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Abstract—Propagation of high amplitude Nwave behind a random phase screen is modeled based on the
KhokhlovZabolotskayaKuznetsov equation. Onedimensional random phase screens with Gaussian power
spectrum density are considered. The effects of nonlinear propagation, random focusing, and diffraction on
the statistical properties of the acoustic field behind the screen, including propagation through caustics and
beyond caustics, are analyzed. Statistical distributions and mean values of the acoustic field parameters
obtained within the developed diffraction model and using nonlinear geometrical acoustics approach are
compared.
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1. INTRODUCTION

gence corresponds to defocusing, i.e. decrease of the
wave amplitude.

A model of an infinitely thin random phase screen
has been widely used as a simplified approach to study
various problems of linear and nonlinear wave propa
gation in random inhomogeneous media [1–5]. Con
trary to the continuous inhomogeneous medium the
phase screen model incorporates only initial distortion
of the phase front of the wave. However, this model
includes basic effects of nonlinear propagation and
random focusing that lead to distortion of statistical
characteristics of the wave field in randomly inhomo
geneous medium. Propagation of high intensity noise
through turbulent layers in the atmosphere is an exam
ple of where the phase screen model may be imple
mented. An ideal symmetrical Nwave is often used as
an initial waveform of noise wave generated by the
supersonic aircraft.

In NGA approximation the statistical properties of
acoustic field behind the screen depend on the proba
bility distribution function of ray convergence after
passing the screen and the initial wave amplitude that
determines nonlinear propagation effects. Analytic
solutions have been obtained for probability distribu
tions and mean values of the amplitude and duration
of an Nwave after passing through onedimensional
phase screen having either broadband or narrowband
Gaussian probability distribution of ray convergence
[1]. The problem was farther extended and analytic

