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x Introduction q

Textbooks

Batchelor, G.K., 1967, An introduction to fluid dynamics, Cambridge University Press, Cambridge.

Bailly C. & Comte Bellot G., 2003 Turbulence, CNRS éditions, Paris (out of print).

——–, 2015, Turbulence (in english), Springer, Heidelberg.

(360 pages, 147 illustrations, Foreword by Charles Meneveau, 53 € for ECL students)

Bailly C. & Comte Bellot G., 2003, Turbulence (in french), CNRS éditions, Paris.

——–, 2015, Turbulence (in english), Springer, Heidelberg.

Springer, ISBN 978-3-319-16159-4,

360 pages, 147 illustrations.

(discount for students, 53 €)

Candel S., 1995, Mécanique des fluides, Dunod Université, 2nd édition, Paris.

Cousteix, J., 1989, Turbulence et couche limite, Cépaduès, Toulouse.

Davidson P.A., 2004, Turbulence. An introduction for scientists and engineers, Oxford University Press, Oxford.

Davidson, P.A., Kaneda, Y., Moffatt, H.K. & Sreenivasan, K.R., Edts, 2011, A voyage through Turbulence,

Cambridge University Press, Cambridge.

Guyon E., Hulin J.P. & Petit L., 2001, Physical hydrodynamics, EDP Sciences / Editions du CNRS, première édition

1991, Paris - Meudon.
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x Introduction q

Textbooks (cont.)

Hinze J.O., 1975, Turbulence, McGraw-Hill International Book Company, New York, 1ère édition en 1959.

Landau L. & Lifchitz E., 1971, Mécanique des fluides, Editions MIR, Moscou.

Also Pergamon Press, 2nd edition, 1987.

Lesieur M., 2008, Turbulence in fluids : stochastic and numerical modelling, Kluwer Academic Publishers, 4th

revised and enlarged ed., Springer.

Pope S.B., 2000, Turbulent flows, Cambridge University Press.

Tennekes H. & Lumley J.L., 1972, A first course in turbulence, MIT Press, Cambridge, Massachussetts.

Van Dyke M., 1982, An album of fluid motion, The Parabolic Press, Stanford, California.

White F., 1991, Viscous flow, McGraw-Hill, Inc., New-York, first edition 1974.
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Reynolds decomposition
(see slides of UE FLE in first year, revision of Chapter 5)

39 Centrale Lyon | LMFA Stability and Turbulence – cb1 – 12-01-2025



x Reynolds decomposition q

Navier-Stokes equations

As a reminder, Navier-Stokes Eqs. for an incompressible flow,













∇ ·u = 0

∂u

∂t
+u · ∇u = −

1

ρ
∇p + ν∇2

u

The acceleration of the fluid particleDu/Dt is balanced by two terms on the right

hand-side :

- acceleration of the fluid particle towards the low pressure regions of the flow

- viscous diffusion of the momentum
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x Reynolds decomposition q

Mean and fluctuating quantities

The statistical mean F̄(x, t) of a variable f (x, t) is defined as

F̄(x, t) = lim
N→∞

1

N

N∑

i=1

f (i) (x, t)

where f (i) is the i-th realization : convenient when manipulating equations but

difficult to implement in practice, or even impossible for geophysical flows !

We approximate the ensemble mean F̄ of f = F̄ + f ′ by a sufficiently long time

average of one realization only :

F̄(x) = lim
T→∞

1

T

∫ t0+T

t0

f (x, t′)dt′

Time average makes sense only if turbulence is stationary, that is statistics are

independent of time (refer to signal processing, associated with the hypothesis of

ergodicity).
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x Reynolds decomposition q

Reynolds decomposition

For a given variable f , Reynolds decomposition f = F̄ + f ′ into mean and fluctua-

ting (deviation) components is introduced.

Centered fluctuating field

f ≡ F̄ + f ′ with f ′ = 0 (f ′ = f − F̄ and f ′ = F̄ − F̄ = 0)

Rule for the product of two any variables (f and g here),

f g ≡ (F̄ + f ′)(Ḡ + g ′) = F̄Ḡ + F̄g ′ + f ′Ḡ + f ′g ′

and thus, f g = F̄ Ḡ + F̄ g ′ + f ′ Ḡ + f ′g ′ = F̄ Ḡ + f ′g ′

f g = F̄ Ḡ + f ′g ′ (1)

Reynolds decomposition for velocity : Ui ≡ Ūi + u ′i with u ′i = 0

Ūi part which can be reasonably calculated

u ′i part which must be modelled (turbulent fluctuations)
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x Reynolds decomposition q

Reynolds Averaged Navier-Stokes (RANS) equations

Assumptions (to simplify) : incompressible flow ∇ ·U = 0

and homogeneous fluid, constant density ρ

How to determine the transport equation of the mean quantities ?

