Physics of turbulent flow - Centrale Lyon 3rdYear - MSc
Tutorial subject - Monday 22 November 2021

Dispersion of contaminants
A pollutant (salinity, particle, heat) of concentration 200g/l is injected during a time t = 0.01s in the whole
section of a circular pipe of diameter D = 0.2m, with a water flow of bulk velocity Ud = 5 m.s−1. What is
the concentration of this pollutant at 2000D downstream of the pipe ?
The two following configurations will be considered to determine the variance of the Lagragian position
of fluid particles, in order to solve this problem,
• free space dispersion by stationary, homogeneous turbulence
• longitudinal dispersion in a pipe
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Figure 1 – Bulk velocity Ud normalized to the friction velocity uτ plotted against the Reynolds number
ReD = Ud D/ν for a circular pipe flow.1
from 1/Cf1/2 ≃ 3.860 log10 (ReD Cf1/2 ) − 0.088

from 1/Cf1/2 ≃ 4 log10 (ReD Cf1/2 ) − 0.40
♦ data from McKeon et al. (Princeton group, superpipe)
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Suivi de la propagation d’une nappe de
pollution (simulation avec fluorescéine et
Rhodamine B) sur la Garonne (2008)
https://www.smeag.fr/
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Homework #7

Numerical simulation of the free space dispersion
We propose to generate a synthetic isotropic turbulent field, here in 2-D to ease laptop simulations, from
random Fourier modes. This stochastic field can be used for the numerical simulation of the dispersion of
particles in homogeneous turbulence. The (real) turbulent field u′ is defined from the following Fourier
integral,
Z
u′ (x) =

û (k) e ix·k dk

This relation is then discrete in N Fourier modes on the spectral half-space only, that is for k1 ≥ 0
′

u (x) = 2

N
X
n=1

ũn cos (kn · x + ψn ) σn

(1)

where ũn , ψn , kn and σn are the amplitude, the phase, the wavenumber and the unit vector aligned with
the spectral component of the n-th Fourier mode respectively, refer to Fig. 2. To generate a homogeneous
velocity field, the probability density function (pdf) must be uniform over 0 ≤ ψ < 2π, and therefore
p(ψ) = 1/(2π). To satisfy the incompressibility condition ∇ · u′ = 0, the unit vector is taken as follows,
σ = ǫ (− sin θ, cos θ) where ǫ is randomly chosen equal to ±1. Finally, isotropy of the turbulent is obtained
by prescribing for the pdf of θ,
p (θ) =

1
π

with

−

π
π
≤θ<
2
2

The amplitude of each mode is determined from the discretization of the turbulent kinetic energy spectrum
E (k),
N
N
X
X
E (kn ) dkn
ũn2 =
kt =
n=1

n=1

where kt is the turbulent kinetic energy. A Gaussian spectrum is selected here,
3uf2 k − k 2
E (k) =
e k0
k0 k0
√
where the scale of velocity fluctuations is given by uf = 2kt /3 and the integral length scale Lf with
k0 Lf ≃ 1. A simple linear distribution is chosen for the wavenumbers kn = (n/N )kmax for n = 1, · · · , N ,
where kmax is the highest wavenumber to be considered.
1. Generate a single realization of the synthetic field (1), and plot the 2-D velocity field on a domain
0 ≤ x1 , x2 ≤ 2Lf where Lf = 2π/k0 , and with N = 20 and kmax = 2k0 .
2. Verify numerically that ui′ uj′ → uf2 δij when the number of realizations increases to perform the average.
3. Plot the two correlation functions f (r) and g (r).
4. Verify that the stochastic turbulent field is Gaussian by computing numerically the skewness and
kurtosis factors.
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Figure 2 – Representation of the n-th Fourier mode in 2-D, see Eq. (1)
5. Application to the free space dispersion. By taking realistic parameter to generate the stochastic
turbulent field, compute the distribution of a large number of contaminant particles by solving
dx/dt = u′ with the same initial condition x = x0 at time t = 0. Characterize the distribution of
the cloud of particles, and verify that its variance is driven by the turbulent dispersion coefficient of
Taylor. Any additional representation or discussion is welcome.
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