Up to date, the statistical properties of nonlinear
Nwaves behind a random phase screen were studied
in detail using nonlinear geometrical acoustics (NGA)
approximation [1–3]. The geometry of the problem in
case of a onedimensional screen is illustrated in Fig. 1.
Initially plane Nwave propagates along the coordi
nate x perpendicular to the screen located at x = 0 [1].
At each transverse coordinate y the phase screen intro
duces a random time delay that leads to the distortion
of the wave front. In NGA approach the spatial fluctu
ations of the time delay define areas of converging and
diverging rays, i.e. focusing and defocusing of the wave
(Fig. 1). Ray convergence corresponds to focusing, i.e.
to the increase of the wave amplitude, and ray diver
1
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Fig. 1. Propagation of initially plane Nwave through infi
nitely thin phase screen (dashed line) located at x = 0.
Arrows illustrate focusing and defocusing effects behind
the screen. The refraction length is denoted as xr, maxi
mum propagation distance in numerical simulations is
xmax = 3xr.
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solutions were obtained for nonperpendicular angle
of incidence of a wave on the phase screen and for two
dimensional phase screens [2, 3]. The advantage of the
NGA approach to this problem is that analytic solu
tions are available and basic physical effects can be
clearly seen. However, some restrictions of the solu
tions call for developing of more general approaches.
Here we list some of them. The NGA solutions are
valid only at the distances before first caustics occur,
i.e. some of the ray tube areas vanish to zero. Nonlin
ear amplitude dependence of the propagation speed of
the Nwave shock front leads to additional distortions
of the wave front in space. This effect may be consid
ered within the NGA formulation, but the exact solu
tion has not yet been obtained. The effects of diffrac
tion are not included and therefore the wave keeps the
Nwaveform, although more variability of distorted
waveforms like Uwave or double peaked and rounded
waves may be expected [6]. Spatial pattern of the
acoustic field behind the screen depends not only on
the ray convergence probability function, but also on
the characteristic size of the phase variations intro
duced by the screen. For small size random variations
of the phase, focusing will occur from smaller spatial
areas of the screen surface and for bigger size varia
tions, from bigger apertures. If diffraction effects are of
concern, for the same ray convergence, i.e. focal
length to the caustics, the focusing gain in these two
cases will be higher for bigger scale fluctuations. More
statistical properties of the screen, in addition to the
ray convergence distribution, therefore are necessary
to adequately account for the diffraction effects while
propagating through caustics.
In this paper, a model based on the numerical solu
tion of the Khokhlov–Zabolotskaya–Kuznezov (KZK)
equation is considered. This model accounts for the
combined nonlinear and diffraction effects and makes
it possible to consider wave propagation through and
beyond caustics. Extended form of this equation is
widely used in applications to the atmosphere acous
tics to study propagation of finite amplitude acoustic
waves in inhomogeneous media with continuous vari
ations in space [7, 8]. Here, numerical simulations of
Nwave propagation behind random realizations of
onedimensional screen are performed up to large dis
tances further than the distance of occurrence of first
caustics. Statistical properties of the phase screen are
characterized by the phase probability distribution and
by the spatial correlation function. The results of mod
eling are statistically analyzed and compared, where it
is possible, with those calculated in nonlinear geomet
rical acoustics approximation [1, 3].
2. THEORY
2.1. Nonlinear Parabolic Model
The phase screen model is used here only to set ini
tial time delays of the Nwave. The KZK equation for
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the wave propagation behind the screen in the homo
geneous medium can be written in dimensionless form
as follows:
∂ ⎡∂P − NP ∂P − A ∂ 2P ⎤ = 1 ∂ 2P .
(1)
2
2
∂θ ⎣⎢∂σ
∂θ
∂θ ⎦⎥ 4π ∂ρ
Here P = p/p0 is the acoustic pressure, normalized by
the Nwave initial amplitude p0, σ = х/λ is the propa
gation distance, and ρ = y/λ is the transverse spatial
coordinate normalized by the Nwave length λ = c0T0,
c0 is the ambient sound speed, θ = 2 πτ T0 is the
dimensionless time, normalized by the initial dura
tion of the Nwave T0, τ = t − x c0 is the retarded
time. Fluctuations of the time delay are introduced
at σ = 0 in one spatial direction ρ, therefore the
Laplacian diffraction term in the right hand side of
the Eq. (1) is applied over this coordinate only.
Dimensionless parameters are introduced as N =
2 πε p0/ c02ρ 0 = πλ / x n is nonlinear parameter, where
x n = T0c03ρ 0 2 ερ 0 is the characteristic nonlinear distance
at which the amplitude of the plane Nwave decreases
by a factor of 2 , ε is the nonlinearity coefficient of the
propagation medium, A = (2 π)2c02δ/ λ  1 is the ther
moviscous dissipation parameter, δ is the coefficient of
the diffusivity of sound.
Single Nwave with a random time delay 2 πΨ ( ρ )
at each transverse coordinate is considered as a bound
ary condition, i.e., P( σ = 0, θ, ρ) = P0( θ − 2πΨ ( ρ )) ,
where P0(θ) is the Nwave of an amplitude of one and
duration is 2π. Phase shift Ψ (ρ) is chosen according to
particular random realization of the phase screen used
in simulation. Since weak dissipation is taken into
account in the modeling, shock front of the Nwave is
not infinitely thin and rise time is defined here as the
time required for the pressure to increase from 10 to
90% of the maximum peak pressure. The initial rise
time is chosen according to the quasistationary solu
tion to the Burgers equation with given parameters A
and N, and is approximately equal to 10A/N. The ini
tial Nwave at σ = 0 thus is constructed as a combina
tion of an ideal Nwave (zero rise time, unit ampli
tude) with the fronts smoothed according to the values
of absorption and nonlinearity parameters, A and N.
As a result of such smoothing, peak pressures in the
initial Nwave is slightly smaller than that of the ideal
one. However, this difference does not exceed 8% for
the simulation parameters used in this paper.
Numerical solution to the Eq. (1) is obtained using
an algorithm developed in our previously studies [7].
Briefly this numerical time domain algorithm is based
on the method of fractional steps with a firstorder
operatorsplitting procedure, so that nonlinear,
absorption, and diffraction effects are applied sequen
tially over a grid step in the propagation coordinate.
Diffraction and absorption operator are solved using
Crank–Nicolson finite difference method. Nonlinear
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operator was integrated using conservative Godunov
type algorithm [9]. A boundary condition at the edges
of the transverse spatial grid ρ = 0 and ρ = L , where
L is the length of the screen, is chosen as ∂P / ∂ρ = 0.
To control reflections from the boundaries the fluctu
ations introduced by the phase screen at σ = 0 are set
to zero in the vicinity of the boundaries, so that the
Nwave has a plane wave front in the regions [0, L0]
and [L – L0, L], where L0  L. The computational
domain in the transverse coordinate is chosen large
enough in order, first, to avoid undesirable reflections
from the boundaries at the propagation distances con
sidered and, second, to have sufficiently large working
region for computation of statistical distributions with
minimal statistical error. Typically, numerical simula
tions are performed for a random phase screen with
the width equal to 700λ and up to the distances of sev
eral nonlinear lengths, the time window changes from
θ = –9.5 to θ = 28, which yields approximately 6 peri
ods of the initial Nwave. Numerical steps are chosen
according to the considered dimensionless parameters
in the Eq. (1). In the case of absorption parameter
equal to A = 1.5 × 10–4 and nonlinearity parameter
equal to N = 0.05, the numerical step along the trans
verse coordinate is equal to hρ = 0.01, time step is
equal to hθ = 0.009 and numerical step in the propaga
tion direction is equal to hσ = 0.025. The dissipation
parameter A is chosen in the way to maintain the sta
bility of the numerical algorithm for the range of non
linear parameters N considered here and remains
unchanged.
2.2. Phase Screen Model
Statistical properties of continuous randomly
inhomogeneous media depend on a spatial power
spectrum of fluctuations. The spatial power spectrum
of the phase screen is usually derived from the spec
trum of continuous random medium thus retaining its
characteristic properties. To model the atmospheric
turbulence the von Kármán, Kolmogorov, and Gauss
ian power spectra are commonly used [10]. Kolmog
orov energy spectrum describes turbulent energy dis
tribution inside the inertial interval enclosed between
outer and inner scales, but does not give information
about spectrum distribution outside this region. A
more realistic model is the von Kármán model. It is
also a two scale model that, in addition to the inertial
interval, describes turbulent energy behavior at small
wave numbers and its dissipation at large wave num
bers. For atmospheric turbulence, the ratio between
the internal and external scales is very small (less than
0.001) and this impose some restrictions to the wave
propagation modeling [10, 11]. The small turbulent
structures in the Kolmogorov or von Kármán spectra
which are smaller than the acoustic wavelength pro
duce backward scattering which is not taken into
account in the KZK equation. In the modeling, there

