made of a 5-mm-thick
polyvinyl chloride plate, is used to simulate an upward-refracting
atmosphere as in Berry and Daigle [14]. The platewas twisted to form
a cylinder of radius R � 1.14 m, which corresponds to a sound-
speed gradient of approximately c0∕R � 298 s−1. Short-duration and
high-pressure spherical waves are generated using an electrical spark
source, noted S in Fig. 1. The spark source is made of two tungsten
electrodes separated by an air gap of 20 mm, driven by a high-voltage
supply of up to 20 kV. Once the potential breakdown of the air is
reached, a spark is formed and a pressure pulse is generated. Because
of nonlinear propagation, the pressure pulse turns into a shockwave a
few centimeters away from the electrodes [46].
Pressure waves are recorded using an 1/8 in. condenser micro-

phone (Brüel & Kjær type 4138), flush-mounted without its
protection grid into a plane baffle to limit diffraction on the edges
of the microphone. Microphone conditioning is performed using
a modified Brüel & Kjær type 2690 conditioner, whose frequency
bandwidth has been extended up to 200 kHz, beyond the micro-
phone frequency cutoff. Signals are recorded over 12 bits at a
sampling frequency of 10 MHz using a National Instruments type
5105 device. The propagation distance and microphone angle of
incidence are remotely controlled using a motorized device.
In this paper, interest is focused on the front shock peak pressure

and on the rise time, Pmax and τ, respectively. The rise time is
defined as the time interval needed for the pressure to rise from 10 to
90% of the peak pressure Pmax. Without turbulence, a pressure level
of 1170 Pa is measured at a distance r � 250 mm from the electro-
des [41]. Because of spherical spreading, linear absorption, and
nonlinear effects, the pressure level decreases with the distance.

Using optical methods, it has been shown that the pressure rise time
is less than 1 μs at a distance of 1 m from the source [45,46].
However, acoustical measurements of such steep pressure rises are
not possible due to the limited bandwidth of commercially available
microphones. In this study, the microphone bandwidth is limited to
140 kHz, and thus a rise time estimation of the order of 3 μs would
correspond to the rise time of the microphone and not of the pressure
wave [41,44,46]. The resonance of the microphone also generates
oscillations on the measured waveforms (see Fig. 3 and the Appen-
dix of [41]). Despite these limitations, the rise time is discussed in
the present paper since a significant increase in the rise time is
observed in the shadow zone.
Thermal turbulence is generated through Joule heating using a

grid of electrical resistors. The overall size of the grid is
4.4 m × 1.1 m, dissipating a total of 64 kW of electrical power.
The resistors are arranged with a 9-cm-square mesh. This dimension
was chosen so that the turbulence length scale matches the atmos-
pheric length scale at the laboratory scale. Fully developed turbu-
lence is obtained 160 cm above the grid by natural mixing of
thermal plumes. The field of thermal turbulence has been charac-
terized using constant current temperature probes and a thermocou-
ple. Away from the boundary, a mean temperature of 308 K and root
mean square temperature fluctuations of 5 K are measured. The
corresponding sound speed standard deviation is about 0.8% [41].
The turbulent temperature fluctuations can be described with excel-
lent agreement by a modified von Kármán model [36, 41,49]. The
ability to model the turbulent spectrum is important because, once
the model is known, it can be easily synthesized for numerical
simulations [50,51].
The different positions reached by the measuring microphone are

detailed hereafter, where “nt” stands for “no turbulence,” and “wt”
for “with turbulence”: a series in the (x, y) plane without turbulence,
named map-nt; a series without turbulence, h being varied, named
h-nt; a series with turbulence, h being varied, named h-wt; a series
without turbulence, r being varied, named r-nt; and a series with
turbulence, r being varied, named r-wt. The source position
(x∕R � 0.74, y∕R � 0.82) is not varied in this paper. The different
measurement series are sketched in Fig. 2 and also detailed in
Table 1. Without turbulence, 60 spark shots have been recorded.
With turbulence, because of a larger variability, this number is
increased up to 500 or 2000, depending on the measurement series
(see Table 1). Six microphone positions named A to F are also
considered in the following sections (see Table 2).