First, substitute the Reynolds decomposition and then,

average the equation,

∂(Ūi + u ′i)

∂xi
= 0

∂(Ūi +u ′i)

∂xi
= 0 =⇒

∂Ūi

∂xi
= 0 (2)

Second, substract the averaged equation from the instantaneous one,

which provides

∂Ui

∂xi
= 0 and

∂Ūi

∂xi
= 0 =⇒

∂u ′i
∂xi

= 0

The mean flow field Ū is incompressible, and so is the fluctuating field u
′

43 Centrale Lyon | LMFA Stability and Turbulence – cb1 – 12-01-2025



x Reynolds decomposition q

Reynolds Averaged Navier-Stokes (RANS) equations

∂ (ρUi)

∂t
+

∂

∂xj

(

ρUiUj

)

= −
∂p

∂xi
+
∂τij
∂xj

τij = 2µDij

By introducing the Reynolds decomposition, and taking the average

Ui ≡ Ūi +u ′i p ≡ P̄ + p′ τij ≡ τ̄ij + τ′ij

∂(ρŪi)

∂t
+
∂(ρŪi Ūj)

∂xj
= −

∂P̄

∂xi
+

∂

∂xj

(

τ̄ij−ρu
′
iu
′
j

)

(3)

The term −ρu ′iu
′
j is Reynolds stress tensor, unknown, thus leading to a closure

problem for Eqs. (2) and (3). Generally this term is larger than the mean viscous

stress tensor τ̄ except for wall bounded flows, where the viscosity effects become

preponderant close to the wall (no-slip condition, u ′iu
′
j = 0 at the wall)
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x Reynolds decomposition q

Turbulent kinetic energy and dissipation

The turbulent kinetic energy kt and the turbulent dissipation ǫ are two key quan-

tities to examine turbulence dynamics. By introducing the Reynolds decomposi-

tion, using the rule (1), we obtain

for the kinetic energy

UiUi

2
=
ŪiŪi

2
+
u ′iu

′
i

2
kt ≡

u ′iu
′
i

2

kt is the turbulent kinetic energy

for the dissipation

2νDijDij = 2νD̄ijD̄ij +2νd ′ijd
′
ij ǫ ≡ 2νd ′ijd

′
ij

ǫ (m2.s−3) is the dissipation rate of kt (m
2.s−2) induced

by the molecular viscosity
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x Reynolds decomposition q

Concept of turbulent viscosity for turbulence models
introduced by Boussinesq (1877)

To model Reynolds stress tensor −ρu ′iu
′
j , one defines by analogy with the viscous

stress tensor τ,

−ρu ′iu
′
j = 2µtD̄ij −

2

3
ρktδij = µt

(

∂Ūi

∂xj
+
∂Ūj

∂xi

)

−
2

3
ρktδij (4)

where µt = µt(x, t) is the turbulent viscosity, a property of the flow field, and not

of the fluid as for the molecular viscosity. It is thus expected that µt = µt(Re).

The introduction of a turbulent viscosity for closing Reynolds stress tensor is

an assumption, so not always verified by turbulent flows. In addition, it is also

assumed in Eq. (4) that the turbulent viscosity remains positive (thus inducing

specific behaviours in terms of energy transfer)
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x Reynolds decomposition q

Illustration for a free subsonic round jet
M = 0.16 and ReD = 9.5× 104 (from Hussein, Capp & George, 1994)
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x Reynolds decomposition q

Concept of turbulent viscosity for turbulence models (cont.)

Reynolds Averaged Navier-Stokes (RANS) equations

∂Ūi

∂xi
= 0

∂(ρŪi)

∂t
+
∂(ρŪi Ūj)

∂xj
= −

∂(P̄ + 2
3ρkt)

∂xi
+

∂

∂xj

(

2(µ+µt)D̄ij

)

How to compute the turbulent viscosity νt(x, t) ?

From dimensional arguments, the product of a velocity scale by a length scale,

for example νt ∼ k1/2t × k
3/2
t /ǫ ∼ k2t /ǫ, and then write a transport equation for kt

and ǫ to obtain the famous kt − ǫ model.

There are about 200 turbulent viscosity models published in the literature !

(see Wilcox and Durbin books among others)
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x Reynolds decomposition q

Turbulent kinetic energy budget
(the demonstration can be found in textbooks)

∂(ρkt)

∂t
+
∂(ρktŪj)

∂xj
︸                ︷︷                ︸

advection by the mean flow

= −ρu ′iu
′
j

∂Ūi

∂xj
︸        ︷︷        ︸

production P

∂

∂
− ρǫ

Ūi

xj
︸    ︷︷    ︸

dissipation

+
∂

∂xk

(

−
1

2
ρu ′iu

′
iu
′
k − p

′u ′k + u ′iτ
′
ik

)

︸                                ︷︷                                ︸

transport terms

Case of homogeneous turbulence?