fore, a spectrum should be used, in which small scale
fluctuations, less than the wave amplitude, are sup
pressed.
Spatial energy spectrum of the Gaussian shape
describes fluctuations of one characteristic scale. If
this scale is chosen equal to the outer scale of a real
turbulence, we suppress small scale inhomogeneities,
thus retaining the validity of the parabolic approxima
tion. Although Gaussian spectrum does not exactly
correspond to a realistic atmospheric turbulence, it is
a very convenient and is widely used model [4, 5, 12].
Here we stay within the frame of the Gaussian formal
ism, which is sufficient for the aim to investigate the
effect of the inhomogeneity scale on the Nwave prop
agation regardless multiple scales phenomena.
Random realizations of the phase screen were
obtained using wellknown method of filtering white
Gaussian noise to fit the secondorder statistics of the
random phase Ψ (ρ) [4, 5, 11]. In this method the
amplitude of each harmonic of the discrete Fourier
spectrum of the function Ψ (ρ) is taken as δcorrelated
pseudorandom normally distributed complex number,
multiplied by the factor G ( k = nΔ k ) Δ k , where
(2)
G( k ) = G0 exp(− k 2l 2 2)
is the Gaussian power spectrum density of the screen
Ψ (ρ), G0 is the amplitude of the spectrum, l is the cor
relation length of the screen or the characteristic spa
tial scale of phase inhomogeneities, n is the number of
discrete spatial harmonic, Δk is the discretization step
between the harmonics. Then the inverse discrete
Fourier transform is performed and yields two statisti
cally independent realizations of the phase screen,
Ψ (ρ), which are the real and imaginary parts of the
transformation result. The phase fluctuations Ψ (ρ)
have Gaussian statistics with zero average value and
standard deviation D0:

(

W (Ψ) = 1

)

2
2
2
2πD0 exp − Ψ 2 D0 .

(3)

The second spatial derivative of the phase,
∂ Ψ ∂ρ 2 , determines the convergence of the ray tube
at each transverse coordinate ρ and also has Gaussian
distribution law [1]:
2

(

W Ψ '' = ∂ Ψ ∂ρ
2

2

) =1

(

)

2
2
2
2πD2 exp − Ψ '' 2D2 . (4)