Fig. 1 Schematic of the experimental setup (not to scale).

Fig. 2 Microphone positions for the different measurement series (see
also Table 2): , map-nt; �, h-wt; ◊, r-nt and r-wt. ○: position of the
source S; : curved boundary; : limiting ray between the illumi-

nated zone and the shadow zone when diffraction is not considered.

Table 1 Definition of the measurement series (see also Fig. 2)

Series Shots Positions min �h∕R� max �h∕R� min �r∕R� max �r∕R�
map-nt 60 600 0.02 0.37 0.47 1.32
h-nt 60 48 0.02 0.42 0.90 0.90
h-wt 500 19 0.02 0.42 0.90 0.90
r-nt 60 8 0.02 0.02 0.47 1.32
r-wt 2000 8 0.02 0.02 0.47 1.32
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III. Results and Discussion

A. Pressure Waveforms

1. Without Turbulence

Without turbulence, examples of waveforms are plotted in Fig. 3.
In the illuminated zone, at position E (see Fig. 2), the average pressure
level is ∼150 Pa and the rise time is ∼2.6 μs on average. At this
distance from the source, the pressure level is in good agreement with
previous studies [41,43]. Without turbulence, the peak pressure stan-
dard deviation is about 2% because of random variations of the spark
shape over the 2 cm air gap between the electrodes. Thewaveforms in
the illuminated region exhibit well-known features with two shocks.
The oscillations observed on the waveforms are due to the micro-
phone resonance around 140 kHz [41]. A reflected wave can also be
identified as a small peak around t � 4 ms.
In the acoustical shadow zone at position F (see Fig. 2), the

pressure waveforms exhibit different features. The waveform is less
symmetrical: the negative peak pressure is lower than the positive
peak pressure in absolute value. The positive peak pressure is 25 Pa,
and the rise time is 17 μs. At the same distance from the source,
without a curved boundary, the pressure level would be around
200 Pa [41] and the pressure rise time of the order of 1 μs [45].
A comparison of the pressure waveforms measured along the

curved surface with the ones computed from the analytical solution
from Coulouvrat [5] is proposed in Fig. 4. The analytical expression
is indicated in the Appendix. The analytical waveforms have been
computed for a fixed height h, increasing the distance r∕R from 0.47
to 1.32 (see Table 1). The curved boundary is supposed to be perfectly
rigid, i.e., q�ω� � 0. An ideal N-wave model is used for the incident
pressure waveform p0. The incident waveform characteristics are set
equal to the ones measured without the curved boundary at the same
distance from the source [41]. A good agreement is obtained between
the measured and the analytical waveforms (see Fig. 4). In particular,

the peak pressure is correctly predicted within less than 5%. This
result is interesting because it proves that the linear analytical expres-
sion is valid for an incident N-wave. This indicates that the propa-
gation into the shadow zone occurs because of linear diffraction
mechanisms, which are well described by the analytical expression,
even for short propagation distances into the shadow zone.

2. With Turbulence

Four examples of waveforms measured with turbulence (in the
shadow zone, position D) are plotted in Fig. 5. Note that the pressure
level p has been normalized by the reference pressure Pref , mea-
sured without turbulence at the same location. First, the systematic
delay between the reference waveform and the ones measured with
turbulence is due to the increase in mean temperature caused by the
heating. As was observed without the curved boundary [41], addi-
tional random fluctuations of the time of arrival are due to different
propagation paths between those four examples. With turbulence,
because of the random propagation medium, strongly distorted
waveforms are observed: waveforms with a high amplitude, ampli-
fied by a factor of up to 8, and with a sharp front shock (see Fig. 5a);
waveforms similar to the ones measured without turbulence (see
Fig. 5b); waveforms with a very large rise time of up to 20 μs (see
Fig. 5c); and waveforms with multiple peaks and a plateau (see
Fig. 5d). These wave profiles are very similar to the ones measured
without a reflecting boundary [37,41]. These waveforms also
present strong similarities to sonic boom profiles measured in the
atmosphere [17,20,52]. In a free field, compared to the case without
turbulence, amplification factors of up to 3 were observed [41],
resulting from random focusing or attenuation. Inside an acoustic
shadow zone, peak pressure amplifications of up to 8 are likely due
to scattering from the illuminated region into the shadow zone rather
than random focusing or attenuation.
The corresponding spectra amplitudes are plotted in Fig. 6, where