(when turbulence statistics are independent of space)
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x Reynolds decomposition q

Heuristic interpretation of the production term P

x1

x2
Ū1

{

u ′2 > 0

u ′1 < 0
u ′1u

′
2 < 0

{

u ′2 < 0

u ′1 > 0
u ′1u

′
2 < 0

P ≃ −ρu ′1u
′
2

dŪ1

dx2
> 0 is thus expected !

The production term P is – in general – a transfer from the shear mean flow Ū

to the turbulent field u
′ ; but becomes always a positive transfer term using a

turbulent viscosity model (4), a drawback of turbulence models
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Scales and energy cascade
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x Energy cascade q

Scales

Large scale in O(L,u ′) – associated with the geometry (cavity, cylinder, jet, wake,

car, airfoil, pipe, ...) and thus with the size of the flow itself

{ energy transfer (basically) from large scale structures to small scale structures,

but this transfer is stopped by the molecular viscosity when

∂u′

∂t
∼ ν∇2

u
′

Small scale inO(lη,uη) – known as Kolmogorov (viscous) scales with Re = uηlη/ν =

1. Kolmogorov’s length scale lη plays a fundamental role in experiments (sam-

pling frequency) as well as in numerical simulations (grid size)
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x Energy cascade q

Turbulent mixing layer (Brown & Roshko, 1974)

(Shadowgraphs with a spark source)

Energy cascade in a mixing layer by

increasing the Reynolds number

(through pressure and velocity, ×2

for each view)

More small-scale structures are

produced without basically altering

the large-scale ones (linked to the

transition process, as shown by

Winant & Browand, 1974)

Anatol Roshko

(1923-2017)
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x Energy cascade q

Local nature of the energy cascade in space

small k intermediate k high k

in physical space
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x Energy cascade q

Taylor-Green vortex flow
Re = 3000 on a 3843 grid at times t = 0, t = 9 and t = 18 (dimensionless variables)

From Fauconnier et al. (2013)

Vortex structures colored by z-vorticity
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x Energy cascade q

Introduction to the energy cascade

From Navier-Stokes Eqs, we can calculate the power developed by the viscous

friction,

P = u
′ · ν∇2

u
′ = u ′iν

∂2u ′i
∂xj∂xj

= ν
∂

∂xj

(

u ′i
∂u ′i
∂xj

)

− ν
∂u ′i
∂xj

∂u ′i
∂xj

= ν∇2

(

u
′2

2

)

︸    ︷︷    ︸

(a)

− ν∇u′ : ∇u′

︸      ︷︷      ︸

(b)

(a) = diffusion of the kinetic energy

(b) = rate ǫ of dissipation (per unit mass) of the kinetic energy on average,

see slide 45

High velocity gradients (and thus small scale activity) are required

to ensure dissipation
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x Energy cascade q

Introduction to the energy cascade

U∞
wake

e.g. energy dissipated by the motion at U∞ of a sphere of

diameter D

FD ·U∞ ∝ CD(ReD)ρU
3
∞D

2

The power developed by the drag force FD, that is FDU∞, is balanced by the energy

dissipated with the flow ρV × ǫ where V ∝D3

ǫ ∝ CD (ReD)
U3
∞

D

As ReD → 0, ν ր as well as energy which must be dissipated to move inside

the fluid

As ReD→∞, CD = CD(ReD) ≃ cst

ǫ ∝
U3
∞

D
is independent of the viscosity
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x Energy cascade q

Drag coefficient for a smooth sphere (adapted from Clift, Grace, & Weber, 1978)

ReD = 2× 104 ReD = 2× 105

ReD ≃ 4× 105

RecD ≃ 3× 105
(pictures from Werlé, ONERA)
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x Energy cascade q

and paradox of the energy cascade ...

For high Reynolds number flows when ν goes to zero, the rate of dissipation per

unit mass ǫ becomes independent of the viscosity ν

ǫ = ν |∇u′|2 ≃ cst, leading to possible singularities for the velocity gradients ∇u′ր

(fragmentation of fine scales, still a research topic in turbulence)

Energy cascade - Kolmogorov (1941)

Kinetic energy is not conserved from scales to scales, but the rate of transfer of

this energy ǫ is conserved



















lηuη

ν
= 1 ǫ =

u3
η

lη
lη = ν3/4ǫ−1/4

ǫ =
u ′3

L
ReL =

u ′L

ν

L

lη
∼ Re3/4L
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x Energy cascade q

As an illustration

Soccer ball

D = 22 cm

U∞ = 100 km.h−1 ≃ 27.8 m.s−1

ReD ≃ 4.1×105

u ′ ≃ 0.15U∞
L ≃D/2
ReL ≃ 3.1× 104

lη ≃ L/Re3/4L ≃ 4.7×10−5 m!

k =
ω

U∞
f =

U∞
lη
≃ 5.8× 105 Hz
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