The inverse value of the standard deviation D2 of
the distribution, Eq. (4), is the characteristic refrac
tion length σr = 1/D2, which is the distance from the
phase screen where most of the first caustics occur.
Since the KZK equation well describes only paraxial
wave propagation and small angles of diffraction [13],
the refraction length in simulations is chosen suffi
ciently large in comparison to the Nwave wavelength
and the correlation length: σ r = x r / λ = 63 .
In the solutions, obtained using NGA approach, all
statistical properties of nonlinear acoustical field at a
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chosen distance from the screen depend only on the
ratio between characteristic refraction σr and nonlin
ear σ n = x n/ λ lengths [1, 2]. If diffraction effects are
taken into account, additional parameters, the ratio of
the Nwave length and the correlation length of the
phase screen, are of importance.
Gaussian power spectrum density, Eq. (2), is char
acterized by two independent parameters: the ampli
tude G0 and the correlation length l. According to the
basic properties of Gaussian processes, the character
istic refraction length σr is related to the chosen
parameters G0 and l as:

σ r−2 = 3 2πl −5G 0 .

3. RESULTS
In this paper, the probability distribution functions
of acoustic field were calculated from a few realiza
tions of the phase screen sufficiently wide in the y
direction. According to the hypothesis of ergodicity,
this is equivalent to the average over a large number of
realizations in one spatial point. For each value of
nonlinear parameter N, acoustic field modeling was
performed using two statistically independent realiza
tions of the phase screen. The length of each realiza
tion was equal to 700λ or approximately 100 and
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Two typical phase screen realizations with the same
characteristic refraction length σr but different corre
lation lengths are presented on the left side in Fig. 2.
Correlation lengths are normalized by the length of an
initial Nwave. The realization, Fig. 2a, has the corre
lation length l = 3, and the realization, Fig. 2b, has
twice bigger spatial scale, l = 6. The choice of the spa
tial scales of fluctuations corresponds to the experi
mental data [6]. It is seen that the phase fluctuations of
the second screen (Fig. 2b) with larger spatial varia
tions are bigger in amplitude than those of the screen
with smaller scale variations (Fig. 2a). It can be easily
explained using the basic properties of the Gaussian
processes. The amplitude of phase fluctuations is pro
portional to the dispersion D0 , Eq. (3), which satisfies
the relation D02 = 2 πG 0/ l in the case of the Gaussian
spectrum Eq. (2). Substituting this relation into the
Eq. (5) and eliminating the spectrum intensity G0, we
obtain that D0 = l 2/ σ r 3 , i.e., the dispersion of phase
fluctuations is proportional to the square of the corre
lation length. Phase fluctuations from the second
screen are therefore more intensive than those from
the first one, which is observed in Fig. 2. In the NGA
approach these two phase screens of the same refrac
tion length are equivalent in statistical sense and pro
duce equivalent statistical solutions for the Nwave
amplitude. However, if diffraction effects are consid
ered, the solutions will be different. For example,
phase fluctuations that are spatially bigger should pro
duce stronger focusing in caustics.
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Fig. 2. Spatial distributions of the peak positive pressure for
initially plane Nwave propagating behind two different
random phase screens Ψ ( ρ ) shown as solid curves on the
left. Correlation length l of the screens is (a) l = 3 and
(b) l = 6. Nonlinear length σn = 8σr, refraction length σr =
63. Nwaveforms calculated along the horizontal dash line
(through focusing zone) at points 1–3 are shown in Fig. 4a
and calculated along the horizontal dashdot line (through
defocusing zone) at points 4–6 are shown in Fig. 4b. Peak
pressure along vertical dashed line on Fig. 2a is presented
in Fig. 3b.

50 characteristic scales of phase fluctuations for the
screens with l = 3 and l = 6, respectively. Comparison
between statistical distributions of the acoustic field
modeled with these two independent phase screens
showed a good agreement and justify that the chosen
length of phase screens was long enough for statistical
analysis.
Typical spatial patterns of the Nwave peak positive
pressure, P+ , measured behind two phase screens of the
same refraction length but smaller or bigger correla
tion lengths, are illustrated in Figs. 2a and 2b. Phase
screens are presented on the same figure as an initial
phase shift of the acoustic wave. For a better visualiza
tion of the process we plotted a zoom, the width of the
regions shown in the figure is much smaller than the
real computational domain. Dimensionless nonlinear
length equal to σn = 8σr and dimensionless refraction
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Fig. 3. Evolution of the peak positive pressure along the horizontal (through focusing zone) (a) and vertical (b) dashed lines in
Fig. 2a for different nonlinear lengths: (1) σn = ∞ (linear), (2) σn = 8σr, (3) σn = 2σr and (4) σn = σr. Curve 2 corresponds
to the pattern shown in Fig. 2a.