the reference spectrum without turbulence is in gray, and the spec-
trum with turbulence is in black. The level 0 dB is the maximum of
the reference spectrum, obtained without turbulence. The reference
spectrum exhibits a main lobe between 100 Hz and 20 kHz. Note
that the level of –50 dB observed above 20 kHz corresponds to the
noise level of the acquisition system. An example of a high-
amplitude waveform, amplified by a factor of 7, is plotted in Figs. 5a
and 6a. Compared to the reference waveform, an amplification of
more than 40 dB is found above 20 kHz. Between 20 and 140 kHz, a
series of lobes is visible. These lobes are related to the finite length
of the pressure waveform. The microphone high-frequency cutoff is
clearly visible above 140 kHz. It is therefore possible that the
pressure might have been amplified well over the microphone cutoff
frequency. The three other examples (see Figs. 6b–6d) differ from

Fig. 4 Comparison between the analytical expression (see Appendix)

and the measured waveforms without turbulence (r-nt
series): Left: point C, x∕R � 0.19, y∕R � 1.00. Right: point D,
x∕R � 0.53, y∕R � 0.87.

a) b)

c) d)

Fig. 5 Examples of waveforms measured at point D (x∕R � 0.53 and
y∕R � 0.87) with turbulence, normalized by the reference peak pres-
sure without turbulence. : examples of waveforms with turbulence
(r-wt series). : reference waveform at the same position without
turbulence (r-nt series). a) High amplitude, b) low amplitude, c) large
rise time, and d) waveform with multiple peaks and a plateau.

Table 2 Coordinates of the microphone
positions from A to F (see also Fig. 2)

Position x∕R y∕R r∕R h∕R
A −0.30 0.97 0.47 0.02
B −0.06 1.02 0.71 0.02
C 0.19 1.00 0.96 0.02
D 0.53 0.87 1.32 0.02
E 0.34 1.33 0.90 0.37
F 0.25 0.98 0.90 0.02

Fig. 3 Typical measured waveforms without turbulence (h-nt series).
Left: point E, illuminated zone, x∕R � 0.34, y∕R � 1.33. Right: point F,
shadow zone, x∕R � 0.25, y∕R � 0.98.

4664 SALZE ET AL.

D
ow

nl
oa

de
d 

by
 E

co
le

 C
en

tr
al

 d
e 

L
yo

n 
(I

89
4)

 o
n 

N
ov

em
be

r 
12

, 2
02

5 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

06
50

49
 



the reference spectrum by an amplification in the high-frequency
domain. The noticeable aspect is that turbulence would always
amplify the pressure level in the range from 2 to 140 kHz, which
was not the case in the illuminated region [41].

B. Peak Pressure

Without turbulence, a first overview of the peak pressure is repre-
sented as a pressure map in the �x; y� plane (see Fig. 7). This figure
has been obtained from 600 measurement points defined in Fig. 2,
homogeneously distributed between r∕R � 0.47 and r∕R � 1.32,
and between h∕R � 0.02 and h∕R � 0.37 (see Table 1). In the
illuminated zone, pressure levels of up to 350 Pa are measured (see
Fig. 7). In the shadow zone, the pressure level vanishes as the wave

propagates deep into the shadow zone. Considering the noise impact
of supersonic aircraft, the atmospheric conditions and the existence of
shadow regions are therefore likely to be of major importance. In the
presence of a negative sound-speed gradient, the ground area of
maximum annoyance is fixed by the positions of shadow zones.
The peak pressure is plotted in Fig. 8 as a function of h (left

figure) and r (right figure). In the present experiment, the shadow
zone is reached if h∕R < 0.2. In Fig. 8, mean values of the peak
pressure are indicated as black dots (without turbulence) and black
crosses (with turbulence). In addition, the dark gray area and the
light gray area contain all values of the peak pressure, without and
with turbulence, respectively. Measurements without the curved
boundary are also reproduced from a previously published experi-
ment [41]. In the next sections, the peak pressure is analyzed in three
zones, named I, II, and III (see Fig. 2).