length equal to σr = 63 were used to calculate both pat
terns. Dimensionless correlation lengths of the screens
were l = 3 (Fig. 2a) and l = 6 (Fig. 2b). Arrows in
Fig. 2a illustrate focusing or defocusing of acoustic
wave according to the advance or delay of the initial
phase (convex and concave regions of the phase
screen). Complex spatial structure of the acoustic field
is observed: focal zones form at different distances
from the phase screen and have different focusing
gains, depending on the size and strength of the partic
ular phase inhomogeneity of the screen. The first high
amplitude focusing regions (in general, caustics) are
located at the distance approximately equal to the
refraction length σr. This distance is shown with the
vertical dashed line. At distances greater than the
refraction length, formation of random foci is
observed as well as the result of focusing produced by
less probable large scale phase fluctuations. On aver
age the amplitude of the Nwave in these foci is smaller
than in the first ones mainly due to nonlinear dissipa
tion effect, but also due to the thermoviscous absorp
tion. Comparison of Figs. 2a and 2b shows that focus
ing effects are more pronounced for the phase screen
with fluctuations of larger spatial correlation scale. For
example, the maximum dimensionless pressure in the
first acoustic pattern is equal to P+ = 1.8 and in the sec
ond one, to P+ = 3.1. However, less number of foci is
observed behind the screen with a large correlation
length. Smaller scale phase modulation of the wave
front thus result in bigger number of random foci of
less peak pressure as compared to larger scale phase
modulation of the same refraction length.
Focusing gain in caustics is affected also by nonlin
ear effects. Linear Nwave propagation is considered
here as a reference case. If nonlinear effects are suffi
ciently strong, they lead to strong nonlinear dissipa

tion at the wave shock front and the Nwave amplitude
decays rapidly during its propagation from the phase
screen to the caustic. On the other hand, nonlinear
steepening of the shock front at high amplitude field
regions enhances focusing, since the acoustic wave
differentiates in the caustic (with some correction on
the absorption and nonlinear effects). This nonlinear
enhancement of focusing will dominate over the non
linear dissipation for the moderate initial Nwave
amplitudes. Inversely, if initial amplitude is very high,
the effect of focusing will be weaker for nonlinear
propagation than for the linear one. The efficacy of
focusing in the caustic depends therefore on the value
of the refraction length and is a nonmonotonic func
tion of the characteristic initial wave amplitude.
This nonmonotonic behavior of the focusing gain
is illustrated in Figs. 3a and 3b. The distributions of the
peak positive pressure are shown along the propaga
tion coordinate σ in Fig. 3a. The transverse coordinate
is fixed at ρ = 56.7 as marked in Fig. 2a with the hori
zontal dashed line. This chosen trajectory passes
through the caustic. Shown in Fig. 3b are the peak
pressure distributions along the transverse coordinate
ρ at the distance of refraction length σ = σr as marked
in Fig. 2a with the vertical dashed line. Linear propa
gation and three nonlinear regimes are considered.
Solid curve 1 corresponds to the linear regime and the
nonlinear regimes have the following characteristic
nonlinear lengths: σn = 8σr, dashed line 2; σn = 2σr,
dotted line 3; and σn = σr, dash–dotted line 4. In each
nonlinear case the initial waveform is defined accord
ing to the quasistationary solution as discussed above.
In the case of linear propagation the initial waveform
is identical to the waveform in the case of lowest
amplitude nonlinear propagation, σn = 8σr. It is seen
that for σn = 8σr, case 2, the peak pressure in the focus
exceeds the linear one approximately by 10%. In the
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Fig. 4. Initial and distorted Nwaveforms modeled at points 1–3 and 4–6 along the horizontal dashed (a) and dashdot (b) lines
shown in Fig. 2a. Waveforms are consequently numbered: initial waveform (solid curves 1 and 4), in the focus (dashed curve 2,
σ = σr), and after the focus (dotted curve 3, σ = 2σr). In defocusing zone double peaked waveform (dotted curve 5) and rounded
waveform (dashed curve 6) are observed.