1. Zone I: Illuminated Zone

Zone I is the region in the illuminated zone where the time delay
between the direct wave and the reflected wave is sufficient to avoid
interference (here if h∕R > 0.3, see Fig. 2 at left, or if r∕R < 0.6 in
Fig. 2 at right). In this zone, without turbulence, when h is reduced,
Pref increases because of the reduced distance of propagation.
Measurements of the reference pressure Pref without turbulence
are in very good agreement with spark-generated N-wave measure-
ments in a free field [43], within less than 2% fluctuation. This is
also in good agreement with previously published data [32,41].
With turbulence, the mean peak pressure obtained from 500 spark
shots is equal to 0.87 times the reference value measured without
turbulence (see Fig. 8 at left). This is also consistent with measure-
ments without the curved boundary [41]. As was discussed before
by other authors [30,37,39], this attenuation of the peak pressure is
associated with a random variability of the pressure. At an altitude
of h∕R � 0.4, the peak pressure can reach values between 0.34 and

a) b)

c) d)

Fig. 6 Pressure spectra Sp of the waveforms from Fig 5, all measured
at point D (x∕R � 0.53 and y∕R � 0.87), normalized by the maximum
of the reference spectrum without turbulence.

Fig. 7 Contours of the reference peak pressure Pref without turbulence, from 600 measurement points distributed in the (x, y) plane (map-nt series).

Fig. 8 Positive peak pressure Pmax. ·: reference peak pressure Pref measured without turbulence (h-nt series);�: mean value hPmaxi with turbulence
(h-wt series), ——: measurements from [41], without the curved boundary and without turbulence; - - - : measurements from [41], without the curved

boundary and with turbulence. : area containing all measurements without turbulence (60 shots per position); : area containing all
measurements with turbulence (500 shots per position). Left: as a function of height h. Right: as a function of propagation distance r into the shadow
zone.

SALZE ET AL. 4665

D
ow

nl
oa

de
d 

by
 E

co
le

 C
en

tr
al

 d
e 

L
yo

n 
(I

89
4)

 o
n 

N
ov

em
be

r 
12

, 2
02

5 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

06
50

49
 



2.75 times the reference value without turbulence. It means that far
away from the curved boundary, the peak pressure can be randomly
attenuated or amplified by a factor of up to 3 approximately, as is the
case without the curved boundary [41].

2. Zone II: Close to the Limiting Ray

Zone II is the region close to the limiting ray between the
illuminated and the shadow zones (see Fig. 2), sometimes called
the penumbra region.Without turbulence, around the limiting ray, in
the penumbra region, the peak level is lower than in a free field, but
just above the limiting ray, an amplification of the peak pressure
level is observed. The maximum amplification, by a factor of about
1.4, is located at h∕R � 0.24. This phenomenon, which is due to
diffraction and reflection from the curved boundary, has already
been documented in the literature [5]. With turbulence, an amplifi-
cation is still visible, but on average the amplification is lower.
However, an amplification by a factor of 1.4 would occur for every
single wave propagating through turbulence. Indeed, the different
propagation paths from one spark shot to another lead to different
times of arrival. The maximum amplification then occurs at different
altitudes from one wave to another; a lower amplification is there-
fore observed on average at a given position. In this region close to
the limiting ray, the peak pressure level varies between 0.43 and
2.25 times the reference value without turbulence (see Fig. 8).