cases 3 and 4 nonlinear effects are too strong, nonlin
ear absorption at the shocks dominates over nonlinear
enhancement of focusing, peak pressure is lower than
in the linear case and decreases when nonlinear effects
increase. A conventional shift of the peak pressure
maximum toward the phase screen for smaller nonlin
ear lengths (increase of the initial wave amplitude) is
observed.
Distortion of the initial Nshape of the wave due to
the combined effect of diffraction, nonlinearity, and
random focusing is illustrated in Fig. 4. The waveforms
were calculated at different propagation distances
from the screen along two horizontal lines shown in
white in Fig. 2a. The dashed line passes through a ran
dom caustic and dashdotted line passes through the
lower amplitude defocusing zone. Particular points on
the lines at which waveforms are grasped are marked
by white circles and numeration of circles corresponds
to numeration of waveforms in Fig. 4. The initial
Nwave is plotted as solid curves 1 and 4. Typical wave
form modifications observed while propagating
through the caustic are shown in Fig. 4a: in the focal
zone (σ = σr) the waveform tends to take asymmetric
Ushape (dashed curve 2) with higher peak positive
pressure; at longer distance σ = 2σr, the waveform
(dotted curve 3) has lower amplitude, long pressure
tail and longer duration due to nonlinear effects.
Waveform distortion when propagating through the
defocusing zone is shown in Fig. 4b: double peaked
(dotted curve 5) and rounded (dashed curve 6) wave
forms are observed due to the interference of waves
having slightly different arrival times due to scattering
from the preceding foci.
Statistical properties of the Nwave field behind the
screen are described here by probability distribution
function of the peak positive pressure, P+ . To compute
ACOUSTICAL PHYSICS
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statistical distributions, the results of acoustic field
modeling behind two independent realizations of ran
dom phase screen were used. For each step in propa
gation distance σ from the screen, pressure amplitudes
P+ were calculated in every spatial transverse grid point
and the probability W(P+)dP+ was calculated propor
tionally to the number of points with amplitudes fit
ting the interval from P+ to P+ + dP+ . Characteristic
nonlinear and refraction lengths were chosen equal,
σn = σr. The results of calculations are shown in
Figs. 5a, 5b and 5c for the distances σ = 0.25σr (a),
σ = σr (b), and σ = 2σr (c) from the phase screen. For
comparison, analytic solutions (solid curves) for the
pressure amplitude distributions obtained using the
NGA approximation are also shown [1]. Note that
these solutions are only valid for distances shorter than
the refraction length. Thin black curves and circle
markers correspond to the KZK numerical solution
for the random phase screen with correlation length
equal to l = 3. Thin gray lines and gray circle markers
correspond to the results for the screen of correlation
length l = 6. Nwave amplitudes in case of nonlinear
plane wave propagation, without any initial phase
modulation, are shown as vertical dashed lines. The
results of both KZK modeling and NGA calculations
show broadening of the initial δfunction distribution
of the Nwave amplitude. It is seen that at short dis
tances from the phase screen (σ = 0.25σr, Fig. 5a)
probability distributions obtained with NGA approach
and KZK modeling for both screens are very similar:
in prefocal zone the effect of diffraction and of the
correlation length is almost negligible.
At longer distances (σ = σr, Fig. 5b), the results of
NGA and KZK modeling become different. Most of
the gray curve (large scale) is still close to the predic

164

YULDASHEV et al.
W(P+)
NGA

(a)

(b)

(c)

l=3

4

l=6
plane
wave

2

σ = 0.25σr
0

1

σ = σr
2

0

1
P+

σ = 2σr
2

1

2

Fig. 5. Comparison between probability distribution functions of the Nwave peak positive pressure obtained using the KZK
numerical model (circle markers) and analytical solution in the NGA approach [1] (solid lines). Black circle markers correspond
to the phase screen with correlation length l = 3 and gray circle markers, l = 6. Dashed lines—distributions for nonlinear plane
wave propagation (δfunctions). The distributions are presented for distances σ = 0.25σr , (curve (a)), σr , (curve (b)) and 2σr ,
(curve (c)) behind the phase screen. Nonlinear length is σn = σr and refraction length is σr = 63.