3. Zone III: Shadow Zone

Zone III is the shadow zone where the reference pressure level
without turbulence rapidly vanishes (see Fig. 2). For instance, close
to the surface (h∕R � 0.02), the mean peak pressure is 25 Pa
without turbulence. Compared to free-field measurements, an
attenuation by a factor of more than 7 is observed for similar
propagation distances. In the shadow zone, thermal turbulence
causes an amplification of the mean peak pressure. On average,
the peak pressure is amplified by a factor of 2 at h∕R � 0.02. As h
is decreased, strong fluctuations of the peak pressure occur with
turbulence, as is the case outside the shadow zone. With turbulence,
the lowest peak pressures correspond to the reference value mea-
sured without turbulence (see Fig. 8), while the highest peaks can be
up to eight times the reference value deep into the shadow zone.
This result is remarkable for two reasons. First, it shows that huge
pressure fluctuations still exist deep in the shadow zone, whereas
one would expect small fluctuations if the main propagation mecha-
nism in the shadow is diffraction on the curved surface, where sound
speed inhomogeneities decrease to zero. Second, turbulence does
not attenuate the pressure in the shadow zone. On the contrary, it is
observed that, as h decreases, the peak pressure is always larger than
the reference value measured without turbulence. Those two obser-
vations confirm that the dominant effect of turbulence is to diffuse
waves from the illuminated zone into the shadow zone.
The question now is whether turbulence would cause an expansion

of the illuminated area at the ground. A criterion can be based on the
detection at the ground in the geometric shadow zone of higher
pressure peaks with turbulence than the limit value detected without
turbulence at the cutoff position between the illuminated and shadow
zones. This criterion can be applied for each ground position by
considering either the average value of the pressure peaks or the wave
of greatest amplitude observed at that point. Without turbulence, a
maximum pressure of about 115 Pa is measured at the cutoff at
r∕R � 0.71 (see Fig. 8, right figure). With turbulence, this value of
115 Pa is reached on average at r∕R � 0.81, and values higher than
115 Pa can be observed up to r∕R � 1.03. Thus, for the present
experiment, it can be concluded that the illuminated zone has there-
fore been extended from r∕R � 0.71 up to 0.81 on average, and that
values as high as in the illuminated areas are observed up to
r∕R � 1.03. Similar effects are expected for the sonic boom: the
lateral cutoff should be modified by turbulence, and the width of the
primary carpet should increase. Of course, the extension by turbu-
lence effects of the ground area where the sonic boom could be
annoying will depend on the one hand on the turbulence (intensity
and spectrum) and on the other hand on the shadow zones created by

sound-speed gradients and/or by the ground elevation profile in the
direction of wave propagation.

C. Peak Pressure Probability Distributions

In this section, peak pressure statistics are analyzed in detail from
the two datasets h-wt and r-wt (see Table 1). The consistency from
one spark to another of wave duration, peak pressure, and other
parameters was previously checked [40,41,44,53]. Therefore, the
properties of the incident waves are assumed to be identical from
one spark to another. The statistics of the first data set with turbu-
lence (h-wt series) have been computed over 500 spark shots per
microphone position. The second set of statistics (from the r-wt
series) has been computed over 2000 spark shots per microphone
position.

1. Density of Probability W

The density of probabilityWν of the variable ν is defined from the
probability Pr for ν to belong to a certain interval A as

Pr�ν ∈ A� �
A
Wν dν

It is convenient to perform the statistical analysis by normalizing the
peak pressure by its average value; the variable P� � Pmax∕hPmaxi
is therefore considered. The measured probability density WP� is
plotted as histograms in Fig. 9 for positions A, B, C, and D
(see Fig. 2).
At position A, the peak pressure distribution is nearly symmetrical

(see Fig. 9a) and centered around the mean value P� � 1. When the
propagation distance is increased (up to position D), waveforms with
a high pressure level are observed (see Fig. 5a). The statistical
distribution is less symmetrical, and a tail is formed at high ampli-
tudes up to P� � 2 (see Figs. 9b–9d). A similar behavior has been
previously detailed in the case of linear harmonic waves for increas-
ing propagation distances [49], in the case of N-waves propagating
through kinematic turbulence for increasing turbulence intensity [37],
and in the case of high-amplitude N-waves propagating through
thermal turbulence for increasing propagation distances [41]. Com-
pared to previously published statistical distributions without boun-
dary [41] for similar propagation distances, the statistical distribution
in a shadow zone exhibits a shorter tail (see Fig. 9d). For instance,
values ofP� up to 3 were measured with no boundary [41], whereas it
is not the case in the shadow zone. This might indicate that the tail
distribution is formed during the propagation in the illuminated zone.
Following previous works [37,41,49], it is appropriate to describe

the peak pressure probability densities using generalized Gamma
distributions, defined as

Fig. 9 Probability density WP� of the normalized positive peak pressure
P� � Pmax∕hPmaxi for four positions: point A (x∕R � −0.30 and
y∕R � 0.97), point B (x∕R � −0.06 and y∕R � 1.02), point C (x∕R �
0.19 and y∕R � 1.00), and point D (x∕R � 0.53 and y∕R � 0.87). Bar
graph: measured values, : Generalized gamma distribution.
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WP� � bda

Γ�a�P
�ab−1 exp�−dP�b�

where Γ is the gamma function, and a, b, and d are parameters
depending upon the turbulence intensity and/or upon the propaga-
tion distance. These parameters have been estimated from the
experimental statistical distributions (see Fig. 9) using the second
and third statistical moments of the statistical distributions, respec-
tively, denoted m2 and m3:

m2 �
�∞

0

P�2WP�dP� � Γ�a�Γ�a� 2∕b�
Γ2�a� 1∕b�

and

m3 �
�∞

0

P�3WP�dP� � Γ2�a�Γ�a� 3∕b�
Γ3�a� 1∕b�

The resulting values of a and b are plotted in Fig. 10 as a function of
r for a fixed h, and in Fig. 11 as a function of h for a fixed r. White
symbols stand for measurements as a function of h. Black symbols
represent measurements as a function of r. White symbols contain-
ing a cross indicate free-field measurements of a previous study [41]
for the same propagation distance. In the previously defined zone I
(illuminated zone when h∕R > 0.3, see Fig. 2), an excellent agree-
ment is found with the previously published free-field measure-
ments (indicated as a cross in Fig. 11), within 1% for coefficient a,
and within 10% for coefficient b. In the shadow zone, the measure-
ments as a function of h (indicated as a black filled square in Fig. 11)
are in good agreement with those performed as a function of r. The
corresponding modeled probability densities WP� are plotted in
Fig. 9. Good agreement is found between the experimental distri-
butions and the empirical model. Once the coefficients a and b are
known from a limited number of measurements, a practical advan-
tage of this method is that an estimation of the probability densities
can be made in regions where measurements have not been per-
formed.

2. Cumulative Probability w

In order to analyze the occurrence of amplified waveforms in the
shadow zone, the cumulative probability has been computed. To
highlight the peak pressure amplification due to turbulence, it is
convenient to use the variable Pmax∕Pref (different from P�). The

cumulative probability w�α� is defined as the probability that
Pmax∕Pref exceeds some threshold α as

w�α� �
�∞

α
WPmax∕Pref

d�Pmax∕Pref�

Results obtained using this definition are given in Table 3 for
increasing propagation distance r, with h∕R � 0.02.
The probability w�1�, of observing inside the shadow zone a wave

whose amplitude is greater with turbulence, is of 87% for the first
measurement point in the shadow zone (r∕R � 0.59). This proba-
bility reaches values close to 100% as the propagation distance r is
increased. The probability w�2�, of observing a peak pressure dou-
bling at the first point of the shadow zone, is almost zero, and then it
increases continuously up to 66% for r∕R � 1.32. In a similar way,
the probability w�4�, of having a peak pressures amplification by a
factor of 4 or more, is smaller than 1% if r∕R < 1.08. This probability
w�4� increases with the distance r to reach a value of 5% at
r∕R � 1.32. At last, the probability w�8�, of observing with turbu-
lence a peak pressure amplification by a factor of 8, is null, except for
the longest distance r∕R � 1.32, where it is about 0.05%. Note that
this value of 0.05% corresponds to a single wave registered over a
number of 2000 registered waveforms for this distance r. Compared
to measurements without boundary, the cumulative probability w
from Table 3 exhibits noticeable differences. During the free-field
propagation through thermal turbulence, random attenuation or focus-
ing has been observed, and the probability w�1� was found of the
order of 20% [41]. It is not the case in the present experiment, where
w�1� is nearly 100% deep into the shadow zone. In a free field, a peak
pressure doubling because of turbulence is a rare event, with no more
than 0.6% probability [41]. On the contrary, a peak pressure doubling
in the shadow zone is a common event, with a probability on the order
of 66%. Peak pressure amplifications up to 8 times are also observed.