tions of the NGA approach. The distributions at low
amplitudes that correspond to the divergent zones of
the field (Fig. 2a), agree reasonably well. This means
that the waveforms in these regions predicted with and
without account for diffraction effects are surprisingly
close in amplitude. Small number of high amplitude
focal zones occupy spatially small portion of the trans
verse cross section of the field (Fig. 2a) and thus give
small contribution to the probability density. This part
of the distribution of high amplitudes is long but rela
tively small in both models. However, if some random
focus forms close to, but before the distance of inter
est, the probability of high field values from this focus
is lost in the NGA solution, but is included in the dif
fraction model. The results obtained from the diffrac
tion model (gray curve) are therefore higher than in
the NGA solution (solid curve). NGA approximation
also yields an overestimation of the maximum value of
the probability distribution as compared to the KZK
model. This is again due to the fact that the NGA
approximation neglects already converged ray tubes.
As the phase screen has a random nature some of the
caustics appear at short distances than the refraction
length σr. Ray tubes converged to these caustics are
excluded from calculations, total number of rays taken
into account decreases, the probability density
becomes relatively higher and looses its normalization
with propagation distance.
In the case of smallscale inhomogeneities (black
curve with circle markers in Fig. 5b) the diffraction
effects act much stronger. No strong focusing occurs
(Fig. 2a), so the probability to observe very high ampli
tudes is smaller than for the large scale focusing
(Fig. 2b). On the other hand, the number of random
foci is bigger, so the probability to observe increased
pressures is relatively higher than in the case of small
number of foci. The distribution is shifted to higher

amplitudes and lies almost symmetrically around the
regular value that corresponds to the nonlinear plane
wave propagation. Small scale phase modulations
therefore yields broadening of the Nfunction distri
bution of the regular Nwave, but results in less shift of
the distribution towards smaller amplitudes as com
pared to the large scale modulation. This difference of
the effect of inhomogeneities of either large of small
size is even better seen at longer distances from the
screen as shown in Fig. 5c. Here the distance is equal
to two refraction lengths, σ = 2σr, and NGA solution
is no longer valid; the results are presented only for the
KZK equation modeling. Again, largescale phase
screen results in higher probability to observe high
peak pressures, but the maximum of probability den
sity is shifted towards low amplitude values as com
pared to the smallscale phase screen.
The effect of nonlinearity on statistical distribu
tions of the peak pressure is illustrated in Fig. 6. Linear
wave propagation (Fig. 6a), nonlinear propagation
with σn = 4σr (Fig. 6b) and stronger nonlinear effects
with σn = σr (Fig. 6c) are considered at the distance of
two refraction lengths, σ = 2σr, from the screen. Cor
relation length is equal to l = 3. It is seen that stronger
nonlinearity leads to narrowing the statistical distribu
tion. For example, in the linear case, statistical distri
bution is about twice wider than in the strongest non
linear case (Fig. 6c). In addition, the latter distribution
has very short pressure tail at high amplitudes. Nonlin
ear effects thus suppress fluctuations of acoustic field
induced by the initial distortion of wave front. This is
the result of increased nonlinear absorption in focus
ing zones that leads to faster amplitude decay and thus
to faster quieting of high amplitudes.
Quantitatively, the combined effects nonlinearity
and random focusing can be analyzed by comparing
first two statistical momentums: mean value and stan
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Fig. 7. Averaged peak positive pressure (a) and its standard deviation (b) as a function of propagation distance for various nonlin
ear lengths σn: solid—linear, dashed—nonlinear σn = 8σr and dashdotted—nonlinear σn = σr (curve 3). Gray curves in (a) cor
respond to the plane Nwave propagation. Gray curves in (b) correspond to the analytical solution in NGA approximation.

dard deviation of the peak pressure. In Figs. 7a and 7b
the mean value and standard deviation of the ampli
tude along the propagation coordinate are presented.
Refraction length is equal to σr = 63 and correlation
length is equal to l = 6 (large scale inhomogeneities).
Black curves in both (a) and (b) correspond to propa
gation of randomly modulated wave, solid curves 1
correspond to linear propagation, dashed curves 2 cor
respond to nonlinear propagation with σn = 8σr, and
dashdotted curves 3 correspond to nonlinear propa
gation with σn = σr. A set of three gray lines in Fig. 7a
corresponds to the plane wave propagation without
phase modulation. In Fig. 7b a set of three gray lines
corresponds to the standard deviations obtained in the
NGA approximation up to the distance of one refrac
tion length, where the NGA solutions are valid.
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It is seen that the presence of phase screen yields
lower mean amplitudes than those in case of plane
wave propagation (Fig. 7a), as it would be expected
from the distributions shown in Fig. 5. Weak nonlin
earity leads to slightly higher mean amplitudes of ran
domly modulated wave than in the case of its linear
propagation. Similarly to the case of a single focus,
shown in Fig. 3, focusing is more effective for steeper
shocks, produced by nonlinear propagation and this
effect dominates over nonlinear dissipation. For the
regular plane wave, evidently, the effect is the opposite
as nonlinearity induces additional dissipation only:
mean amplitudes are higher for the linear field. In the
case of strong nonlinear effects, the mean amplitudes
are much lower than for the linear wave both in the
random and plane wave fields because of the strong
nonlinear absorption at the shock.
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The behavior of the standard amplitude deviation
with propagation distance is nonmonotonic, as shown
in Fig. 7b. The results are presented for the random
field only as standard deviation is zero for the plane
wave propagation. At first, standard amplitude devia
tion grows linearly from its zero value at σ = 0. This
linear growth is the same for all nonlinear lengths, that
is consistent with the asymptotic solution, derived
using NGA approximation: δP+ = 0.5 σ / σ r , if σ  σ r .
The deviation has a maximum at the distance approx
imately equal to the refraction length. In fact, most
intensive focusing is observed at this length and thus
leads to broadening of the probability distribution.
Further the standard deviation decreases slowly and
monotonically with the distance of propagation. It is
seen that for linear regime (curve 1) and weak nonlin
earity (curve 2) the maxima of standard deviations are
located very close to the distance of one refraction
length from the screen. Stronger nonlinearity (curve 3)
results in a shift of the maximum towards the phase
screen due to the mechanism of nonlinear absorption,
which suppresses high amplitudes. Maximum value of
standard deviation is also nonmonotonic with
increasing nonlinearity as it takes place for the mean
amplitude. Weak nonlinearity (curve 2) results in
slightly greater maximum than in the linear case
(curve 1). Strong nonlinearity significantly decreases
the maxima and the overall level of standard deviation
(curve 3) as it was also seen in Fig. 6. The fluctuations
of peak positive pressure in a random field are sup
pressed for high amplitude waves to strong nonlinear
absorption at the shocks especially in the focusing
zones.
On Fig. 7b we also compare standard amplitude
deviations obtained either from the KZK modeling or
from the analytic solutions of the NGA approach (gray
curves) for different values of nonlinear propagation
distance. Note that according to the discussion of
Fig. 5b the comparison here is provided for renormal
ized probability densities of the NGA solution:
∞

W ( P+) = W ( P+) / W ( P+) dP+ . It is seen, that after the

∫
0

distance of σ = 0.5 σ r curves calculated in NGA
approximation become different from the KZK solu
tion. If renormalization to keep the integral of the
probability density equal to unit is not applied, the dif
ference become noticeable after the distance of
σ = 0.25 σ r . For longer distances, closer to refraction
length, the NGA solution is no longer valid and
becomes quite different from the diffraction model.

values of the Nwave amplitude are obtained from the
numerical solutions of the KZK equation and are pre
sented for various initial wave amplitude and various
distances from the phase screen, including propaga
tion through caustics. The effect of the spatial size of
phase fluctuations on statistical distributions is con
sidered. Results obtained from the KZK diffraction
model are compared with analytical predictions of the
NGA approach.
It is shown that close to the screen, or quantita
tively up to the distances of σ = 0.5 σ r , the results of
the diffraction and geometric approaches agree very
well. At longer distances statistical properties of the
random acoustic field can be accurately described only
if diffraction effects are taken into account. First major
focusing zones (caustics) form on average at one
refraction distance σr. This distance fully character
izes the focusing properties of the screen in the NGA
approach. However, the KZK diffraction model
shown that phase screens of the same refraction
length, statistically the same for the NGA approach,
produce random acoustic fields with quite different
statistical properties, if phase fluctuations have differ
ent spatial scales. Contrary to the NGA model that
saves Nwaveform everywhere, the diffraction model
predicts more realistic waveforms that are characteris
tic for Nwave propagation in inhomogeneous media.
For example, Ushape waves occur in caustics,
rounded and double peaked waves, in defocusing
zones.
The effect of diffraction, while propagating
through and after random foci, yields smoothening the
spatial structure of a random acoustic field and there
fore narrowing the probability distributions of peak
pressure around its average value. These effects are
stronger for smaller scale fluctuations. The effect of
nonlinearity is nonmonotonic. Weak nonlinearity
leads to slight enhancement of focusing effects result
ing in higher amplitude regions and, as consequence,
in additional broadening of the probability distribu
tions towards high values of amplitudes, bigger mean
values and standard deviations as compared to the lin
ear case. Strong nonlinear effects suppress amplitude
fluctuations and lead to narrower probability distribu
tions, smaller mean values and standard deviations.
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