D. Rise Time

In this section, interest is focused on the pressure rise time τ,
defined as the time interval between 10 and 90% of the positive peak
pressure. In real atmospheric conditions, it has been reported [54,55]
that the atmospheric turbulence causes an increase in sonic boom rise
times, on average. This effect has also been observed in laboratory-
scale experiments [39,40] or using numerical modeling [30]. In the
context of laboratory-scale experiments, rise time analysis must be
performed carefully because of the limited bandwidth of commer-
cially available microphones. For example, 1/8 in. condenser micro-
phones do not allow the measurement of rise times smaller than
2.6 μs. It is known from optical measurements that the actual rise
time is less than 1 μs at a distance of 1 m away from the source [45].
Therefore, measurements of the order of 3 μs are likely to be the rise
times of the microphone. Discussions about the smallest rise time
values are therefore meaningless. However, a large increase in the rise
time is observed during the propagation through turbulence [41] or
during the propagation into an acoustical shadow zone. In the absence
of suitable high-frequency wideband sensors, only large values of the
rise time are discussed in the following.
In Fig. 12, the average rise time hτi and the extreme values

are plotted as functions of h for a fixed r∕R � 0.90, with and
without turbulence. In the illuminated zone (h∕R > 0.2), a value

Fig. 10 Coefficients a (at left) and b (at right), as functions of r∕R (r-wt
series). ■: coefficient a, ♦: coefficient b.

Fig. 11 Coefficients a (at left) and b (at right), as functions of h∕R. □,
◊: coefficients a and b from h-wt series.■, ♦: coefficients a and b from
r-wt series close to the boundary (x∕R � 0.30, y∕R � 0.97). �: coeffi-

cients a and b from a previous study without the curved boundary [41].

Table 3 Probability w�α� for the peak
pressure Pmax to be amplified by a factor 1, 2,
4, or 8, because of turbulence, as a function of
propagation distance into the shadow zone

r∕R w�1�, % w�2�, % w�4�, % w�8�, %
0.59 87.00 0.15 0 0
0.71 99.65 10.75 0 0
0.83 99.00 30.90 0.10 0
0.96 98.50 30.05 0.25 0
1.08 99.55 52.10 1.70 0
1.32 99.85 66.05 4.95 0.05
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of hτi � 2.7 μs is obtained without turbulence, which is the rise
time of the microphone and not of the pressure. With turbulence,
its mean value increases up to hτi � 5 μs. The smallest measured
value is τ � 2.6 μs, whereas the longest rise time is τ � 31 μs.
These values are consistent with previously published measure-
ments without the curved boundary [41].
In the shadow zone (h∕R < 0.2), on average, a large increase in

the rise time is observed without turbulence, compared to free-field
measurements. For example, at the smallest altitude h∕R � 0.02,
the rise time is τ � 17 μs on average. As observed in Sec. III.A,
propagation in the shadow zone attenuates high frequencies, which
results in increased rise times. This increase of the rise time has
been used by other authors [12,13] during outdoor experiments as
a criterion for determining the location of the shadow zone. With
turbulence, it is found that the mean rise time is nearly constant in
the shadow zone, around 6 μs. Values between 3 μs and 21 μs are
measured (see also Fig. 5c). As was detailed in a previously
reported experiment [41], rise times that are multiples of the
microphone rise time are observed with a higher probability
because of the oscillations caused on the waveforms by the micro-
phone’s resonance frequency. It is also the case in the present
experiment.

IV. Conclusions

Propagation into a shadow zone of initially high-amplitude N-
waves has been studied at the laboratory scale in the presence of
thermal turbulence. The effects purely related to the shadow zone
and those purely related to the propagation through turbulence have
been identified. The waveform, the peak pressure, and the rise time
of the pressure waves were analyzed. For this purpose, a large
number of waveforms were recorded after propagation in the
shadow zone, without or with turbulence.
Measurements in the illuminated region exhibit an excellent

agreement with previously published free-field measurements at
the laboratory scale, without or with turbulence. Without turbulence,
pressure waveforms recorded in the shadow zone are found in good
agreement with the linear analytical solution. This indicates that,
even for initially high-amplitude N-waves, sound propagates into
the shadow zone through linear diffraction mechanisms. Into the
acoustical shadow zone, the pressure level rapidly vanishes to a few
pascals. Considering the noise impact of supersonic aircraft, the
ground area of maximum exposure is therefore determined by the
position of shadow zones. With turbulence, peak pressure statistics
were computed and described using a generalized gamma empirical
model as a function of height for a fixed propagation distance or as a
function of distance for a fixed altitude. During previously free field
measurements at the laboratory scale, a random attenuation or a

random focusing has been observed. It is not the case in the shadow
zone, where a systematic amplification of the peak pressure is
observed. A doubling of peak pressure is a common event, and
the amplification can be much higher, up to a factor of 8. In the
presence of turbulence, the pressure level in the shadow zone is
dominated by pressure waves previously scattered by turbulence
from the illuminated region into the shadow zone. Transferring these
results to the sonic boom is not straightforward, but when the
atmospheric turbulence is significant, one can expect a widening
of the sonic boom primary carpet.

Appendix: Analytical Expression into the Shadow Zone

Without turbulence, creeping-wave theory predicts that sound
propagates into the shadow zone by successive diffractions on the
ground [11]. Under the assumption of linear acoustics, analytical
expressions for the diffracted sound field into the shadow zone have
been reported [11,14,16], provided that the refracted rays can be
approximated as circles of radius R. If the altitude y remains small
compared to R, the assumption of circular refracted rays is valid for
a linear profile of sound celerity [16] c�y� � c0�1 − �y∕R��, for the
so-called “bilinear” profile [14] c�y� � c0∕� 1� 2y∕R�, and for
the exponential profile c�y� � c0 exp

−y∕R, where c�y� is the vertical
sound-speed profile and c0 � c�y � 0�. The acoustic pressure in
the acoustic shadow zone can be expressed as [5]

p�t� � F F−1�p0�t��
N

n�1

eiknr
⋆ Ai�bn − �h∕l�e2iπ∕3�
A 0
i �bn�2 − bnAi�bn�2

(A1)

where N → ∞ is the number of modes, F �:� denotes the Fourier
transform of a given signal, p is the acoustic pressure in the shadow
zone, p0 is the incident pressure at the cutoff, r⋆ is the propagation
distance in the shadow zone, h is the altitude, Ai is the Airy function,
and A 0

i its derivative. The parameter l � �R∕2k20�1∕3 is a measure of
the diffraction thickness, and k0 is the acoustic wavenumber. The
terms bn are the roots of the following equation:

A 0
i �bn� � q�ω�Ai�bn�e2iπ∕3 � 0 (A2)

where q�ω� � ik0Ysl represents the effect of ground impedance,
with Ys being the ground admittance. For a rigid ground, q � 0, and
the terms bn are simply the roots of the derivative A 0

i of the Airy
function. At last, the wavenumbers kn are expressed as

kn � k0 1� 1

2
e−2iπ∕3

bn
�k0l�2

In the present paper, the ground is supposed to be rigid. The
number of modes,N, depends upon the propagation distance r⋆ into
the shadow zone. As r⋆ is increased, the high-frequency content of
the pressure wave is attenuated, and a smaller number of modes is
necessary to compute the analytical expression. In the present study,
a number ofN � 5000modes is used for the shortest distance (close
to the cutoff), and a number of N � 2 modes is enough for the
longest propagation distance into the shadow zone. The analytical
expression is computed frequency by frequency, and an inverse
Fourier transform is used to obtain the pressure waveform in the
time domain.
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Fig. 12 Front shock rise time τ as a function of height h. ·: reference
rise time hτrefi measured without turbulence (h-nt series). �: mean
value hτi with turbulence (h-wt series). ——: measurements from a
previous study [41], without the curved boundary without turbulence.
- - -: measurements from a previous study [41], without the curved
boundary with turbulence. : area containing all measurements

without turbulence. : area containing all measurements with tur-
bulence.
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